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Introduction 

Physics aims to apply the scientific method to the observed phenomena of nature: 

(i) experiment; 
(ii) abstraction and formulation, in mathematical terms, of a law; 
(iii) prediction of phenomena. 

In mechanics, the motion of the bodies is studied. In an established treatment in 
most textbooks, mechanics is divided into kinematics and dynamics. Kinematics is a 
spatial-temporal description of the motion of bodies. Dynamics is the investigation 
of the causes that generate the motion of bodies. Fluid mechanics concerns with the 
mechanics of liquids and gases. Finally, thermodynamics studies the transformations, 
in terms of mass and energy, of a system. 

The textbook, in its nine chapters, makes a synthesis of the above topics, dealing 
with material point kinematics and dynamics, introducing the concepts of work and 
energy, rediscussing the knowledge of kinematics and dynamics for point systems, 
and introducing a fundamental interaction between masses such as gravitational 
interaction. The motions of bodies will be described with respect to inertial and non-
inertial reference systems (i.e., systems under acceleration with respect to inertial 
systems). Finally, the mechanics of fluids and gases will be discussed. 

For each chapter, after the brief introduction, step-by-step examples and short 
exercises are offered, for which the solution is given.

v
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Chapter 1 
Kinematics of a Material Point 

The simplest object that can be studied in mechanics is the material point. The actual 
size of the material point is neglected. The position of the material point (Fig. 1.1) 
is defined by the vector: 

−→r = −→r t = rtu
Δ

r = 

⎧ 
⎨ 

⎩ 

x = xt 
y = yt 
z = zt 

= rxu
Δ

x + ryu
Δ

y + rzu
Δ

z (1.1) 

u
Δ

r is the unit vector, i.e., vector with unit modulus: 

√
u2 x + u2 y + u2 z =

|
|u
Δ

r

|
| = ur (1.2) 

u
Δ

r has the same direction and direction of −→r . The unit of measurement of −→r is 
meter, [m].

From the position vector, we can define the average velocity: 

−→v m = 
−→r t ' − −→r t 

t ' −  t
= 

−→r t+Δt − −→r t 
t ' −  t

= Δ
−→r

Δt 
(1.3)

Δ
−→r = −→r t ' − −→r t = −→r t+Δt − −→r t is the displacement. 
The instantaneous velocity is 

−→v = lim
Δt→0 

−→r t ' − −→r t 
t ' −  t 

= lim
Δt→0 

−→r t+Δt − −→r t 
t ' −  t

= lim
Δt→0

Δ
−→r

Δt 
= 

d−→r 
dt  

= 
ds  

dt  
u
Δ

T (1.4) 

s is the displacement. u
Δ

T is the unit vector related to the tangent direction of the 
trajectory. The unit of measurement of velocity is meter/second, [m]/[s].

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
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2 1 Kinematics of a Material Point

Fig. 1.1 Reference frame 
xyz with the point P moving 
along the trajectory in red. In 
black the position vector −→r 
and in blue the velocity 
vector −→v

Fig. 1.2 (left) Velocity 
vector in a circular trajectory; 
(right) normal acceleration 
vector in a circumference 
with radius v (velocity) 

Analogously, the average acceleration is 

−→a m = Δ−→v
Δt 

(1.5) 

And the instantaneous acceleration: 

−→a = 
d−→v 
dt  

= 
d2−→r 
dt2 

= 
d 

dt

[
vu

Δ

t,T
]

= 
dv 
dt  

u
Δ

t,T + v 
du

Δ

t,T 

dt  
= 

dv 
dt  

u
Δ

T + 
v2 

R 
u
Δ

N (1.6) 

The unit of measurement of velocity is meter/second2, [m]/[s]2. u
Δ

N is the unit 
vector related to the normal direction of the trajectory. 

Tangent acceleration: −→a T = dv 
dt  u

Δ

T 

Normal acceleration: −→a N = v2 

R u
Δ

N . 

Proof 

The components of the acceleration can be derived in the simple case of velocity 
with constant modulus (Fig. 1.2). 

The circumference on the left describes the trajectory. Its length is 2πR and the 
velocity (always tangent to the circumference) is given by 

2π R 
T 

= v (1.7)
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T is the period: time interval for one complete revolution of circumference (in 
seconds). 

For the circumference on the right, with radius v (velocity), normal acceleration, 
given by the change in direction of velocity, is always tangent. Similarly, it can be 
written as 

2πv  
T 

= aN (1.8) 

Isolating T in the first equation 

T = 
2π R 

v 
(1.9) 

Thus, it is possible to find aN as a function of v and R 

aN = 
2πvv  
2π R 

= 
v2 

R 
(1.10) 

The modulus of the acceleration is 

a =
√
a2 T + a2 N =

√
(
dv 
dt

)2 

+
(

v2 

R

)2 

(1.11) 

Kinematic using integration 

From velocity to position; from acceleration to velocity: 

−→r t = −→r t0 +
∫ t 

t0 

−→v t dt (1.12) 

−→v t = −→v t0 +
∫ t 

t0 

−→a t dt (1.13) 

−→r t0 is the position vector at time t = t0, while −→v t0 is the velocity vector at time 
t = t0. 

With a constant velocity v0, it is possible to define the linear motion: st = s0+v0t . 
With a constant acceleration a0, it is possible to define the uniformly accelerated 

linear motion: 

st = s0 + v0t + 
1 

2 
a0t

2 (1.14) 

Proof 
To derivate the formula of the uniformly accelerated linear motion:
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d2s 

dt2 
= 

dv 
dt  

= a0 → dv = a0dt  

→ 
t∫

t0 

dv = 
t∫

t0 

a0dt  

→ vt = vt0 + a0(t − t0) (1.15) 

ds  

dt  
= vt = vt0 + a0(t − t0) 

→ ds  = [
vt0 + a0(t − t0)

]
dt  

→ 
t∫

t0 

ds  = 
t∫

t0

[
vt0 + a0(t − t0)

]
dt  

→ st = st0 + v0(t − t0) + 
1 

2 
a0(t − t0)2 (1.16) 

i f  t0 = 0 ⇒ st = s0 + v0t + 
1 

2 
a0t

2 (1.17) 

Motions on a plain 

The parabolic motion (e.g., motion of a bullet) can be described in the following 
way:

∫ −→a = −gu
Δ

y −→v = vxu
Δ

x + vyu
Δ

y 
(1.18) 

where g is the gravitational acceleration: g = 9.81 m s2 . 
It is evident that the parabolic motion is the composition of a linear motion along x 

(where only the velocity vx occurs) and a uniformly accelerated linear motion along 
y (where the velocity vy and the acceleration g occur): 

y = 
vxsenα 
vcosα 

− 
1 

2 
g 

x2 

v2cos2α 
= xtgα − 

1 

2 
g 

x2 

v2cos2α 
(1.19) 

Important points in the parabolic motion are: 

– Projection on x of the maximum height: 

xV = −  
B 

2A 
= 

tgα · 2 · v2 · cos2α 
2g 

= 
v2 

2g 
2cosαsinα = 

v2 

2g 
sin2α (1.20)
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Fig. 1.3 Position vector −→r t 
and corresponding angular 
position ϑt in a circular 
motion 

– Maximum height: 

H = y(xV ) = 
v2 

2g 
sin2 α (1.21) 

– Aerial phase length: 

L = 2xV = 
v2 

g 
sin2α (1.22) 

– Maeximum aerial phase length: 

Lmaxfor 2a = π/2, i.e., a = π/4 = 45◦ (1.23) 

Circular motion 

On a circumference, the position of −→r t can be described with the angle ϑt . 
The angular velocity (direction perpendicular to the plane of motion) (Fig. 1.3) is:  

−→ω = 
dϑ 
dt  

u
Δ

z (1.24) 

With a unit of measurement [rad]/[s], while the angular acceleration is 

−→α = 
dω 
dt  

u
Δ

z (1.25) 

With a unit of measurement [rad]/[s]2. The relations between velocity and angular 
velocity and between acceleration and angular acceleration are (Fig. 1.4).

−→v = −→ω × −→r (1.26)

−→a = 
d−→v 
dt  

= 
d 

dt

(−→ω × −→r ) = 
d−→ω 
dt  

× −→r + −→ω × 
d−→r 
dt
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Fig. 1.4 Position vector −→r 
(red dashed line), angular 
velocity vector −→ω (green), 
and velocity vector −→v 
(purple solid line) in a 
circular motion. The three 
vectors follow the vector 
product described in Eq. 1.26

= −→α × −→r + −→ω × −→v = −→α × −→r + −→ω × (−→ω × −→r )
(1.27)

“×” relates to the vector product of two vectors. 
The vector product can be calculated in the following way: 

−→c = −→a × −→b = det  

⎡ 

⎣ 
−→u x −→u y −→u z 
ax ay az 
bx by bz 

⎤ 

⎦ 

= −→u x
(
aybz − azby

)

− −→u y(axbz − azbx ) 
+ −→u z

(
axby − aybx

)
(1.28) 

where det[...] is the determinant of a matrix, although it should be stressed that the 
determinant of a matrix is a number. Here, the same method of calculation (for a 
3 × 3 matrix) is employed, but the result is a vector. Thus, it is usually said that this 
method implies an abuse of notation: The method to calculate a determinant is used, 
but the result is not a determinant. 

The vector product is also defined as 

−→c = −→a × −→b = |
|−→a |

|
|
|
|
−→
b

|
|
|n
Δ

senβ (1.29) 

where β is the angle between −→a and −→b , and nΔ is the unit vector normal to the plane 
of −→a and −→b . 
Uniform circular motion: 

The uniform circular motion is a motion with circular trajectory and constant angular 
velocity: 

ϑt = ϑt0 + ω(t − t0) (1.30)
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The uniform circular motion is a periodic motion: −→r t+nT = −→r t (with n ∈ N). 
The period (in seconds) is 

T = 
2π 
ω 

(1.31) 

The frequency, reciprocal quantity to the period, is 

ν = 
1 

T 
= 

ω 
2π 

(1.32) 

The unit is Hz (Hertz), which is 1/s. 
Uniformly accelerated circular motion hourly law: 

ϑt = ϑt0 + ω(t − t0) + 
1 

2 
α(t − t0)2 (1.33) 

Simple harmonic motion: 

The simple harmonic motion is a motion around a point of equilibrium. It is a periodic 
motion with a sinusoidal (or co-sinusoidal) trend. 

In simple harmonic motion, displacement, velocity, and acceleration can be 
written as 

st = Acos(ωt + φ) (1.34) 

vt = 
dst 
dt  

= −Aωsin(ωt + φ) (1.35) 

at = 
dvt 

dt  
= −Aω2 cos(ωt + φ) = −ω2 st (1.36) 

where A is the amplitude of the oscillation of the displacement. 
From Eq. 1.35, it is clear that a linear proportionality occurs between the displace-

ment s and the acceleration a. From this relation, the harmonic motion equation can 
be found: 

d2s 

dt2 
= −ω2 s (1.37) 

From the plot of displacement s, velocity v, and acceleration a (please, see Fig. 1.5), 
it is evident the π/2 phase shift between s and v, the  π/2 phase shift between v and 
a, and the π phase shift between s and a.
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Fig. 1.5 Displacement st as described in Eq. 1.33; velocity vt as described in Eq. 1.34; velocity at 
as described in Eq. 1.35. In the last plot at the bottom, the three functions are depicted to highlight 
the phase shift of π/2 between displacement and velocity and between velocity and acceleration 

Examples 

E1.1) The displacement of the body follows the function st = 6t4 + sint . Determine 
velocity and acceleration. 

Solution 

Velocity: vt = 24t3 + cost 
Acceleration: at = 72t2 − sint . 

E1.2) A car is traveling at a velocity v = 100 km/h. If the car is able to arrest in s = 
200 m, calculate its deceleration (assuming a constant deceleration). 

Solution 

The two equations 

s = v0t − 
1 

2 
at2
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v = v0 − at 

can be combined to obtain 

v2 − v2 
0 = 2as 

Thus 

a = 
v2 − v2 

0 

2s 
=

[
0 m s −

(
27.78 m s

)2
]

2(200m)
= −1.93 

m 

s2 

E1.3) In a circular trajectory, the position vector of a material point is −→r = 4−→u x + 
5−→u y +6−→u z , and its angular velocity vector is −→ω = 1−→u x +2−→u y +3−→u z . Determine 
the vector of the velocity. 

Solution 

−→v = −→ω × −→r = det  

⎡ 

⎣ 
−→u x −→u y −→u z 
1 2 3  
4 5 6  

⎤ 

⎦ 

= −→u x (12 − 15) − −→u y(6 − 12) + −→u z(5 − 8) 
= −3−→u x + 6−→u y − 3−→u z 

E1.4) In a circular trajectory, the position vector of a material point is −→r = 5−→u y , 
its angular velocity vector is −→ω = 3−→u x , and its angular acceleration vector is −→α = 
1−→u x . Determine the modulus, direction, and verse of the vector of the acceleration. 

Solution 

−→a = −→α × −→r + −→ω × (−→ω × −→r )

= det  

⎡ 

⎣ 
−→u x −→u y −→u z 
1 0 0  
0 5 0  

⎤ 

⎦ + −→ω × det  

⎡ 

⎣ 
−→u x −→u y −→u z 
3 0 0  
0 5 0  

⎤ 

⎦ 

= 5−→u z + −→ω × 15−→u z = 5−→u z + det  

⎡ 

⎣ 
−→u x −→u y −→u z 
3 0 0  
0 0 15  

⎤ 

⎦ 

= 5−→u z − 45−→u y 

The modulus is
|
|−→a |

| =
√
52 + 452 = 45.28m/s2.
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E1.5) Derive the acceleration vector on an arbitrary trajectory. 

Solution 

The acceleration can be written as 

−→a = 
d−→v 
dt  

where −→v = vu
Δ

t,T . In general, both v and u
Δ

t,T can depend on time: a change of v is 
related to a change of modulus and/or versus of the velocity, while a change of u

Δ

t,T 

is related to a change in the direction of the velocity. Thus, the acceleration can be 
rewritten as 

−→a = 
d−→v 
dt  

= 
d2−→r 
dt2 

= 
d 

dt

[
vu

Δ

t,T
] = 

dv 
dt  

u
Δ

t,T + v 
du

Δ

t,T 

dt  

The difference between u
Δ

t,T and u
Δ

t+Δt,T − u
Δ

t,T in a time interval Δt on the 
trajectory γ:

Δ
−→u T = u

Δ

t+Δt,T − u
Δ

t,T 

For Δt → 0, ΔuT tends to the infinitesimal vector duT: 

d−→u T = u
Δ

t+dt,T − u
Δ

t,T 

duT is orthogonal to uT (and parallel to uN, the versor that is orthogonal to the 
trajectory). Moreover, the modulus of d−→u T can be approximated to 

|d →uT | ∼= |
|ût,T

|
|dφ 

Since
|
|u
Δ

t,T

|
| = 1

|
|d−→u T

|
| = dφ 

Consequently: 

d−→u T = dφu
Δ

N
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And 

du
Δ

T 

dt  
= 

dφ 
dt  

u
Δ

N 

In this way, the acceleration can be rewritten as 

−→a = 
d−→v 
dt  

= 
d2−→r 
dt2 

= 
dv 
dt  

u
Δ

t,T + v 
dφ 
dt  

u
Δ

N 

dφ 
dt  can be rewritten in the following way: 

dφ 
dt  

= 
dφ 
ds  

ds  

dt  

where ds  = dϕ R. Thus 

dφ 
ds  

ds  

dt  
= 

dφ 
dφ R 

ds  

dt  
= 

1 

R 
v 

in which R is the curvature radius of the trajectory. 
Consequently, the acceleration is given by 

−→a = 
dv 
dt  

u
Δ

T + 
v2 

R 
u
Δ

N 

Important: in a general trajectory, the curvature radius R is not constant. 
E1.6) In the harmonic motion of a material point along the x-axis, at t0 = 0, 

the displacement of the material point is xt0 = 0. The pulsation of the motion is 
ω = 0.2 rad/s, and the amplitude of the oscillation is A = 1 m. Find the acceleration at 
t = 3 s.  

Solution 

Since at t0 the displacement is zero, the function xt can be written as 

xt = Asin(ωt) 

Thus, the acceleration can be written as 

at = 
d2xt 
dt2 

= −Aω2 sin(ωt)
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At t = 3 s  

at = −Aω2 sin(ωt) 

= −(1m)(0.2 rad/s)2 sin[(0.2 rad/s)(3 s)] = −0.02 m/s2 

E1.7) A cannon fires a projectile with velocity 

−→v = (
4u

Δ

x + 20u
Δ

y
)
m/s 

Find the coordinates of the bullet 2 s after it is fired. 

Solution 

Along x the velocity is −→v x =
(
4u

Δ

x
)
m/s. Thus 

xt = x0 + vx t = vx t = (4m/s)(2 s) = 8m  

Along y the velocity is −→v y = (
20u

Δ

y
)
m/s, and the acceleration is g =(−9.81u

Δ

y
)
m/s2. Thus 

yt = y0 + vyt − 
1 

2 
gt2 = vyt − 

1 

2 
gt2 

= (20 m/s)(2 s) − 
1 

2

(
9.81 m/s2

)
(2 s)2 = 20.38 m 

Consequently, the coordinate of the projectile after 2 s is

∫
x = 8m  

y = 20.38 m 

Exercises 

(1.1) Determine the depth of a well knowing that a time t = 4.8 s elapses between 
the instant when a stone is dropped (with zero initial velocity) and the instant 
when the noise is heard, as a result of the stone hitting the bottom of the well 
(the speed of sound in air is 340 m/s and air resistance is negligible). 

(A) 23.6 m 
(B) 99.6 m 
(C) 23,000 m 
(D) 267 m 
(E) 318 m
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(1.2) Carl Lewis in 1991 set the 100 m record of 9.86 s. Usain Bolt in 2009 broke 
this record by doing the 100 m in 9.58 s. If they had competed at the same 
time, how many meters from the finish line would Lewis have been at the time 
Bolt crossed the finish line? Assume a constant speed. 

(A) 1,44 m 
(B) 2,84 m 
(C) 3,98 m 
(D) 4,23 m 
(E) 28 m 

(1.3) A marble A is dropped from a height h with zero initial velocity. At the 
same time, a second marble B is dropped from the ground upward with initial 
velocity v0. If the motion of the marbles occurs on the same vertical, determine 
the value of v0 so that the two marbles collide at half height (h/2). 

(A)
√
gh 

(B) 1 
2

√
gh 

(C)
√
g/2h 

(D) 3g 
(E) 4gh 

(1.4) Determine v0 of exercise 3 that the two marbles collide when they have equal 
and opposite velocities. 

(A) 0.5 
(B)

√
gh 

(C)
√
2gh 

(D) 1 
2

√
gh 

(E)
√
g/2h 

(1.5) While riding a bicycle at a speed of 36 km/h, the yellow light goes off. Knowing 
that 5 s elapse before the red light and that you are 60 m from the traffic light, 
what is the minimum acceleration (in m/s2) that would allow you to pass? 

(A) 12.4 
(B) 4.3 
(C) 2.5 
(D) 1.7 
(E) 0.8 

(1.6) What is the speed (in km/h) achieved in exercise 1.5? 

(A) 20.3 
(B) 33.1 
(C) 42.7 
(D) 50.4 
(E) 61.8
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(1.7) A material point travels along a curved trajectory. On a curved section with 
a radius of curvature equal to R = 1 m, the scalar velocity is

√
3 m/s. The 

acceleration vector forms an angle of about 37° with that of the velocity. What 
is the value of its acceleration in modulus? 

(A) 100 m/s2 

(B) −4 m/s2 

(C) 5m/s2 

(D) 2 m/s2 

(E) 11.3 m/s2



Chapter 2 
Dynamics of a Material Point 

The first law of dynamics 

In an inertial reference frame, a free body moves in uniform rectilinear motion. If 
the speed of motion is zero, the body is at rest. 

The momentum is: 

−→q = m−→v (2.1) 

Principle of conservation of momentum: The total momentum of the isolated 
system (where bodies are subjected to mutual interaction) is conserved. 

The second principle of dynamics 

It introduces the concept of force that expresses the interaction between bodies and 
accounts for the variation of momentum: 

−→
F = 

d−→q 
dt  

(2.2) 

The third principle of dynamics 

For a two-body system: 

−→
F 1 = −−→

F 2 (2.3) 

The third principle is also known as the action-reaction principle.−→
F 1 acts on body 1 by the effect of body 2; 

−→
F 2 acts on body 2 by the effect of 

body 1. 

Food for thought: There are fluids that do not follow the second principle: For weak 
forces they are strong, while they become tougher for stronger forces. They are called 
non-Newtonian fluids. An example is the corn starch in water.
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Fig. 2.1 (left) Equilibrium between the weight force 
−→
W and the normal constraining rection 

−→
R N 

for a body resting on a table; (right) equilibrium between the weight force 
−→
W and the tension 

−→
T of 

an ideal rope (inextensible and of negligible mass) for a body hooked to the rope 

Types of forces 

Weight force 

−→
W = m−→g (2.4) 

With the modulus of the gravitational acceleration, g = 9.81 m 
s2 , such force is 

directed toward the center of the Earth, the largest gravitational attractor in the 
majority of the systems studied. 

Constraining reactions 

Such forces represent constraints, i.e., those forces whose effect on the motion of the 
body consists in limiting the motion to a certain region of space. 

If a body is resting on a table, which in turn is resting on the Earth’s ground with 
the upper face normal to gravitational acceleration, the weight force 

−→
W due to the 

body is in equilibrium with the normal constraining reaction 
−→
R N due to the table 

(Fig. 2.1): 

−→
F tot  = −→W + −→R N = 0 (2.5) 

s 
The same can be said for the tension T of an ideal rope (inextensible and of 

negligible mass) to which a body of mass m is hooked (Fig. 2.1). 

Food for thought: What is the origin of the constraining reaction? A body on a table is 
not traveling toward the center of the Earth, but it is “blocked” by the table. This happens 
because the table, as other objects, is kept together by the chemical bonds, related to the 
electromagnetic force, which is much stronger than the gravitational force.
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Sliding friction 

The interface between two materials is not completely flat. The more the roughness, 
the more the friction. 

Static sliding friction:

|
|
|
−→
R T ,max

|
|
| = μs

|
|
|
−→
R N

|
|
|with 0 < μs < 1 (2.6) 

Dynamic sliding friction:

|
|
|
−→
R T

|
|
| = μd

|
|
|
−→
R N

|
|
|with μd < μs (2.7) 

μs is the static sliding friction coefficient, while μd is the dynamic sliding friction 
coefficient. The two coefficients are effective and depend on the type of interface. 

Viscous Friction (Stokes’ Law) 

The friction due to the motion in a medium can be described with Stokes’ law: 

−→
F = −β−→v (2.8) 

β is a dissipative term (empirical, depends on the medium). 

Elastic force 

With a spring, or with an elastic material, the force depends linearly on the elongation/ 
compression of the spring/material. Elastic force is described via Hooke’s law (ut 
tensio sic vis: where there is tension there is a force): 

−→
F = −k−→r (2.9) 

k is the elastic constant, in N/m. k is a phenomenological value that depends on the 
material and the configuration of the spring. 

With 

−→r = (l − l0)u
Δ

r (2.10) 

l0 is the equilibrium length of the spring. 
Springs in series: 

1 

keq 
=

∑

i 

1 

ki 
(2.11)
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Springs in parallel: 

keq =
∑

i 

ki (2.12) 

With a body attached to a spring, constrained to the other side, harmonic 
motion can occur for the body left oscillating after elongating or compressing the 
spring: 

m 
d2x 

dt2 
u
Δ

x = −kxu
Δ

x = −mω2 xt (2.13) 

(pulsation ω = √

k/m; period T = 2π 
√

m/k). 

Simple pendulum 

A body with mass m is attached to a point by an inextensible and massless rope. With 
the second principle of dynamics, we can describe the forces: 

m−→a = −→T − −→W (2.14) 

Thus, acceleration on a portion of the circumference occurs: 

−→a = 
d2s 

dt2 
u
Δ

t + 
1 

l

(
ds  

dt

)2 

u
Δ

n (2.15) 

It is a harmonic motion: 

l 
d2ϑ 
dt2 

= −gϑ (2.16) 

with ω = √
g/ l and T = 2π 

√
l/g. 

With a spring free to oscillate, different types of harmonic motion can occur, 
depending on possible frictions and interactions that force the oscillation (Figs. 2.2, 
2.3 and Table 2.1).

Examples 

(E2.1) Two springs in parallel with elastic constants k1 = 1 N/m and k2 = 3 N/  
m, respectively, are in series with a third spring with elastic constant k3 = 4 N/m.  
Calculate the equivalent elastic constant of the whole system. 

Solution 

Springs 1 and 2 in parallel: 

keq, parallel =
∑

i 

ki = k1 + k2 = 4N/m
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Fig. 2.2 A (left) Damped harmonic motion with viscous friction. (right) Damped harmonic motion 
with sliding friction 

Fig. 2.3 Amplitude x as a 
function of the frequency ω 
for the forced-damped 
harmonic motion

Springs 1 + 2 in series with spring 3: 

1 

keq 
=

∑

i 

1 

ki 

keq,series  = 1 
1 

keq,parallel 
+ 1 k3 

= 2N/m  

(E2.2) A simple pendulum, with a body attached to a 5 m long rope, starts to oscillate 
with an oscillation amplitude of 1 m. Determine the maximum modulus of the velocity 
of the body in the oscillation. 

Solution 

In such a harmonic oscillator, the velocity is given by 

vt = 
dst 
dt  

= −Aωsen(ωt + φ)
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Table 2.1 Different types of harmonic motions 

Motion type Motion equation Features 

Harmonic m d
2x 
dt2 

u
Δ

x = −kxu
Δ

x = 
−mω2xt 

–Pulsation: ω0 = 
√
k/m 

–Period: T = 2π
√
m/k 

Damped harmonic (with viscous 
friction, Fig. 2.2, left)  

d2x 
dt2 

+ β 
m 

dx  
dt  + k m x = 0

Δ = β2 

m2 − 4 k m 

Three cases: 
–Δ <  0: underdamped, 
oscillation with exponential 
damping (exponential envelope 
function of oscillation) 
–Δ = 0: critical damping, returns 
to equilibrium as fast as possible 
without oscillating 
–Δ >  0: overdamped, returns to 
balance without oscillating 

Damped harmonic (with sliding 
friction, Fig. 2.2, right) 

d2x 
dt2 

+ k m x + μD RN 
m = 0 Oscillation with linear damping 

Forced harmonic d2x 
dt2 

+ k m x = F m –F = F0cos(ωt) forcing (in 
general ω /= ω0) 
–Oscillation amplitude 

x0 = F0 
m

(

ω2 
0−ω2

)

–For ω → ω0: resonance that 
leads to rupture x → ∞  

Forced-damped harmonic d2x 
dt2 

+ β 
m 

dx  
dt  + k m x = F m –F = F0cos(ωt) forcing 

–For we have ω → ω0xmax [as in 
Fig. 2.3, peak resonance of 
function x(ω)]

In a simple pendulum 

ω = 
√

g/ l 

Thus 

vt = −A 
√

g/ lsin
(√

g/ lt  + φ
)

In this case the initial phase φ is zero. Moreover, the maximum of the velocity 
function relates to the sin

(√
g/ lt

) = 1, which means angle 0, i.e., the body at the 
equilibrium position. 

Thus 

vt = A 
√

g/ l = 1m 

√

9.8m/s2 

5m
= 1.4m/s
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(E2.3) A block of m = 5 kg is resting on an inclined plane with angle a. There 
is friction between the block and the interface, and the coefficient of static sliding 
friction is μs = 0.2. What is the minimum angle for the block to slide? 

Solution
|
|
|
−→
F f

|
|
| = mgsinα

|
|
|
−→
R N

|
|
| = mgcosα 

For the friction at the interface

|
|
|
−→
F f

|
|
| = μs

|
|
|
−→
R N

|
|
|

|
|
|
−→
F f

|
|
|/

|
|
|
−→
R N

|
|
| = tanα, thus 

μs = tanα 

And consequently 

α = tan−1 μs = 11.31◦
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(E2.4) Two  masses m1 and m2 hang from the two ends of a wire, inextensible and 
of negligible mass, passing through a pulley. If the ratio of its masses is m2/m1 = 3, 
find the acceleration with which the two masses move. 

Solution

⎧

T − m1g = m1a 
m2g − T = m2a 

With T

⎧

T = m1a + m1g 
T = m2g − m2a 

m1a + m1g = m2g − m2a 

m1a + m2a = m2g − m1g 

(m1 + m2)a = (m2 − m1)g 

Thus 

a = 
m2 − m1 

m1 + m2 
g = 

m2 
m1 

− 1 
m2 
m1 

+ 1 
g 

= 
3 − 1 
3 + 1 

g = 
1 

2

(

9.8 
m 

s2

)

= 4.9 
m 

s2 

Exercises 

(2.1) A watchmaker wants to adjust a pendulum clock that accumulates a delay of 
one minute every hour. The pendulum consists of a mass m hanging from a 
wire of length L. What adjustment can the watchmaker make? 

(A) Shorten the thread by 3.3% 
(B) Lengthen the thread by 5.2% 
(C) Shorten the thread by 4.8% 
(D) Lengthen the wire by 6.7% 
(E) Lighten the mass by 8.2% 

(2.2) In harmonic motion, the second derivative, with respect to time, of displace-
ment is. 

(A) as its velocity 
(B) as the displacement multiplied by ω2 

(C) as the displacement multiplied by −1
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(D) as the displacement multiplied by ω 
(E) as its velocity multiplied by ω 

(2.3) For the work of the sliding friction force, which of the following statements 
is false? 

(A) it doubles if the trajectory traveled is doubled 
(B) it is negative 
(C) its calculation shows that the frictional force is not conservative 
(D) it is independent of the scalar product between force and displacement 
(E) it is directly proportional to the modulus of the constraining reaction 

(2.4) What is the unit of measurement of the elastic constant k of a spring (remember 
Hooke’s law)? 

(A) N*m 
(B) m2/N 
(C) J/s 
(D) N 
(E) Ns2/ms4 

(2.5) A marble is launched down a ramp of length L = 2 m inclined at an angle 
α = 45° to the horizontal with velocity v0= 15 m/s. Knowing that the dynamic 
friction coefficient between the ramp and the marble is worth μd = 0.2 for 
the first meter of the ramp and μd = 0.4 for the second meter, the speed of 
the marble at the top of the ramp is. 

(A) 11.445 m/s 
(B) 4.765 m/s 
(C) 13.745 m/s 
(D) 9.375 m/s 
(E) 6.035 m/s 

(2.6) All springs in this scheme have k = 1 N/m. The equivalent spring constant 
keq is. 

(A) 1 N/m  
(B) 3 N/m  
(C) 6 N/m  
(D) ½ N/m  
(E) 2/3 N/m
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(2.7) What is the pulsation of the system in the figure? 
(k1 = 100 N/m; k2 = 150 N/m; k3 = 80 N/m; M = 12500 g). 

(A) 26.40 rad/s 
(B) 2.74 rad/s 
(C) 1.66 rad/s 
(D) 5.14 rad/s 
(E) 10.43 rad/s



Chapter 3 
Work and Energy 

A body is moved under the effect of a force. The elementary work is defined as 

δW = −→F · d−→r (3.1) 

· which relates to the scalar product between two vectors: 

δW =
|
|
|
−→
F

|
|
|

|
|d−→r |

|cosϑ (3.2) 

ϑ is the angle between the two vectors. 
The integral work is given by the integral between the force and the displacement. 

In general, the work depends on the trajectory of the displacement γ 

WAγ B =
∫

Aγ B 

−→
F · d−→r (3.3) 

The power is given by 

P = 
δW 

dt  
= −→F · d

−→r 
dt  

(3.4) 

The kinetic energy is a positive scalar quantity given by 

Ek = 
1 

2 
mv2 (3.5)
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Living forces theorem (relation between work and kinetic energy): 

L Aγ B =
∫

Aγ B 

δL =
∫

Aγ B 

dEk = Ek,B − Ek,A (3.6) 

Proof 

The living forces theorem can be easily demonstrated by introducing the projection 
of the applied force in the direction of the displacement FT (T relates to the direction 
tangent to the displacement): 

δ L = FT dr = maT dr = m 
dv 
dt  

dr 

= m 
dr 

dt  
dv = mvdv (3.7) 

L Aγ B =
∫

Aγ B 

mvdv = 
1 

2 
mv2 

B − 
1 

2 
mv2 

A 

= Ek,B − Ek, A = ΔEk (3.8) 

If the calculated work does not depend on the trajectory, but only on the initial 
and final positions, the force is conservative. 

Potential energy for conservative forces: 

δL = −dE  p
(−→r )

(3.9) 

Weight force: 

Force directed along −z: 
F = (0, 0, −mg)(Fig. 3.1)

L Aγ B =
∫

Aγ B 

−→
F · d−→r =

∫

Aγ B 

m−→g · d−→r (3.10) 

Considering that the weight force has nonzero component only along −z, and dr 
(for the monotonic trajectory in the figure) has projection along the z-axis (positive 
direction, hence +z), therefore, the scalar product in the integral can be rewritten:

L Aγ B = −
∫

Aγ B 

mgdz = −mg 

zB∫

zA 

dz
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Fig. 3.1 Weight and 
displacement d−→r in an 
arbitrary trajectory between 
point A and point B

= −mg(zB − zA) = mg(zA − zB) (3.11)

L AB  = −ΔE p ⇒ ΔE p = mg(zB − zA) (3.12) 

If zA = 0 (ground level), 

E p = mgz (3.13) 

Elastic force: 

F = (−kx, 0, 0).  
Force along −x: 

L Aγ B = −
∫

Aγ B 

kxdx  = −k 

xB∫

xA 

xdx  = −k

[
x2 

2

]xB 

xA 

= −
(
1 

2 
kx2 B − 

1 

2 
kx2 A

)

= 
1 

2 
kx2 A − 

1 

2 
kx2 B (3.14) 

L AB  = −ΔE p ⇒ ΔE p = 
1 

2 
k(x2 B − x2 A) (3.15) 

Setting to zero the energy for the spring at equilibrium length: 

E p = 
1 

2 
kx2 (3.16)
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Sliding friction: 

L Aγ B =
∫

Aγ B 

−→
F · d−→r = −

∫

Aγ B 

μd RN u
Δ

v · d−→r 

= −μd RN

∫

Aγ B 

u
Δ

v · d−→r (3.17) 

(with constraining reaction RN from A to B). 

uv depends on the trajectory. 
The displacement is 

d−→r = −→v dt  = vu
Δ

vdt (3.18) 

Thus, Eq. 3.17 becomes 

→ L Aγ B = −μd RN

∫

Aγ B 

u
Δ

vv · uΔvdt (3.19) 

in which
(

u
Δ

v · u
Δ

v

) = 1. Finally, 

L Aγ B = −μd RN

∫

Aγ B 

vdt  = −μd RNlAγ B (3.20) 

where lAγ B is the length of the trajectory. Different trajectories can lead to different
lAγ B and, consequently, to different values of the work of the sliding friction. Thus, 
the work of the friction depends on the trajectory chosen to reach B starting from A 
and, consequently, the sliding friction is a non-conservative force. 

For a conservative force on any closed trajectory (e.g., from A to B, then from B 
to A): 

Lclosedtra jector y = L AB  + L BA  

=
∫ B 

A 

−→
F · d−→r +

∫ A 

B 

−→
F · d−→r 

=
∮ −→

F · d−→r = 0 (3.21) 

since

∫ B 

A 

−→
F · d−→r = −

∫ A 

B 

−→
F · d−→r (3.22)
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The total work done by a conservative force, when the path is a closed loop, is 
zero. 

Food for thought: It is possible to determine the force from the potential energy 
using the derivation, i.e., the spatial variation of the potential energy: 

−→
F = −dE  p 

dr 
−→u F (3.23) 

The correct mathematical operation is the gradient: 

−→
F = −grad E p = −−→∇ E p 

= −
(

∂ E p 
∂ x 

−→u x + 
∂ E p 
∂y 

−→u y + 
∂ E p 
∂z 

−→u z
)

(3.24) 

Principle of conservation of mechanical energy 

If only conservative forces act on a body: dE  = 0. If both conservative and non-
conservative forces act on a body: dE  = δ L NC  . 

Mechanical energy of harmonic motion 

The mechanical energy of harmonic motion can be determined knowing that there 
is only a conservative force (i.e., elastic force) and, thus, there is a conservation of 
energy 

E = Ek + E p = 
1 

2 
mv2 + 

1 

2 
kx2 = constant (3.25) 

Thus 

E = 
1 

2 
m[−Aωsin(ωt + φ)]2 

+ 
1 

2 
k[Acos(ωt + φ)]2 

= 
1 

2 
mA2 ω2 sin 

2 
(ωt + φ) 

+ 
1 

2 
k A2 cos 

2 
(ωt + φ) (3.26) 

Knowing that ω2 = k m → m = k 
ω2 

E = 
1 

2 

k 

ω2 
A 
2 

ω2 sin 
2 

(ωt + φ) 

+ 
1 

2 
k A2 cos 

2 
(ωt + φ)
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= 
1 

2 
k A2

]

cos2 (ωt + φ) + sin2 (ωt + φ)
]

(3.27) 

cos2(ωt + φ) + sin2 (ωt + φ) = 1. Thus 

E = 
1 

2 
k A2 (3.28) 

Examples 

E3.1) A body of 2 kg, under the effect of a force, accelerates with a = 3 m/s2. The  
angle between the acceleration and the trajectory of the body is constantly π/3. If 
the displacement of the body is s = 5 m, how much work is produced by the body? 

Solution 

The work is 

L AB  = 
B∫

A 

−→
F · d−→r = m a  s cos(π/3) 

= (2 kg)
(

3m/s2
)

(5m)0.5 = 15J 

E3.2) A ball with a weight of 100 g is thrown upward by accompanying it 40 cm 
with the hand. When the ball leaves the hand, its velocity is 10 m/s. Find the force 
exerted by the hand and the height reached by the ball (setting the zero to the point 
where the hand and ball start to move). 

Solution 

Setting the z = 0m  where the hand and ball start to move, we have in this scenario 

E1 = Ek,1 + E p,1 = 0 + 0 

When the ball leaves the hand: 

E2 = Ek,2 + E p,2 

= (0.5)(0.1 kg)
(

100 m2 /s2
) + (0.1 kg)

(

9.8m/s2
)

(0.4m) 

= 5.39J 

This difference in energy E2 − E1 is equal to the work done by the hand along 
the displacement Δh = 0.4m:
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W = E2 − E1 = E2 = FΔh 

Thus 

F = E2/Δh = 5.39J/0.4m  = 13.47N 

The maximum is reached by the ball when all the kinetic energy Ek,2 is converted 
into gravitational potential energy: 

Ek,2 = (0.5)(0.1 kg)
(

100 m2 /s2
) = 0.5mv2 

2 = E p,3 = mgΔh'

Thus

Δh' = 
v2 
2 

2 g  
= 

100 m2/s2 

2
(

9.8m/s2
) = 5.1m  

The total height is

Δhmax = Δh + Δh' = 5.1m  + 0.4m  = 5.5m  

E3.3) Two springs in parallel, with spring constant k1 = 1 N/m and k2 = 3 N/m,  
respectively, swing a 1 kg  body. If at a certain instant the body, at a distance x = 
1 m from the equilibrium position, moves with a velocity of 1 m/s. Determine the 
maximum amplitude of oscillation of the body. 

Solution 

The equivalent elastic constant for the systems of springs is 

keq = k1 + k2 = 4N/m 

Consequently: 

1 

2 
keq A

2 = E p + Ek = 
1 

2 
keq x

2 + 
1 

2 
mv2 

= 
1 

2 
(4N/m)(1m)2 + 

1 

2 
(1 kg)(1m/s)2 

= 2 J  + 0.5 J  = 2.5 J  

Thus 

A = 

√

2
(

E p + Ek
)

keq 
=

√

2(2.5 J) 
4N/m 

= 1.06 m
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E3.4) A 70 kg American football player runs with the ball at a speed of 5 m/s. He 
is stopped in 1 s during a tackle. How much is the average power developed during 
the tackle? 

Solution 

In the tackle, a deceleration occurs: 

s = vt − 
1 

2 
at2 

Thus, the power is 

P = 
L 

t 
= 

Fs  

t 
= 

Ft
(

v − 1 2 at
)

t
= F

(

v − 
1 

2 
at

)

The force is the momentum over time F = mv 
t (it is an average force). Thus 

P = 
mv 
t 
t

(
v 
t 

− 
1 

2 
a

)

= mv

(
v 
t 

− 
1 

2 
vt

)

= (70 kg)
(

5 
m 

s

)[
5 m 

s 

1 s  
− 

1 

2

(

5 
m 

s

)

(1 s)

]

= 875 W 

E3.5) The potential energy is described as a function that includes the following 
points: 

Position x (m) Potential energy (J) 

−5 25 

−3 9 

1 1 

4 16 

6 36 

Find the force that is related to such potential energy. 

Solution 

It is evident that the potential energy is described by a parabolic function 

E p = Ax2 

with A = 1 N.
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The force can be found from the potential according to the relation 

−→
F = −dE  p 

dr 
−→u F 

Thus 

−→
F = −dE  p 

dx  
−→u x = −2x−→u x 

Exercises 

(3.1) A mass of 500 g compresses by 5 cm a spring of elastic constant 200 N/m 
attached to the lower end of a plane inclined 60°. If the coefficient of kinetic 
friction between the plane and the mass is 0.3, determine the maximum height 
reached by the mass once it is left free. 

(A) 12 cm 
(B) 0.02 m 
(C) 0.6 m 
(D) 4 cm  
(E) 22 cm 

(3.2) An object of mass m = 4 kg is thrown along an upward-inclined plane. The 
inclined plane is 2 m high and forms an angle with the ground of 30°. The 
initial speed of the object is 15 m/s. How long does it take to reach the top of 
the inclined plane? 

(A) 0.11 s 
(B) 0.28 s 
(C) 0.39 s 
(D) 0.54 s 
(E) 0.68 s 

(3.3) A marble is launched down a ramp of length L = 3 m inclined at an angle α 
= 45° to the horizontal with velocity v0= 20 m/s. Knowing that the dynamic 
friction coefficient between the ramp and the marble is worth μd= 0.3, deter-
mine the velocity in m/s with which the marble reaches the bottom of the 
ramp.
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(A) 12.50 
(B) 18.60 
(C) 23.80 
(D) 27.20 
(E) 32.10 

(3.4) Calculate the distance from ramp d where the marble falls to the ground (in 
m) in problem 3.3. 

(A) 15.43 
(B) 21.98 
(C) 37.27 
(D) 42.09 
(E) 51.35 

(3.5) A 70 kg skater is at the top of a U-shaped ramp at a height of 10 m. If the 
bottom of the ramp is at a height of 0.5 m, what is the maximum velocity 
reached by the skater? 

(A) 13.65 m/s 
(B) 25.63 m/s 
(C) 30.04 m/s 
(D) 37.12 m/s 
(E) 41.96 m/s 

(3.6) Which of these statements is false for power? 

(A) it is the derivative of work with respect to time 
(B) its unit of measurement is the watt 
(C) it is the scalar product of force times velocity 
(D) it is the scalar product of force times space 
(E) its unit of measurement is Joule/second



Chapter 4 
Systems of Material Points 

The second principle of dynamics for systems of ith material points is given by 

−→
F i = mi

−→a i = mi 
d2−→r i 
dt2 

(4.1) 

which relates to N second-order vectorial differential equations (=3N scalar 
equations): 

⎧ 
⎪⎨ 

⎪⎩ 

−→
F x,i = mi

−→a x,i = mi 
d2xi 
dt2 u

∧

x−→
F y,i = mi

−→a y,i = mi 
d2 yi 
dt2 u

∧

y−→
F z,i = mi

−→a z,i = mi 
d2zi 
dt2 u

∧

z 

(4.2) 

The description of this system can be very complex. For many material points 
(≥3), the system of scalar equations can be solved numerically. A particular system 
is the rigid body, which is a system of material points in which the mutual distance 
between any two points remains constant during motion (Chap. 7). 

External and internal forces should be defined: 

−→
F i = −→F (E) 

i + −→F (I ) i (4.3) 

The internal forces relate to the interaction between the bodies of the system. Due 
to the third principle of dynamics, 

−→
F 

(I ) = 
N∑

i, j = 1 
i �= j 

−→
f i j  = 0 (4.4)
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Thus, only external forces remain. 
Consequently, Euler’s first law is written as 

−→
F 

(E) = 
d−→q 
dt  

(4.5) 

The system of material points keeps being very complex to be studied. A useful 
tool is the introduction of a point that takes into account the whole system. Such a 
point is the center of mass. 

The center of mass is defined as 

−→r CM  =
∑N 

i=1 mi
−→r i

∑N 
i=1 mi 

(4.6) 

Thus, it is possible to introduce the center of mass theorem: 

−→
F 

(E) = 
d 

dt  
M−→v CM  = M−→a CM (4.7) 

4.1 Collisions 

For a system where external forces are not applied, 

−→
F 

(E) = 
d−→q 
dt  

= 0 → −→q = constant (4.8) 

In such a system, collisions can occur between material points. It is possible to 
distinguish between elastic collisions and inelastic collisions. In the elastic collision, 
momentum and kinetic energy (of the system) are conserved:

{
m1

−→v in  1 + m2
−→v in  2 = m1

−→v f in  1 + m2
−→v f in  2 

1 
2 m1v

in2 
1 + 1 2 m2v

in2 
2 = 1 2 m1v f in

2 

1 + 1 2 m2v f in
2 

2 

(4.9) 

In a head-on collision, the vector equation for the momentum (in Eq. 4.9) becomes 
a scalar equation (Fig. 4.1):

{
m1v

in  
1 + m2v

in  
2 = m1v f in  1 + m2v f in  2 

1 
2 m1v

in2 
1 + 1 2 m2v

in2 
2 = 1 2 m1v f in

2 

1 + 1 2 m2v f in
2 

2 

(4.10)

In the case of inelastic collision, the kinetic energy is not conserved. Part of 
the energy is converted in heat, sound, and deformations of the colliding bodies.
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Fig. 4.1 Sketch of a 
head-on collision

A particular case is the perfectly inelastic collision, in which two colliding bodies 
become a single body. Thus 

v f in  1 = v f in  2 = v f in  (4.11) 

With the momentum conservation: 

m1v
in  
1 + m2v

in  
2 = (m1 + m2)v f in  (4.12) 

Impulse theorem: the second law of dynamics implies that the impulse of a force 
applied to a material point causes the change in momentum: 

d−→q = −→F dt (4.13) 

If 
−→
F AB  is the force acting on the body B because of the interaction with the body 

A, the impulse related to this force is given by 

−→
I A = 

t0+τ∫

t0 

−→
F ABdt  = m A−→v f in  A − m A−→v in  A (4.14) 

Analogously, if 
−→
F BA  is the force acting on the body A because of the interaction 

with the body B, the impulse related to this force is given by 

−→
I B = 

t0+τ∫

t0 

−→
F BAdt  = mB

−→v f in  B − mB
−→v in  B (4.15) 

Since 
−→
F AB  = −−→

F BA, 
−→
I A = −−→

I B . 
For each of the two bodies, there is a change in momentum �

−→q (the momentum 
of the system is conserved). If we assume that the collision occurs instantaneously, 
per τ → 0, F → ∞  (where τ is the collision duration).
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In reality, the collision occurs in a time interval small but finite. Thus, the value 
of the force will then be very large, but finite. Forces that take on very large values 
for short time intervals are called impulsive forces. 

Examples 

(E4.1) A toy car of mass m1 = 50 g travels on a magnetic track at speed v0 = 2 m/s.  
At time t = 0 s, a switch “turns on” on the magnetic track a force that is impressed 
on the toy car. The force has the trend shown in the graph in the figure. 

What is the speed of the little car after the force is turned off? 

Solution 

The impulse of the toy car 

I = 
t=0.2s∫

t=0s 

Fdt  = (7N )(0.2s) = 1.4Ns  

Is equal to the momentum variation: 

I = m1v1 − m1v0 = 0.05, kg · v1 − 0.05 kg · 2 m 
s 

= 1.4 Ns  

Thus v1 = 26 m s . 

(E4.2) The toy car in Example E4.1 bumps into and hooks onto another toy car of 
mass m2 = 100 g. What is the loss of kinetic energy? 

Solution 

The momentum conservation is
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m1v1 = (m1 + m2)v f in  

So 

v f in  = m1v1 

m1 + m2 

Thus v f in  = 8.67 m s . 
The loss of kinetic energy is

�E = 
1 

2 
(m1 + m2)v f in

2 − 
1 

2 
m1v

2 
1 = −28.16 J 

(E4.3) The mass of an automobile is 1500 kg. If the automobile has a constant speed 
of 20 m/s, what is the impulse required to make its velocity reach 5 m/s? 

Solution 

The module of the initial momentum −→q i of the automobile is given by

∣
∣−→q i

∣
∣ = mv = (1500 kg)(20 m/s) = 3 × 104 

kg m 

s 

The module of the momentum
∣
∣−→q f

∣
∣ when the velocity of the automobile is 

5 m/s is

∣
∣�q f

∣
∣ = mv = (1500 kg)(5m/s) = 0.75 × 104 

kg m 

s 

The impulse to change the velocity of the automobile is given by the difference 
in the momentum 

I = q f − qi = 3 × 104 
kg m 

s 
− 0.75 × 104 

kg m 

s 

= 2.25 × 104 
kg m 

s 

(E4.4) Given three material points of masses m1 = 3.2 kg, m2 = 4.7 kg, and m3 = 
5.3 kg, having, with respect to a Cartesian axis system, coordinates P1 = (−1; 0), P2 
= (0; 2), and P3 = (1; −1), respectively. The coordinates of the center of mass are. 

(A) (0.25; 1.25) 
(B) (−0.64; 2) 
(C) (0.16; 0.31) (correct answer) 
(D) (0.55; −0.42) 
(E) (−0.45; 0.76).
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Exercises 

(4.1) A body of mass m1 = 3 kg is thrown with velocity v1 = 8 m/s on a rough 
plane with dynamic friction coefficient μd = 0.2 against another mass m2 = 2 kg at  
distance d1 = 60 cm from the first, against which it bumps completely inelastically. 
At distance d2 = 30 cm from m2, there is a spring of elastic constant k = 100 N/m. 
How fast do the masses begin to move after the impact (m/s)? 

(A) 5.25 
(B) 4.71 
(C) 6.23 
(D) 8.45 
(E) 4.80. 

(4.2)) By how much does the spring compress in problem 4.1? 

(A) 0.45 cm 
(B) 1.3 cm 
(C) 0.56 m 
(D) 2.41 m 
(E) 0.93 m. 

(4.3) A capital of mass 150 kg laid on a column explodes into 2 pieces: 50 kg falls 
3 m north of the column. Where does the remainder of the capital fall? 

(A) 6 m north 
(B) 1.5 m south 
(C) 1.5 m north 
(D) 6 m south 
(E) 3 m east. 

(4.4)) A marble with mass m1 = 2 Kg is launched along a smooth plane where it 
collides in a completely inelastic manner with a mass m2 =3 Kg at the foot a rough 
ramp of length L = 2 m inclined at an angle α = 45° to it. Knowing that the dynamic 
friction coefficient between the ramp and the marble is worth μd = 0.2, determine 
the minimum speed of the marble m1 to travel the entire ramp. 

(A) 30.74 m/s 
(B) 11.45 m/s 
(C) 24.56 m/s
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(D) 16.45 m/s 
(E) 14.43 m/s. 

(4.5) For an inelastic shock, what is not true? 

(A) Momentum is conserved 
(B) Some of the energy can be converted into heat 
(c) Part of the energy can be converted into acoustic waves 
(D) Mechanical energy is conserved 
(E) Bodies, by colliding, can deform themselves. 

(4.6) The principle of conservation of mechanical energy states that 

(A) the change in mechanical energy is due only to the work of non-conservative 
forces 

(B) the change in mechanical energy is due only to the work of conservative forces 
(C) the change in mechanical energy is due to the work of both non-conservative 

and conservative forces 
(D) the change in mechanical energy is due only to the elastic force, weight force, 

and gravitational interaction 
(E) the change in kinetic energy is equal to the work done by the forces, provided 

that the potential energy is zero.



Chapter 5 
Gravity 

5.1 Kepler’s Laws 

(1) The planets describe elliptical orbits in which the Sun occupies one of the two 
foci. 

(2) The vector radius that joins the center of the Sun to the center of the planet 
describes equal areas at equal times (i.e., the areolar velocity, in m2/s, of the 
planets is constant). 

(3) The squares of the periods of revolution are proportional to the cubes of the 
major semi-axes of the orbits: 

T 2 = ka3 (5.1) 

5.2 Determination of the gravitational interaction 

From Kepler’s laws, we can derive the trend of the forces of gravitational attraction 
as a function of the distance between the masses. 

Let us make two approximations: 

(1) Consider a planet describing a circular orbit of radius R. We can see a circular 
orbit as a special case of an elliptical orbit in which the semi-axes, major and 
minor, are equal. Given the small eccentricity of the elliptical orbit of planets 
in the solar system, the approximation is acceptable. 

(2) We limit ourselves to the two-body Sun-Earth system. The solar system includes 
many more bodies (Sun star, eight planets with satellites, nano-planets like Pluto, 
Eris, Haumea, etc., and many other smaller bodies), but the interaction, between 
Earth and, for example, Moon, is much weaker than the interaction between 
Earth and Sun. Therefore, the second approximation is also acceptable.
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By Newton’s second law, it turns out that the planet moves with constant velocity 
as it travels along its orbit (uniform circular motion, in which the contribution of the 
acceleration is only normal to the Earth’s motion):

|
|
|
−→
F

|
|
| = maN = m 

v2 

R 
(5.2) 

Recalling the relation between velocity and period in the uniform circular motion: 

v = 
2π R 
T 

→ F = m 
v2 

R 
= m 

4π 2 R 
T 2 

(5.3) 

By Kepler’s third law (T 2 = kR3, where k is a constant of proportionality): 

F = m 
4π 2 R 
T 2 

= m4π 2 R 
1 

kR3 
= m 

4π 2 

kR2 (5.4) 

Let us apply the third principle of dynamics to a system composed of two bodies 
(e.g., Sun-Earth): 

– Force acting on Earth due to the Sun’s mass: 

FT,S = mT 
4π 2 

kT R2 (5.5) 

– Force acting on Sun due to the Earth’s mass: 

FS,T = mS 
4π 2 

kS R2 (5.6) 

From the third principle of dynamics, it is known that these two forces in modulus 
are equal: 

FT,S = FS,T → mT kS = mSkT (5.7) 

It follows that the product mi k j is constant for each pair of bodies i and j. 
By introducing a constant γ such that 

γ = 
4π 2 

mT kS 
= 

4π 2 

mSkT 
= 

4π 2 

mi k j 
(5.8) 

it is possible to write the law of gravitational interaction (proposed by Newton in 
1687):
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F = γ 
mi m j 
r2 i j  

(5.9) 

Knowing that centripetal acceleration is directed toward the Sun, which is at the 
center of the circumference, we can say that the vector 

−→
F describes an attractive 

force directed along the conjunction between the two bodies. Therefore 

−→
F = −γ 

mi m j 
r2 i j  

u
Δ

r (5.10) 

So the gravitational force (or interaction) is directly proportional to the masses 
of the interacting bodies and inversely proportional to the square of the distance 
between the interacting bodies: 

γ = 6.67 × 10–11 Nm2/Kg2 is the universal gravitation constant (measured by 
Cavendish in 1797–1798). In many textbooks, the universal gravitation constant is 
denoted by the symbol “G.” 

Food for thought: Two anomalies of Newton’s law of gravitational interaction have been 
experienced in the history of science, leading to two opposing outcomes. The first anomaly 
concerns inaccuracies in describing the orbit of Uranus. Such inaccuracies, instead of falsi-
fying the validity of Newton’s theory, led to the discovery of Neptune (1845). The second 
anomaly concerns Mercury’s perihelion (closest point of the planet to the Sun), which is 
closer than predicted. This anomaly supported Einstein’s formulation of general relativity: 
a shorter perihelion of Mercury can be explained by a greater curvature of space-time close 
to a large mass like that of the Sun. 

To confirm the validity of the gravitational interaction also in the case of elliptical 
orbits, it is useful to introduce the angular momentum: 

−→
L = −→ΩP × −→q = −→r × −→q = −→r × m−→v (5.11) 

where 
−→
ΩP is the distance between a pole Ω and the point P. 

The torque is given by (Euler’s second law) 

−→
M = 

d 

dt  

−→
L = 

d−→r 
dt  

× m−→v + −→r × m 
d−→v 
dt  

(5.12) 

For fixed pole the first term is zero, therefore 

d 

dt  

−→
L = −→r × 

d
(

m−→v )

dt
= −→r × 

d−→q 
dt  

= −→r × −→F = −→M (5.13) 

Food for thought: In the case of a mobile pole, the material point P is defined by 
the vector −→r from the pole O (fixed)and by the vector −→r ' from the pole O' (mobile). 
The position vector of O' with respect to O is −→r O'

−→r = −→r O' + −→r ' (5.14)
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−→r ' =  −→r − −→r O' (5.15) 

−→
L O' = −→r ' ×  m−→v = (−→r − −→r O'

) × m−→v (5.16) 

Derivate of 
−→
L O': 

d
−→
L O'
dt  

= 
d 

dt

[(−→r − −→r O'
) × m−→v ]

= 
d
(−→r − −→r O'

)

dt
× m−→v + (−→r − −→r O'

) × 
d
(

m−→v )

dt  

= 
d−→r 
dt  

× m−→v − 
d−→r O'
dt  

× m−→v + (−→r − −→r O'
) × m−→a 

= −→v × m−→v − 
d−→r O'
dt  

× m−→v + (−→r − −→r O'
) × −→F 

= −  
d−→r O'
dt  

× m−→v + −→M O' (5.17) 

Thus 

d
−→
L O'
dt  

= −  
d−→r O'
dt

× m−→v + −→M O' (5.18) 

Central force: The pole coincides with the center of force. The areolar velocity is 
given by σ = dA/dt. 

The modulus of the angular momentum can be written as 

L = mr2 
dϑ 
dt  

= mr2 
2d A  

r2dt  
= 

2md A 

dt  
(5.19) 

In the case of central force: 
σ = constant →−→

L = constant 
[Alternative demonstration: 

−→
M = −→r × −→F = |

|−→r |
|

|
|
|
−→
F

|
|
|n
Δ

sinαr F (5.20) 

Since 
−→
F is a central force, the angle between and is 0°, so the sine of the angle 

is zero. So 
−→
M = d

−→
L 
dt  = 0 → −→L = costant. ]
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5.3 Potential Energy for Gravitational Interaction 

It can be easily seen that the work of the gravitational interaction does not depend 
on the trajectory. The work is 

L AB  = −ΔE p (5.21) 

The difference in potential energy is

ΔE p = 
γ m1m2 

r1 
− 

γ m1m2 

r2 
(5.22) 

I f  r1 → ∞,ΔE p = −  
γ m1m2 

r 

Food for thought: With the conservations of the angular momentum and the 
mechanic energy

∫ −→
L = −→r × −→q = −→r × m−→v 

E = Ek + E p = 1 2 mv2 − γ mM  
r 

(5.23) 

it is possible to derive a more precise formulation of the potential energy, i.e., the 
effective potential energy. The mechanic energy can be written as 

E = Ek,radial + E p,effective (5.24) 

with 

Ek,radial = 
1 

2 
mṙ2 (5.25) 

E p,effective = 
L2 

2mr2 
− γ 

mM  

r 
(5.26) 

In the figure, the black curve is the effective potential energy, while the red curve 
is the potential energy. 

The effective potential energy has a vertical asymptote near the origin, an area 
of positive concavity with a point of minimum, an ascent as r increases tending 
asymptotically to zero (Fig. 5.1).

The orbit of a body subject to central force inversely proportional to the square 
of distance can be described by a conic function:

(

1 − ε2
)

x2 + 2ερx + y2 = ρ2 (5.27)
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Fig. 5.1 Potential energy of 
the gravitational interaction 
(red curve) and effective 
potential energy of the 
gravitational interaction (red 
curve).

with 

ρ = 
L2 

mk 
; ε =

√

1 + 
2EL2 

mk2 
; 

k = γ mM; E = Ek + E p (5.28) 

The type of orbit depends on the eccentricity ε of the conic function: 

• ε > 1: Hyperbolic orbit; 
• ε = 1: Parabolic orbit;; 
• 0 ≤ ε < 1: Elliptical orbit. 

With ε = 0, the conic function is simply x2 + y2 = ρ2, i.e., a circumference. 

5.4 Fundamental Interactions 

Four fundamental interactions have been identified to explain phenomena in nature: 

(1) Gravitational interaction: attraction between( masses. 
(2) Electromagnetic interaction: electric charges repelling each other (same sign) or 

attracting each other (opposite sign). Protons are characterized by an irreducible 
amount of positive charge +q = 1, 6 × 10−19 C , , C stands for Coulomb, a unit 
of charge measurement), while electrons are characterized by an irreducible 
amount of negative charge (−q = −1, 6 × 10−19 C).
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(3) Weak interaction: interaction between sub-atomic particles responsible for the 
radioactive decay of atoms. 

(4) Strong interaction: interaction that holds quarks together in protons and neutrons 
and binds protons and neutrons in nuclei. 

In recent years, the last three interactions, electromagnetic, weak, and strong have 
been unified with the standard model. However, it is not yet possible to find a model 
that takes into account all four interactions simultaneously. 

One reason for this is the “weakness” of the gravitational interaction compared 
to the others. 

5.5 Comparison of Gravitational Force and Electrostatic 
Force 

A simple comparison is between the attractive electrostatic force between a proton 
and a neutron, and the gravitational force between the masses of the proton and 
neutron, in the hydrogen atom. The hydrogen atom can be schematized very simply 
with a microscopic solar system in which the proton in place of the Sun and the 
electron as a planet revolve around the Sun traveling in a circular trajectory. 

[In reality, the electron does not travel in a circular trajectory, but moves with 
a random motion in a region of space around the nucleus. That region is called an 
orbital and can be determined by solving the Schrödinger equation for the hydrogen 
atom.] 

The attraction between the proton and the electron is determined by Coulomb’s 
law: 

−→
F e = 

1 

4πε0 

q(−q) 
r2 

u
Δ

r (5.29) 

Note that the formula is very similar to that of gravitational interaction. In this 
case, the force is attractive because the proton and electron charges are of opposite 
sign. 

Data for the hydrogen atom (proton + electron): 
me (electron mass): 9 × 10-31 Kg 
mp (proton mass): 1.7 × 10-27 Kg. 
Nucleons and electrons have both charge e = 1, 6×10−19 C , but with the opposite 

sign. 
The vacuum dielectric constant (or dielectric permittivity) is ε0 = 8.85 × 

10−12 C2/Nm2. 
The moduli of the two forces are 

Fe = q2 

4πε0r2 
; Fg = γ 

m pme 

r2 
(5.30)
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And their ratio is 

Felettrostatica 

Fgravitazionale 
= q2 

4πε0γ m pme 

∼= 2.3 × 1039 (5.31) 

It is inferred that matter is held together solely by electrical forces. 
In general, an estimate of the intensity ratios among the various interactions tells us 

that at the level of distances between bodies of 10−15 m (1 femtometer, fm) the strong 
interaction is about 100 times more intense than the electromagnetic interaction, a 
million times more intense than the weak interaction, and about 1041 times more 
intense than the gravitational interaction. 

5.6 Examples 

(E5.1) The square of the semi-major axis of the orbit of planet 1 is twice the square 
of the semi-major axis of the orbit of planet 2. The ratio (period T1 of revolution of 
planet 1)/(period T2 of revolution planet 2) is 

a2 1 = 2a2 2 

a1 =
√
2a2 

T 2 1 = ka3 1 = k23/2 a3 2 

T 2 2 = ka3 2 

T 2 1 

T 2 2 

= 
k23/2a3 2 
ka3 2 

= 23/2 

T1 
T2 

= 2 
3 
2 · 1 2 = 2 

3 
4 = 1.682 

(E5.2) For a 50 kg satellite at an altitude of 100 km, what are the velocity and 
period of revolution? 

Solution 
To find the velocity, it is possible to use the second principle of dynamics: 

γ 
mEarthmsatellite 

r2
= maN = msatellite 

v2 

r
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Thus 

v =
√

γ 
mEarth 

r 

The radius r is the sum of the Earth’s radius and the satellite altitude, thus, 6371 km 
+ 100 km = 6471 km. 

In this case 

v =
√

6.67 × 10−11 Nm2/kg2 
5.97 × 1024 kg 
6471000 m

= 7845 m/s 

The period of revolution is 

T = 
2πr 

v 
= 

2π 6471000 m 

7845 m/s 
= 5183 s 

Thus, the satellite makes a loop around the Earth in 1 h, 26 min, and 23 s. 
(E5.3) Sunlight takes 1 h, 19 min, and 27 s to reach Saturn. Knowing that the Sun 

has a mass of 1.98 × 1030 kg, find the planet’s period of revolution. 
Solution 
1 h, 19 min, and 27 s corresponds to 4767 s. 
In this time, considering the speed of light c = 3 × 108 m/s 

s = a = vt = ct 
= (

3 × 108 m/s
)

(4767 s) = 1.43 × 1012 m 

where a is the major semi-axis of Saturn’s orbit. 
Kepler’s third law states that T 2 = ka3. 
To find k, it is possible to use 

γ = 
4π 2 

mSunk 

Thus 

k = 
4π 2 

mSunγ 

= 4π 2
(

1.98 × 1030 textkg
)(

6.67 × 10−11 Nm2/kg2
)& = 2.98 × 10−19 s2 /m3 

Using Kepler’s third law, it is possible to find T 

T 2 = ka3
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Thus 

T = √
ka3 

=
√

(

2.98 × 10−19 texts2/m3
)(

1.43 × 1012 m
)3 

= 9.35 × 108 texts  

Exercises 

(5.1) If a planet has a mass that is half that of Earth, to have the same gravitational 
acceleration it must have 

(A) the same radius 
(B) a radius twice as large as that of the Earth 
(C) a radius 1.414 times smaller than that of the Earth 
(D) a radius half the radius of that of the Earth 
(E) a gravitational constant half that of Earth’s. 

(5.2) Saturn has an equatorial diameter of 120536 km and a mass of 5,6846× 
1026 kg. If we were on the surface of Saturn’s equator, how much would the 
gravitational acceleration be worth? 

(A) 375.9% relative to that of the Earth’s 
(B) 12.8 m/s2 

(C) 26.6% of that of the Earth’s 
(D) 10.8% of that of the Earth’s 
(E) 285% of that of the Earth’s. 

(5.3) Pluto (m = 1.3 x 1022 kg) and Charon (m = 1.5 x 1021 kg) are 19571 km 
apart. Earth (m = 6.0 x 1024 kg) and Moon (m = 7.3 x 1022 kg) are 384400 km 
apart. Saturn (m=5.7 x 1026 kg) and Hyperion (m = 5.6 x 1018 kg) are 1500934 
km apart. Order the planet-satellite gravitational interactions by intensity: 

(A) P/C, T/L, S/I 
(B) T/L, P/C, S/I 
(C) S/I, T/L, P/C 
(D) S/I, P/C, T/L 
(E) P/C, S/I, T/L. 

(5.4) The gravitational acceleration is determined as 

(A) g = γ MEarth 

r2 Earth 

(B) g = γ r
2 
Earth 

MEarth 

(C) g = γ MEarth 
rt ext Earth 

(D) g = γ rEarth MEarth 

(E) g = γ 2 MEarth 
rEarth  

.
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(5.5) If the semi-major axis of planet A’s orbit is 5 times larger than the semi-major 
axis of planet B’s orbit, what is the ratio of the two periods of revolution (TA/TB) 
worth? 

(A) 55/2 

(B) 5−3/2 

(C) 125 
(D) 5−2/5 

(E) 5 
√
5 .



Chapter 6 
Relative Motions 

In Fig. 6.1, the reference frame O' is moving with velocity vO' with respect to the 
reference frame O.

The positions can be written as 

−→r ' = −→r − −→r O ' (6.1) 

−→r = −→r ' + −→r O ' (6.2) 

In Fig. 6.2, the reference frame O' is moving with an angular velocity
→
ω with the 

respect to the reference frame O:
The positions can be written as 

−→r = −→r ' (6.3) 

with 

−→r = xu
Δ

x + yu
Δ

y + zu
Δ

z (6.4) 

and 

−→r ' = x 'u
Δ

x ' + y'u
Δ

y' + z'u
Δ

z' (6.5) 

Reference frame in roto-translational motion 

– Relationship between speeds: 

−→v = −→v ' + −→v O ' +
(

→
ω ×−→r '

)
(6.6)
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Fig. 6.1 Sketch of the reference frame O', moving with velocity vO ' with respect to the reference 
frame O

Fig. 6.2 Reference frame O'
moving with an angular 

velocity
→
ω with the respect 

to the reference frame O

– Relationship between accelerations:

→a = →a' + →aO ' + 2
→
ω ×→v' + →

ω ×
(

→
ω ×→r '

)
(6.7) 

In an inertial reference frame (−→v O' = costante;−→a O' = 0; ω = 0) the principle 
of inertia applies. For all inertial frames, the second law of dynamics 

−→
F = d

−→q 
dt  = 

m−→a is written in the same way. 
Non-inertial reference frame: (−→a O' /= 0e/oω /= 0), the second law of dynamics 

is no longer valid. With −→a = −→a '+−→a O' +2
→
ω ×−→v '+→

ω ×
(

→
ω ×−→r '

)
, if  

−→
F = m−→a 

in the inertial frame, in the mobile system
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−→
F − m−→a C − m−→a t = m−→a ' (6.8) 

where the complementary or Coriolis acceleration: −→a C = 2
→
ω ×−→v '

and drag acceleration: −→a t = −→a O ' + →
ω ×

(
→
ω ×−→r '

)
. 

In Eq. 6.8, there are true forces 
−→
F plus apparent forces (or inertia forces) m−→a C 

and m−→a t . 
Examples 

(E6.1) A scale is in the elevator and a mass of 20 kg is on the scale. Describe the 
forces on the non-inertial reference frame attached to the elevator when the elevator 
is still, when it is accelerating upward with a = 2m/s2, when the velocity of the 
elevator is constant and v = 1m/s, when it is decelerating with a = −2m/s2. 

Solution 
Weight of a 20 kg object with a stationary elevator

|
|
|
−→
R N

|
|
| −

|
|
|
−→
W

|
|
| =

|
|
|
−→
R N

|
|
| − |m→g| = 0

|
|
|
−→
R N

|
|
| =

|
|
|
−→
W

|
|
| = 196N 

Weight of a 20 kg object with elevator accelerating upward with a = 2 m/s2

|
|
|
−→
R N

|
|
| −

|
|
|
−→
W

|
|
| = |

|m(+−→a )||
|
|
|
−→
R N

|
|
| =

|
|
|
−→
W

|
|
| + |

|m
(+−→a )|

| = |
|m−→g |

| + |
|m−→a |

| = 236N 

Weight of a 20 kg object with elevator traveling at a speed of 1 m/s

|
|
|
−→
R N

|
|
| −

|
|
|
−→
W

|
|
| = m(0)
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|
|
|
−→
R N

|
|
| =

|
|
|
−→
W

|
|
| = 196N 

Weight of a 20 kg object with elevator decelerating with a = −2 m/s2

|
|
|
−→
R N

|
|
| −

|
|
|
−→
W

|
|
| = |

|m(−−→a )||
|
|
|
−→
R N

|
|
| =

|
|
|
−→
W

|
|
| + |

|m
(−−→a )|

| = |
|m−→g |

| − |
|m−→a |

| = 156N 

(E6.2) O' is a reference system bound to a train that is accelerating with acceleration 
at in the direction +x. In the train a glass is falling down. What is an observer on a 
reference system O out of the train? And an observer on the accelerating system O'? 

Solution 

From O: 

The glass is falling in the direction −y and the time needed for the glass to touch the 
ground is 

tc =
√
2h/g 

The displacement of the glass in the x direction is zero. Within the time tc the 
displacement of the train in the x direction is 

xO ' = (1/2)at t2 c 

When the glass touches the ground, the distance between the glass and the train 
is 

distance  = (1/2)at t2 c = (1/2)at (2h/g) = at h/g 

From O': 

The acceleration of the glass has two components: at in the direction −x' and g in 
the direction −y'

−→
a' = −atu

Δ

x − gu
Δ

y 

The observer on O’ sees an oblique trajectory for the glass. 

(E6.3) Derivate −→v = −→v ' +
(

→
ω ×−→r '

)
with the reference frame O' in rotation with 

respect to the reference frame O.
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Solution

→v = 
d→r 
dt  

= 
d→r '

dt  
= 

d 

dt

(
x 'ûx ' + y'û y' + z'ûz'

)

= 
dx '

dt  
ûx ' + 

dy'

dt  
û y' + 

dz'

dt  
ûz' + x ' d ûx '

dt  
+ y' d û y'

dt  
+ z' d ûz'

dt  

The first three terms are −→v ' = dx '
dt  u

Δ

x ' + dy
'

dt  u
Δ

y' + dz'
dt  u

Δ

z' . 

For the other three terms Poisson’s rule can be used: du
Δ

x '
dt  = →

ω ×u
Δ

x ' (the rule is 
analogous for u

Δ

y' and u
Δ

z')

→v = →v' +  x '
(

→
ω ×ûx '

)
+ y'

(
→
ω ×û y'

)
+ z'

(
→
ω ×ûz'

)

= →v' +
(

→
ω ×x 'ûx '

)
+

(
→
ω ×y'û y'

)
+

(
→
ω ×z'ûz'

)

= →v' + →
ω ×(

x 'ûx ' + y'û y' + z'ûz'
)

= →v' + →
ω ×→r '

Thus .−→v = −→v ' + →
ω ×−→r '

(E6.4) Derivate −→a = −→a ' +  2
→
ω ×−→v ' + →

ω ×
(

→
ω ×−→r '

)
with the reference frame O'

in rotation with respect to the reference frame O. 

Solution 
The velocity, with the reference frame O' in rotation with respect to the reference 
frame O, is  

−→v = −→v ' +
(

→
ω ×−→r '

)
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Thus, the acceleration is

→a = 
d→v 
dt  

= 
d 

dt

[
→v' +

(
→
ω ×→r '

)]

= 
d→v'

dt  
+ 

d 

dt

(
→
ω ×→r '

)

= 
d→v'

dt  
+

(
d

→
ω 

dt  
× →r '

)

+
(

→
ω ×d→r '

dt

)

The angular velocity is constant and, consequently, d
→
ω 

dt  ×−→r ' =  0. Since−→r = −→r ', 
then 

d−→r '

dt  
= 

d−→r 
dt  

= −→v = −→v ' +
(

→
ω ×−→r '

)

Thus

→a = 
d→v'

dt  
+

{
→
ω ×

[
→v' +

(
→
ω ×→r '

)]}

= 
d→v'

dt  
+ →

ω ×→v' + →
ω ×

(
→
ω ×→r '

)

The first term d
−→v '
dt  , knowing that 

−→v ' = dx '
dt  u

Δ

x ' + dy
'

dt  u
Δ

y' + dz'
dt  u

Δ

z' , is  

d−→v '

dt  
= 

d 

dt

(
dx '

dt  
u
Δ

x ' + 
dy'

dt  
u
Δ

y' + 
dz'

dt  
u
Δ

z'

)

d 
dt

(
dx '
dt  u

Δ

x '
)
is the derivative of a product. Also d dt

(
dy'
dt  u

Δ

y'
)
and d dt

(
dz'
dt  u

Δ

z'
)
. Thus 

d−→v '

dt  
= 

d2x '

dt2 
u
Δ

x ' + 
d2 y'

dt2 
u
Δ

y' + 
d2z'

dt2 
u
Δ

z' + 
dx '

dt  

du
Δ

x '

dt  
+ 

dy'

dt  

du
Δ

y'

dt  
+ 

dz'

dt  

du
Δ

z'

dt  

The first three terms are the components of −→a '. For the other three terms, it is 
possible to employ Poisson’s rule: 

d→v'
dt  = →a' +  dx 'dt

(
→
ω ×ûx '

)
+ dy'dt

(
→
ω ×û y'

)
+ dz'dt

(
→
ω ×ûz'

)

= →a' +
[

→
ω ×

(
dx '
dt  ûx ' + dy

'
dt  û y' + dz'

dt  ûz'
)]

= →a' + →
ω ×→v'

To define the acceleration −→a , it is possible to state that
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−→a = 
d−→v '

dt  
+ →

ω ×−→v ' + →
ω ×

(
→
ω ×−→r '

)

in which 

d−→v '

dt  
= −→a ' + →

ω ×−→v '

Thus,

→a = →a' + →
ω ×→v' + →

ω ×→v' + →
ω ×

(
→
ω ×→r '

)
= 

= →a' + 2
→
ω ×→v' + →

ω ×
(

→
ω ×→r '

)

(E6.5) A material point of mass m is resting on the edge of a rotating platform. The 

system rotates with constant
→
ω. The point is held by an inextensible and massless 

wire at a distance r from the axis of rotation. Describe the motion with the wire and 
after the wire breaks. 

Solution 

With the wire: 
On O (circumference center, first figure):

→T = m→a ⇒ →T = −mω2 r ûr 

On O’ (on the material point, non-inertial system, second figure):

→T + →Fcentrifugal = 0 ⇒ →Fcentrifugal = mω2 r ûr
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After the wire breaks: 
On O (third figure): 

v = ωr 

(only tangent velocity) 
On O' (fourth figure): 

−→
F centri f ugal + −→F Coriolis  = m−→a ' = mω2 ru

Δ

r − 2m−→ω × −→v '

Centrifugal force and Coriolis force occur. 

Exercises 

(6.1) In a reference system O a marble falls from a height h along -z. What does a 
second system O’, moving with constant velocity v in a direction parallel to 
the x-axis of O, see? 

(A) the marble falls at a distance −h from O'
(B) the marble falls at a distance −v 

√
2g/h from O'

(C) the marble falls at a distance h from O'
(D) the marble falls in the same position of O'
(E) the marble falls at a distance h from O 

(6.2) Achilles with shield runs at 10 m/s. To avoid getting hit by an arrow, Achilles 
puts his shield at 45° to the vertical (direction along which the arrow is 
coming). The speed of the arrow relative to Achilles is 

(A) 10 m/s 
(B) 20 m/s 
(C) 15.78 m/s 
(D) 9.1 m/s 
(E) 14.14 m/s 

(6.3) An elevator accelerates and decelerates with equal modulus. A man weighs 
himself in these two elevator regimes and weighs 900 N and 700 N, 
respectively. What is the mass in kg of the man worth? 

(A) 63.3 kg 
(B) 78.5 kg 
(C) 81.6 kg 
(D) 99 kg 
(E) 112.6 kg



Chapter 7 
Rigid Body 

The rigid body is defined as a system of material points in which the mutual distance 
between any two points remains constant during motion. 

The three main properties of the rigid body are 

(i) center of mass (CM), fixed with respect to the other points of the rigid body 

−→r cm = 

N∑

i=1 
mi

−→r i 

N∑

i=1 
mi 

(7.1) 

(ii) 6° of freedom: Three degrees of freedom are related to translation, three degrees 
of freedom are related to rotation; 

(iii) internal forces do not do work. 

The integral calculation of CM is 

−→r cm = 
1 

M

∫ −→r dm (7.2) 

if the rigid body is homogeneous (volumetric mass density ρ = dm 
dV = constant): 

−→r cm = 
1 

V

∫

V 

−→r dV (7.3) 

In this case, the position of the center of mass depends only on the shape of the 
object. 

For three-dimensional rigid bodies: Volumetric mass density ρ = dm/dV 
For two-dimensional rigid bodies: Superficial mass density σ = dm/d S  
For one-dimensional rigid bodies: Linear mass density λ = dm/dl
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For the rigid body (divided in N points) the kinetic energy theorem states that 

Ek = 
N∑

i=1 

Ek,i = 
N∑

i=1 

1 

2 
mi v

2 
i 

= 
1 

2

(
N∑

i=1 

mir
2 
i

)

ω2 = 
1 

2 
I ω2 (7.4) 

where I is the momentum of inertia (MI) with respect to the axis z: 

Iz = 
N∑

i=1 

mir
2 
i (7.5) 

The integral calculation of MI is 

Iz =
∫

r2 dm (7.6) 

Some examples of calculation of the momentum of inertia are given in E7.1, E7.2, 
E7.3. 

MI in several homogeneous solids of mass M (z is axis through CM and axis of 
symmetry): 

Ring: Iz = M R2 Thin disk: Iz = 1 2 M R2 Sphere: Iz = 2 5 M R2 

Hollow sphere: Iz = 2 3 M R2 Hollow cylinder: Iz = M R2 Cylinder: Iz = 1 2 M R2 

Food for thought: It is clear that the examples mentioned above are symmetric 
bodies. For non-symmetric bodies, a numerical calculation of the integral Iz =∫

r2dm can be necessary. 
The Huygens-Steiner (parallel axes) theorem states 

I = Icm + Md2 (7.7) 

where I is the MI for a rotation around a new axis that is parallel to the one passing 
through CM). 

Proof 

Consider a rigid body consisting of N material points and calculate its moment of 
inertia with respect to any z' axis. We take an xyz Cartesian reference system with 
the origin in the center of mass cm of the body and the z-axis parallel to z'. Point 
O is located at the intersection of z' and the xy plane and is at distance d from the 
center of mass (and the z-axis) (Fig. 7.1).
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Fig. 7.1 Cartesian reference 
system with the origin in the 
center of mass cm of the 
body and the z-axis parallel 
to z'. Point O is located at the 
intersection of z' and the xy 
plane and is at distance d 
from the center of mass 

d = 
√

x2 
O + y2 O (7.8) 

The momentum of inertia of the rigid body with respect to z’ is 

IO = 
N∑

i=1 

mi
[
(xi − xO )

2 + (yi − yO )
2] (7.9) 

Thus 

IO = 
N∑

i=1 
mi

(
x2 

i + y2 i

) + (
x2 

O + y2 O

) N∑

i=1 
mi 

−2xO 

N∑

i=1 
mi xi − 2yO 

N∑

i=1 
mi yi 

(7.10) 

For the products mixi and miyi it is possible to state 

⎧ 
⎪⎪⎨ 

⎪⎪⎩ 

N∑

i=1 
mi xi = MxC M  

N∑

i=1 
mi yi = MyC M  

with

⎧
xC M  = 0 
yC M  = 0 

(7.11) 

Thus 

2xO 

N∑

i=1 

mi xi = 0; 2yO 

N∑

i=1 

mi yi = 0 (7.12) 

With d2 = x2 
O + y2 O and

∑N 
i=1 mi = M . 

Finally, IO is
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IO = Iz' = 
N∑

i=1 

mi
(
x2 

i + y2 i

) + Md2 

= IC M  + Md2 (7.13) 

The König theorem states 

EK = Ek,C M  + Ek ' = 
1 

2 
Mv2 C M  + 

1 

2 
IC M  ω

2 (7.14) 

[sum of kinetic energy CM plus kinetic energy that the rigid body has in a reference 
frame with origin in CM (and fixed orientation with respect to the inertial reference 
frame)]. 

Rigid body dynamics 

The translation of a rigid body follows Euler’s first law: 

−→
F 

external = 
d
−→
Q 

dt 
= M−→a C M (7.15) 

Instead, when the rigid body is rotating with respect to a fixed axis, the dynamics 
should be carefully evaluated. 

For the point Pi of the rigid body as in Fig. 7.2: 

−→
L i = −→r i × mi

−→v i (7.16) 

With the scalar relation vi = di ω:

Fig. 7.2 Angular moment−→
L i for the point Pi which is 
part of the rigid body. The 
position of the point Pi is−→r i from the origin O 
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−→
L i = −→r i × mi

−→v i = ri mi di ωu
Δ

L (7.17) 

Thus, the axial angular momentum is 

−→
L 

z 

i = Li senϑi u
Δ

z = ri mi di ωsenϑi u
Δ

z (7.18) 

And the radial angular momentum: 

Lrad 
i = Li cosϑi u

Δ

r = ri mi di ωcosϑi u
Δ

r (7.19) 

With
−→
L i = −→L 

z 

i + −→L 
rad 

i . With ri senϑi = di : 

Lz 
i = mi d

2 
i ω (7.20) 

With ri cosϑi = zi : 

Lrad 
i = mi di ωzi (7.21) 

Finally, the total angular momenta for the rigid body are 

(i) axial angular momentum: Lz =
(∑N 

i=1 mi d2 
i

)
ω = Izω; 

(ii) radial angular momentum: Lrad = ω
∑N 

i=1 mi di zi . 

Zero radial component: (i) rigid plane body that rotates always remaining in the 
same plane (with pole in the plane, therefore zero z component); (ii) axis of rotation 
coinciding with an axis of symmetry (the radial components cancel each other). 

Thus, there can be two components of the angular momentum, on the axial direc-
tion (i.e., parallel to the direction of the rotation axis) and on the radial direction (i.e., 
on the plane that is normal to the rotation axis). 

Consequently, Euler’s second law can be written for an axial torque and a radial 
torque: 

(i) axial component: 
−→
M z = d

−→
L z 

dt = Iz 
d2φ 
dt2 u

Δ

z = Iz 
d−→ω 
dt = Iz

−→α ; 
(ii) radial component: 

−→
M rad = d

−→
L rad 
dt . 

The torque for the weight force applied to a rigid body is 

−→
M = −→r cm × m−→g (7.22) 

which is the moment of the weight force on the center of mass. 
For a physical pendulum, i.e., a rigid body attached to a pole with the center of 

mass at distance d from the pole, it is possible to write 

M = IO α = IO 
d2ϑ 
dt2 

= −mgdsinϑ (7.23)
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For small oscillations (sinϑ ∼= ϑ), it is possible to write the harmonic motion 

equation: d2ϑ 
dt2 + ω2ϑ = 0 (period: T = 2π

√
IO 

mgd ). 

Static equilibrium: a rigid body is in static equilibrium if the results of external forces 
and moments of external forces are null and at least in an instant all points of the 
rigid body are at rest. 

Important: the calculation of the moment of the forces in the static case does not 
depend on the choice of the pole. 

Energy in case of rotation variation for the rigid body: 

d L  = 
N∑

i=1

→Fext. 
i · d→si = Mext. 

z dϑ 

= Izωdω = Izαdϑ (7.24) 

Thus, the integral work is L = 
ϑ2∫

ϑ1 

Mext. 
z dϑ 

And the developed instantaneous power is 

P = 
d L  

dt 
= Mext. 

z 

dϑ 
dt 

= Mest. 
z ω (7.25) 

Rolling: 

(i) the center of mass (CM) translates on a straight line; 
(ii) the speed of point A (of the rigid body) combination of the speed of CM and 

relative velocity in the reference system of CM: −→v A = −→v C M  + −→ω × −→r A (
−→ω 

equal for all points of rigid body). 

Pure rolling: P point of contact with the plane stopped moment by instant in the 
inertial frame (there is no creeping): −→v P = 0 → −→v C M  = −−→ω × −→r P (

−→r P vector 
radius between CM and contact point P). 

Conditions for pure rolling (static friction required, Fig. 7.3): 

(i) forces along x: F + Fa = macm and y: RN − mg = 0; 
(ii) moments: Fa R − M = Icmα = −Icmacm/R.

We find 

Fa = mM R−F Icm 
Icm+m R2 ; acm = F R2+M R  

Icm+m R2 (7.26) 

Only force F: 

F ≤ μsmg

(

1 + 
m R2 

Icm

)

(7.27)
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Fig. 7.3 Sketch of pure 
rolling with force F on the 
center of mass and moment 
M

(If greater there is creeping). 
M moment only: 

M ≤ 
μsg 

R

(
Icm + m R2

)
(7.28) 

(If more slippage occurs). 
In pure rolling the system is conservative. In the case of a cylinder: 

Ek = 
1 

2 
mv2 cm + 

1 

2 
Icmω2 

= 
1 

2

(
Icm + md2

)
ω2 = 

3 

4 
md2 ω2 (7.29) 

Real case: there is rolling friction: 

−→
M av = δ−→R N ;−→

F av = δ−→R N /R (7.30) 

(δ distance −→R N − C M  along x). 
The rolling friction can be also written as 

−→
F av = μv 

−→
R N (7.31) 

With μv = δ/R, which is the rolling friction coefficient and is unitless. 

Examples 

(E7.1) Determine the momentum of inertia of a homogeneous ring, with radius R 
and mass M, with respect to the z-axis that passes through the ring center and is 
orthogonal to the ring plane. 

Solution 

The ring can be divided into infinitesimal components with mass dm. The distance 
between the z-axis and the components is R.
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Iz = R2
∫

dm = M R2 

Alternately, the linear mass density can be used: λ = M 
2π R 

Each mass component has mass dm = λdl. Thus 

Iz =
∫

R2 dm =
∫

R2 λdl = R2 λ

∫

dl = 2πλR3 

Considering that λ is the linear mass element 

Iz = 2πλR2 = 2π 
M 

2π R 
R3 = M R2 

(E7.2) Determine the momentum of inertia of a homogeneous disk, with radius R 
and mass M, with respect to the z-axis that passes through the disk center and is 
orthogonal to the disk plane. 

Solution 

The disk can divided into thin rings with infinitesimal mass dm = σ 2πrdr , where 
σ = M 

π R2 is the superficial mass density. Thus 

Iz =
∫

r2 dm =
∫

σ 2πr3 dr = 
πσ  
2 

R4 = 
1 

2 
M R2 

(E7.3) Determine the momentum of inertia of a homogeneous solid sphere, with 
radius R and mass M, with respect to the z-axis that passes through the ring center. 

Solution 

The volumetric mass density of the sphere is 

ρ = 
M 

V 
= 

M 
4 
3 π R3 

The sphere can be divided into thin disks between −R ≤ z ≤ R (with z altitude 
in the sphere). Each disk has infinitesimal mass = ρπr2dz, where r is the radius of 
the disk and r2 = R2 − z2. 

The infinitesimal momentum of inertia of each disk is 

d Iz = 
1 

2 
dmr2 = 

1 

2 
ρπr4 dz = 

1 

2 
ρπ

(
R2 − z2

)2 
dz 

Thus
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Iz = 1 2 ρπ 
R ∫

−R

(
R2 − z2

)2 
dz 

= 1 2 ρπ 
R ∫

−R

(
R4 − 2R2z2 + z4

)
dz 

= 1 2 ρπ
[

R4z − 2R2z3 

3 + z5 

5

]R 

−R 

= 1 2 ρπ
[(

R5 − 2R5 

3 + R5 

5

)
−

(
−R5 + 2R5 

3 − R5 

5

)]

= 1 2 ρπ 15−10+3+15−10+3 
15 R5 = 1 2 ρπ R5 16 

15 = 8 
15 ρπ R5 

With the volumetric mass density it can be obtained 

Iz = 
2 

5 
M R2 

(E7.4) A pulley can be represented as a hollow cylinder with an inextensible wire of 
negligible mass around it. The cylinder weighs 10 kg and has a radius of 20 cm. The 
wire is pulled by a small motor that delivers a power of 100 W for 5 s. Determine 
the final speed of the wire. 

Solution 

From the power and the time, it is possible to determine the work: 

W = P/t = 100W/5s = 20J 

Conservation of mechanical energy can be used: 

W = Ek → W = (1/2)Izω
2 

Thus ω = 
√
2W/Iz 

Considering the momentum of inertia Iz = mr2 

ω =
√
2W/mr2 =

√
220J 

10kg(0.2m)2 
= 100 rad/s 

Thus, the velocity is v = ωr = 100 rad/s0.2 m = 20 m/s. 

(E7.5) A sphere rotates with angular velocity ωi = 50 rad/s. The radius of the sphere 
is r = 12 cm. The sphere is dropped on a horizontal plane and the dynamic friction 
coefficient at the interface μd = 0.05. Assuming that the sphere does not bounce 
on the plane, determine the time required for the sphere to roll without slipping 
or crawling. In addition, determine how much space the sphere travels in the 2 s 
following the onset of its pure rolling.
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Solution 

Considering the mass of the sphere m and its acceleration a, Euler’s first law for the 
sphere is 

ma = Ff 

where Ff = μd RN = μdmg (dynamic friction). Considering the momentum of 
inertia around the axis z, Iz, and the angular acceleration α, Euler’s second law is 

Izα = −Ff r 

Euler’s first law can be rewritten as 

m(dvcm/dt) = μsmg 

Thus 

dvcm = μsgdt 

Integrating in t (the initial center of mass velocity is zero)

∫

dvcm =
∫

μsgdt → vcm,t = μsgt 

For a sphere Iz = (2/5)mr2. Euler’s second law can be rewritten 

(2/5)mr2 (dω/dt) = −μsmgr 

Integrating in t (the initial angular velocity is ωi)

∫

dω = −
∫

(5μsg/2r )dt → ω = ωi − (5μsg/2r )t 

The pure rolling condition is vcm,tpr = ωr , thus 

μsgtpr = ωi r − (5μsg/2)tpr 

So 

tpr = 2ωi r/7μsg = 
250 rad/s0.12 m 

70.059.8m/s2 
= 3.499s 

To find the space of the sphere in the 2 s following the onset of its pure rolling, it 
is possible to find the velocity in the pure rolling regime:
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vcm,tpr = μsgtpr = 0.059.8m/s2 3.499 s = 1.714 m/s 

With the speed, it is possible to determine the space: 

s2s = vcm,tpr t2s = 1.714 m/s2 s = 3.429m 

s2s can be determined also by finding the angular velocity in the pure rolling regime. 

(E7.6) A rigid body weighs 2 kg, and the moment of inertia with respect to an axis 
that is 20 cm from its center of mass is 1 kgm2. What is its moment of inertia with 
respect to the axis passing through the center of mass? 

Solution 

For Huygens-Steiner (parallel axes) theorem: 

I = Icm + Md2 

Thus 

Icm = I − Md2 = 1 kgm2 − 2 kg(0.2 m)2 = 0.92 kgm2 

Exercises 

(7.1) A hollow sphere moves by pure rolling on an inclined plane starting from 
height h. Which statement is true? 

(A) mgh = (1/2)Izω
2 + (1/2)mv2 with Iz = (2/5)mr2 

(B) mgh = (1/2)Izω
2 + (1/2)mv2 with Iz = (2/3)mr2 

(C) mgh = (1/2)Izω
2 with Iz = (2/5)mr2 

(D) mgh = (1/2)Izω
2 with Iz = (2/3)mr2 

(E) mgh = (1/2)mv2 

(7.2) An hollow cylinder and a solid cylinder rotate without creeping along an 
inclined plane starting from a height h. At the end of the inclined plane: 

(A) The hollow cylinder is twice as fast as the solid one 
(B) The solid cylinder is twice as fast as the hollow one 
(C) The hollow cylinder is 4/3 times faster than the solid one 
(D) Their velocity at the end of the inclined plane is the same one 

(E) The hollow cylinder is
√
1.3 times faster than the solid one 

(7.3) A 10 kg solid cylinder with a radius of 30 cm, under the effect of a force, 
rotates 18° with an acceleration of 10 rad/s2. How much work is produced by 
the force? 

(A) 1.395 J 
(B) 2.783 J
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(C) 0.965 J 
(D) 4.038 J 
(E) 0.231 J 

(7.4) A balance is composed of two 1 kg masses held together by a rod of negligible 
mass. The position vector of the first mass is −→r 1 = 1u

Δ

x and its velocity is−→v 1 = 1u
Δ

y . The position vector of the second mass is −→r 1 = −1u
Δ

x and its 
velocity is −→v 1 = 1u

Δ

y . What is the total angular momentum of the balance? 

(A) →Ltot = 1 ûz 

(B) →Ltot = −1ûz 

(C) →Ltot = 2 ûz 

(D) →Ltot = −2ûz 

(E) →Ltot = 0 

(7.5) A physical pendulum is made by a solid sphere (m = 5 kg; r = 10 cm) attached 
to a inextensible and massless rope of length d = 1 m. What is the period of 
the pendulum? 

(A) 2.13 s 
(B) 0.74 s 
(C) 6.88 s 
(D) 4.02 s 
(E) 1.22 s



Chapter 8 
Fluid Mechanics 

Fluid statics 

Pascal’s principle 

The selected volume of liquid is enclosed by a prism with a triangular base with 
sides a, b, and c and dimension on the z-axis (coming out of the sheet) of length L 
(Fig. 8.1).

Case of static liquids: there is no movement of any part. The forces are orthogonal 
to the surfaces, because if there were parallel forces, being able to flow the parts of 
liquid with respect to each other, there would have motion of the liquid, which is not 
possible in the static case. 

pa = pb = pc (8.1) 

So the pressure does not depend on how the surface of the volume element is 
inclined, that is, the pressure propagates in all directions with the same intensity. 
The latter is the statement of Pascal’s principle. 

Stevin’s law 

Above the liquid there is a pressure p0 given by atmospheric pressure. 

ph = p0 + ρgh (8.2) 

This relationship is called Stevin’s law and shows that in a liquid with constant 
density ρ the pressure increases linearly with depth (Fig. 8.2).

Archimedes’ principle 

A body immersed wholly or partially in a fluid receives a downward thrust equal to 
the weight of the displaced liquid (Fig. 8.3).
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Fig. 8.1 Sketch of a 
triangular prism in a liquid

Fluid statics 
Pascal's principle 

x 

y 

a 

b 

cFc 

Fb 

Fa 

Fig. 8.2 Sketch of a 
reservoir with liquid with the 
parameters as mentioned in 
Eq. 8.2

x 

y 
p0 

ph 

h 

Fig. 8.3 Sketch of a body in 
a liquid following 
Archimedes’ principle
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An object with mass m and density ρs (s stands for solid) is considered. For the 
second law of dynamics: 

mg − FArchimedes = ma (8.3) 

The solid is removed and the liquid is put back in that volume (with density ρL ). 
The force applied to the center of gravity of the water cube is equal to the weight 

of the liquid (strength of Archimedes): 

FArchimedes = −ρL gV (8.4) 

Important is the application in the naval field, for ships and submarines. Natural 
case: swim bladder of fish. 

Fluid dynamics 

An ideal flow is considered, i.e., incompressible and without friction between 
molecules. A flow line indicates the path followed by a fluid volume element. In 
laminar flow, fluid layers flow over each other. In turbulent flow, there is continuous 
reconfiguration of flow lines (chaotic motion). 

The continuity equation for velocities v1 and v2 and for tube sections S1 and S2 is 

v1S1 = v2S2 (8.5) 

The volumetric flow rate is the volume of fluid that flows in a tube over time, and 
is equal to the product S*v: 

dV/dt  = Sv (8.6) 

The Bernoulli equation gives a relation between pressure, velocity, and altitude 
between two points of the tube, with laminar and stationary (velocity depends on 
space and does not depend on time) flow: 

p1 + ρgh1 + (1/2)ρv2 
1 = p2 + ρgh2 + (1/2)ρv2 

2 (8.7) 

(please see example E8.4 for a simple application of the Bernoulli equation). 

Examples 

E8.1) A body is immersed in water at a depth of 20.61 m. What is the pressure exerted 
on the body? 

Solution 

Considering the atmospheric pressure p0 = 1 atm  = 1.01 × 105 Pa = 1.01 × 105 N/ 
m2
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p = p0 + ρgh 
= 1.01 × 105 N m2 +

(
1000 kg m3

)(
9.8 m s2

)
(20.61m) ∼= 3.03 × 105 N m2 

The result is three times the atmospheric pressure, which means that pressure 
applied by a column of about 10.3 m of water has the same intensity as the atmospheric 
pressure. 

E8.2) With wood of density ρw = 0.5 kg/L a square raft is constructed. The side 
dimension of the raft is L = 2 m, while its thickness is th = 15 cm. How many m = 
80 kg people can stand on the raft without getting wet? 

Solution 

The weight of each person is W = mg = 80kg 9.8 m/s2 = 784 N . 
The Archimedes force for the raft (with the upper surface at the level of the water) 

is 

FA = ρH2 O Vra  f  t  g = ρH2 O (2m2m0.15m)g = 5880 N 

The total weight of the raft (considering the density of the wood with respect to 
the one of water) with N persons on top is 

Wtot  = 0.5ρH2 O Vra  f  t  g + NW  

At the equilibrium FA = Wtot , which means 

ρH2 O Vra  f  t  g = 0.5ρ H2 O Vra  f  t  g + NW  

To determine N 

N = 
ρH2 O Vra  f  t  g − 0.5ρH2 O Vra  f  t  g 

W
= 3.75 

This means that 3 persons can stand on the raft. 

E8.3) A hydraulic press consists of two communicating cylinders of different cross 
sections, s1 = 0.2 m2 and s2 = 1 m2, respectively, where two pistons slide. Inside 
the cylinders is a liquid. If a force F1 = 10 N is applied on the smaller piston, what 
is the force F2 on the larger piston? 

Solution 

The relation between the force F1 and the pressure is 

p1 = F1/S1 

For Pascal’s principle
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p1 = F1/S1 = p2 = F2/S2 

Thus 

F2 = 
S2 
S1 

F1 = 
1 m2 

0.2 m2 
10 N = 50 N 

E8.4) In a building, water enters through a pipeline with a diameter of 4 cm and an 
absolute pressure of 5 × 105 Pa. A 2-cm-diameter pipe carries water to the upper 
floor, 4 m above the main pipe. If the flow velocity in the main pipe is 1 m/s, find the 
velocity and pressure at the upper floor. 

Solution 

To find the velocity: 

v1S1 = v2S2 → v2 = 
S1 
S2 

v1 = 
(0.02m)2 π 
(0.01m)2 π 

1m/s = 4m/s 

To find the pressure in the upper floor, the Bernoulli equation can be used: 

p1 + ρgh1 + (1/2)ρv2 
1 = p2 + ρgh2 + (1/2)ρv2 

2 

Thus 

p2 = p1 − ρg(h2 − h1) − (1/2)ρ
(
v2 
2 − v2 

1

)
= 5 × 105 Pa − (

1 × 103kg/m3
)(
9.8m/s2

)
(4m) 

−(1/2)
(
1 × 103kg/m3

)(
16m2/s2 − 1m2/s2

)
= 4.53 × 105 Pa 

Exercises 

(8.1) For Stevin’s law the pressure at a certain depth in the liquid: 

(A) increases linearly with the density of the liquid and decreases linearly 
with the depth 

(B) increases linearly with the density of the liquid and increases linearly 
with the depth 

(C) is the same as the atmospheric pressure 
(D) is always smaller than the atmospheric pressure 
(E) depends on the density of the body immersed in the liquid 

(8.2) A pool is filled with water to a height of 4 m. Calculate the pressure at the 
bottom of the pool. 

(A) 120,800 Pa 
(B) 230,120 Pa
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(C) 140,200 Pa 
(D) 101,000 Pa 
(E) 501,000 Pa 

(8.3) In a U-shaped open tube, two immiscible liquids of density ρ1 = 1 kg/L and 
density ρ2 = 2 kg/L, respectively, are at the two ends of the U. What is the 
height of the first liquid if the first liquid is at the height of 1 m? 

(A) 2 m  
(B) 1 m  
(C) 0.5 m 
(D) 4 m  
(E) 0.25 m 

(8.4) A parallelepiped-shaped object is 0.1 m high and 50% of its volume is 
immersed in water. Its density is 

(A) the same as that of water 
(B) ρobject =

(
Vobject / Vimmersed

)
ρH2 O = 2ρH2 O 

(C) ρobject =
(
V 2 object / Vimmersed

)
ρH2 O 

(D) ρobject =
(
Vimmersed /Vobject

)
ρH2 O = 0.5ρH2 O 

(E) ρobject =
√(

Vobject /Vimmersed
)
ρH2 O =

√
2ρH2 O 

(8.5) A scroll pump is used to bring the volume inside a cylindrical container with 
a radius of 10 cm to a pressure of 10 Pa. The force exerted from outside on a 
circular wall of the cylinder is 

(A) 3.17 kN 
(B) 2.12 kN 
(C) 9.91 kN 
(D) 10 N 
(E) 0 N



Chapter 9 
Thermodynamics 

Thermodynamics studies the transformations, in terms of mass and energy, of a 
system. 

System: gas, liquid, set of material blocks; environment: what is outside the 
system; System + environment = thermodynamic universe. 

System: (i) open (energy and matter exchange); (ii) closed (no exchange of matter); 
(iii) isolated (no exchanges). 

Thermal equilibrium: two bodies in contact arrive at the same temperature (T). 
Thermal expansion: 

l(T ) − l0 
l0 

= λ(T − T0) (9.1) 

V (T ) − V0 

V0 
= α(T − T0) (9.2) 

(λ and α phenomenological coefficients) 
Temperature scales: Celsius (based on water phase transf.); Kelvin (triple water 

point). 
Zero principle of thermodynamics: two bodies not in contact with TA and TB; 

object with temperature TC is used to make two measurements. If T A = T C and TB 

= TC, then TA = TB (the two non-contact bodies are at thermal equilibrium). 

Food for thought: Thermal expansion is therefore an effective phenomenon for measuring 
temperature. Other physical phenomena can also be exploited to construct a thermometer. 
One for example is the Seebeck effect, where a junction of two different materials, e.g., 
copper-constantan (constantan is a copper-nickel alloy), responds to a change in temperature 
with a change in electrical voltage. 

The opposite of the Seebeck effect is the Peltier effect, where the junction responds to a 
change in electrical voltage with a change in temperature. With two junctions of the two
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materials (arranged forming a ring) there is a hot spot and a cold spot. The cold spot can be 
used to make small cooling systems, even microscopic ones. 

Other types of thermometers are based on the detection of infrared radiation, which is 
proportional to the temperature of objects emitting such radiation. 

Observations for ideal gases (sufficiently rarefied with non-interacting molecules): 

(i) Boyle-Mariotte (n and T are constant): 

pV = cost.1 (9.3) 

(ii) Volta-Guy Lussac (n is constant): isobar: 

V = V0(1 + αt) = V0αT (9.4) 

Isochoric: 

p = p0(1 + βt) = p0αT (9.5) 

(t in Celsius, T in Kelvin, α coeff. dilat. term., β parameter); 

(iii) Avogadro (p and T are constant): 

V 

n 
= cost.2 (9.6) 

Combining the three observations gives the state equation of the ideal gases: 

pV = n RT  = NkB T (9.7) 

(R = 8.314 J/Kmol; kB = R/ A0 = 1, 3807 × 10−23 J/K ). 

Ideal gas transformations: (i) isotherm: pV = costante (equilateral hyperbola on 
the pV—Clapeyron plane); (ii) isochorous: p/T = costante (line parallel to y-axis 
on the pV plane); (iii) isobar: V/T = costante (line parallel to x-axis on plane 
pV). An example of the pV -Clapeyron plane is shown in the Exercise 9.1. 

Thermodynamic Work: 

L =
∫ −→

F · d−→r = pS
∫

dh = pΔV (9.8) 

(dh: displacement of the piston of gas container). Positive work: system performs 
work on the environment; Negative work: environment performs work on the system. 

Heat: 

A material is placed on an ideal tank, able to keep its temperature TS.
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The material is at temperature TA. After a time interval TA → TS. 
Something passes from one body to another with the effect of changing the 

temperature. It is heat Q: 

Q = CΔT (9.9) 

The unit of dimension of heat is the calorie (1 cal = 4.186 J). 
By mass of material: C = mc (c specific heat). 
For moles of ideal gas:C = nc∗ (volume cost. c∗ 

V = 3 2 R monatomic gas; c∗ 
V = 5 2 R 

diatomic gas; Meyer’s relation: c∗
p = c∗ 

V + R). 

Joule experiment for the heat (performed in 1850): 

The experiment is performed in a adiabatic system, i.e., a system that cannot exchange 
heat with outside. 

Water is inside a closed volume (calorimeter) with a propeller to heat it and a 
thermometer to measure temperature. The propeller is driven by a mass that can 
move downward due to gravity on Earth. 

Joule sees a change in temperature. So he sees that a mechanical action has the 
same consequences on the system as an ideal tank. 

In the case of water, 1 g of water needs one calorie (cal, unit of heat) to go 14.5 °C 
to 15.5 °C. Joule sees that 1 cal = 4.186 J. A relationship is found between a unit of 
heat and a unit of work. 

This tells us that heat is a particular form of energy exchange. 

Phase transformations: Q = λm (λ latent heat of the transformation and corre-
sponding to a given T). 

Thermodynamic cycle: The amount of heat exchanged (in all cycle processes) is equal 
to work (in all cycle processes): Q = L. 

First Law of Thermodynamics: 

Q − L = ΔU = U f inale  − Uiniziale (9.10) 

Internal energy depends only on temperature: 

U = U (T ) + U0 → ΔU = Q = nc∗ 
V ΔT (9.11) 

Adiabatic transformations (Q = 0): 

L = −ΔU 

T V γ −1 = const. 

pV γ = const.2 

T p(1−γ )/γ  = const.3 (9.12)
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Proof

ΔU + L = nc∗ 
V ΔT + pΔV (9.13) 

nc∗ 
V ΔT + 

n RT  

V
ΔV = 0 (9.14)

ΔV 

V 

n R  

nc∗ 
V 

= −ΔT 

T 
(9.15) 

With Mayer’s relation: 

c∗
p − c∗ 

V 

c∗ 
V

ΔV 

V 
= −ΔT 

T 
(9.16) 

Introducing the parameter = c∗
p 

c∗ 
V 
, the expression becomes 

(γ − 1)
ΔV 

V 
= −ΔT 

T 
(9.17) 

Integrating the adiabatic transformation (in dV and dT ) from A to  B:  

(γ − 1)ln 
VB 

VA 
= ln 

TA 

TB 
(9.18) 

ln

(
VB 

VA

)γ −1 

= ln 
TA 

TB 
(9.19) 

which is an equality between logarithmic functions. Thus 

TAV γ −1 
A = TB V γ −1 

B (9.20) 

In general, for an adiabatic transformation between two points it is possible to 
write 

(1) relation between T and V: 

T V γ −1 = constant (9.21) 

and analogously (using the ideal gas law): 

(2) relation between p and V: 

T = 
pV 

n R  
(9.22)
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thus 

pV 

n R  
V γ −1 = constant (9.23) 

pV
(
V γ −1

) = constant2 (9.24) 

so 

pV γ = constant2 (9.25) 

(3) relation between p and T: 

V = 
n RT  

p 

pV γ = constant2 (9.26) 

p

(
n RT  

p

)γ 
= constant2 (9.27) 

p

(
T 

p

)γ 
= constant3 (9.28) 

p1−γ T γ = constant3 (9.29) 

γ
√

p1−γ γ
√

T γ = constant3 (9.30) 

T p(1−γ )/γ  = constant3 (9.31) 

Thermal machine: thermodynamic system that cyclically passes through the same 
thermodynamic states. Overall work: area inscribed by the cycle. There is an absorbed 
heat QAss and a heat released Qced . 

Thermal machine efficiency: 

η = L/Q Ass = 1 − |QCed |/Q Ass < 1 (9.32) 

(clockwise cycle). 

Efficiency (quality factor) for a refrigeration machine: 

ε = C O P  = f = Q Ass/L (9.33) 

(counterclockwise cycle).
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Carnot machine: 2 isotherms + 2 adiabatic (all reversible). 

A reversible transformation satisfies two conditions: (1) it operates through states 
of equilibrium: (i) mechanical (balance between forces and moments); (ii) chem-
ical (absence of chemical reactions or transfers of components); (iii) thermal (same 
temperature at all times). (2) absence of dissipative forces. 

Carnot machine efficiency: 

η = 1 − T1/T2 (9.34) 

(see example E9.2 for the derivation of the formula). 

Second Law of Thermodynamics 

Kelvin-Planck statement: it is impossible to carry out a process that has as its sole 
result the transformation into work of the heat supplied by a source at uniform 
temperature. 

Clausius statement: it is impossible to carry out a process that has as its sole result 
the transfer of heat from one body to another at a higher temperature. 

N.B: the statements are all equivalent (the falsity of one implies the falsity of all the 
others). 

Carnot’s theorem: It is impossible for a machine operating between two tempera-
tures to have a higher yield than the reversible machine working between these two 
temperatures (i.e., a Carnot machine). 

Clausius’ theorem: On a reversible closed path:

∮
d Q  

T

||||
rev 

= 
B∫

A 

d Q  

T 
+ 

A∫

B 

d Q  

T 
= 0 (9.35) 

On an irreversible closed path:
∮ d Q  

T

||
irr 

< 0 
The Clausius integral

∫ d Q  
T between two states, by reversible transformation, is 

equal for every path and depends only on the initial state and final state: 
B∫
A 

d Q  
T = 

SB − SA = ΔS (entropy change, state function). 

Isothermal transformation SB − SA = n Rln VB 
VA 

= −n Rln  pB 
pA 

Isochoric transformation SB − SA = ncV ln TB 
TA 

= ncV ln pB 
pA 

Isobar transformation SB − SA = ncpln TB 
TA 

= ncpln VB 
VA
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Cycle with an irreversible transformation: 

B∫

A 

d Q  

T

||||
rev 

= SB − SA >

∫

AaB 

d Q  

T

||||
irr 

(9.36) 

The integral 
B∫
A 

d Q  
T gives entropy change only for a reversible transformation. For 

a transf. irreversible the result of the Clausius integral is not ΔS, but a minor value. 

To calculate SB − SA for such a transf. irreversible 
B∫
A 

d Q  
T is calculated by considering 

a generic reversible transformation between A and B. 
Isolated system: SB − SA ≥ 0 ⇒ SB ≥ SA (entropy cannot decrease, constant 

only for transf. rev.)
ΔS ≥ 0 for an isolated system (mathematical formulation of the second law of 

thermodynamics).
ΔSUniverse ≥ 0conΔSUni  verse = ΔSSystem + ΔSEnvironment [natural processes 

are irreversible, so every natural process necessarily takes place in the direction that 
determines an increase in overall entropy of system + environment (arrow of time)]. 

Degraded energy: 

In an irreversible free expansion 

L|irr = 
VB∫

VA 

pext dV = 0 (9.37) 

In a reversible isotherm

ΔS = n Rln  
V f 

Vi 
(9.38) 

and 

L|rev = n RT0ln 
V f 

Vi 
(9.39) 

The difference in energy between the two transformations is

ΔE = ΔL = L|rev − L|irr = T0ΔS (9.40)
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Kinetic theory of gases: 

Starting assumptions: 

(1) gas consisting of equal molecules in a continuous and disordered manner. 
(2) molecule/molecule and molecule/wall collisions all elastic. 
(3) intermolecular forces only during collisions, due to short-range repulsive forces 

(neglecting attractive forces between molecules). 
(4) size of molecules is much smaller than the average distances between them. 

For N molecules of monoatomic gas (with mass m) in the  volume  V, in a reservoir 
with lateral size a: 

– Impulse of the molecule to the wall (on the x-axis): 
−→
I = 2mvx u

Δ

x 

– Time between collisions (molecule travels for the a section twice, round trip): 
t = 2a/vx 

– Number of collisions (frequency) = 1 t = vx 
2a 

– Force along x: Fx = 2mvx 
vx 
2a = mv2 x 

a 

– Force on the wall for all the molecules: Rx = m 
a

∑N 
i=1v

2 
x,i 

– Pressure on the wall (with surface S = a2): p = Rx 
S = m 

a3

∑N 
i=1v

2 
x,i = 

Nm 
V 

1 
N

∑N 
i=1v

2 
x,i 

– Mean square velocity: ⟨v2 
x ⟩ =  1 N

∑N 
i=1v

2 
x,i 

– In each direction: ⟨v2 
x ⟩ = ⟨v2 

y⟩ = ⟨v2 
z ⟩ = ⟨v2⟩

3 

It leads to the Joule-Clausius-Krönig equation: 

pV = 
1 

3 
Nm⟨v2⟩; pV = 

2 

3 
N ⟨Ek⟩; ⟨Ek⟩ =  

3 

2 
kB T (9.41) 

The Joule-Clausius-Krönig equation relates pressure and velocity to the mean 
square velocity and, consequently, to the mean kinetic energy. This results in a relation 
between the temperature and the kinetic energy of the molecules. 

Principle of equipartition of energy: ⟨Ek⟩ = → 
2 kB T (→ degrees of freedom) 

U = NA⟨Ek⟩ = → 
2 RT (knowing that cV = dU 

dT ). 

Examples 

E9.1) A piece of ice of mass mi = 35 g and at a temperature of T1 = 250 K is 
immersed in mw = 60 g of water at a temperature of T2 = 330 K. If the system is 
contained in an adiabatic-walled vessel, calculate the equilibrium temperature of the 
system. What is the equilibrium temperature? 

Solution 

Data for ice and water: 
ci = 2051 J/kg*K 
cw = 4186.8 J/kg*K
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λfi = 3.3 × 105 J/kg 
R = 8.314 J/K*mol. 
You have to bring the ice to 273.15 K, when it starts to melt (first term), make it 

melt (second term), bring it to the equilibrium temperature (third term). On the other 
side of equal, water at 300 K that gives up heat to the ice and then melts. 

mi ci (273.15 − 250) + λ f i mi + mi cw(T − 273.15) = mwcw(330 − T ) 

23.15mi ci + λ f i mi + T mi cw − 273.15mi cw = 330mwcw − T mwcw 

T = 
330mwcw + 273.15mi cw − 23.15mi ci − λ f i mi 

mwcw + mi cw 
= 275.8K 

E9.2) Determine the efficiency of a Carnot machine between the temperatures T1 

and T2 (T2 > T1), where all the transformations are reversible. 

Solution 

The cycle is composed by (a) a reversible isotherm expansion at temperature T2 

between states A and B; (b) a reversible adiabatic expansion between states B and 
C; (c) a reversible isotherm compression at temperature T1 between states C and D; 
(d) a reversible adiabatic compression between states D and A. 

(a) Reversible adiabatic expansion at temperature T2 

A reversible isotherm is a succession of infinitesimal transformations. For each of 
these infinitesimal transformations: 

• as a result of a decrease in pressure dp there is an expansion of volume dV 
(mechanical equilibrium), with cooling dT.
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• there is a heat transfer dQ from the ideal reservoir at T2 to the gas and back to 
temperature T2 (thermal equilibrium). 

For the isotherm ΔU = 0 ⇒ Q = L 

WAB = 
B ∫
A 

pdV = 
B ∫
A 

n RT2 
V dV = n RT2 

B ∫
A 

1 
V dV = n RT2ln

VB 
VA 

⇒ Q Assorbito = Q A = L AB = n RT2ln
VB 
VA 

(b) Reversible adiabatic expansion 

Adiabatic transformation is a transformation isolated from any heat source: 
Succession of infinitesimal transformations with decrease dp, consequent increase 
dV with cooling dT. 

Between the states B and C, for such adiabatic expansion, there is the relation: 
T2V γ −1 

B = T1V γ −1 
C . 

Moreover, Q = 0 ⇒ L = −ΔU. 
The work done by the gas from B to C is 

WBC = −ΔU BC = −ncv(T1 − T2) = ncv(T2 − T1) 

(c) Reversible isotherm compression at temperature T 1
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For each of these infinitesimal transformations: 

• following an increase in pressure dp there is a decrease in volume dV (mechanical 
equilibrium), with heating dT. 

• there is a heat transfer dQ from the gas to the source at T1 and back to temperature 
T1 (thermal equilibrium). 

This heat given up is equal to the work undergone by the gas from C to D: 

WC D  = 
D ∫
C 

pdV = 
D ∫
C 

n RT1 
V dV = n RT1 

D ∫
C 

1 
V dV = n RT1ln

VD 
VC 

⇒ QCeduto = QC = WC D  = n RT1ln
VD 
VC 

The work is negative since VD < VC. 

(d) Reversible adiabatic compression 

The reversible adiabatic compression is a succession of infinitesimal transformations 
with increase in dp, subsequent decrease in dV with heating dT.
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Between the states D and A, for such adiabatic expansion, there is the relation: 
T2V γ −1 

A = T1V γ −1 
D 

Moreover, Q = 0 ⇒ L = −ΔU 
The work done on the gas from D to A is 

L D A  = −ΔU D A  = −ncv(T2 − T1) = ncv(T1 − T2) = −L BC 

Considering all the contributions in the cycle: 

Q = Q A + QC = W = WAB + WBC + WC D  + WD A  = WAB + WC D  

η = 1 + 
QC 

Q A 
= 1 + 

n RT1ln
VD 
VC 

n RT2ln
VB 
VA 

= 1 − 
n RT1ln

VC 
VD 

n RT2ln
VB 
VA 

Using the following relations for the adiabatic transformations: 
T2V γ −1 

B = T1V γ −1 
C and T2V γ −1 

A = T1V γ −1 
D 

It is possible to write

(
VC 

VD

)γ −1 

=
(

VB 

VA

)γ −1 

⇒ 
VC 

VD 
= 

VB 

VA 

Thus, the Carnot machine efficiency is 

η = 1 − 
T1 

T2 

The efficiency of the Carnot machine depends only on the temperatures of the 
isothermal exchanges. 

It must be considered that while the two isotherms are processes with heat transfer 
(where diathermic walls are used), the two adiabatic ones are processes under isolated 
conditions with respect to any source with heat transfer (adiabatic walls). 

E9.3) An amount of heat equal to 300 J is transferred from one ideal reservoir, at a 
temperature of 150 K, to another ideal reservoir, placed at a temperature of 100 K. 
Find the entropy variation for the two ideal reservoirs and the universe. 

Solution 

The entropy variation for the first reservoir is

ΔS300 K = 
300 J 

150K 
= 2 J/K 

While the entropy variation for the second reservoir is
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ΔS150 K = 
300 J 

100K 
= 3 J/K 

The entropy variation for the universe is given by the difference

ΔSU = ΔS150K − ΔS300K = 3 J/K − 2J/K = 1 J/K 

E9.4) 2 mol of perfect gas at temperature T are contained in a container of volume 
V. Opening the container expands the gas into a volume ten times larger. What is the 
entropy variation associated with the free expansion of the gas? 

Solution 

In this expansion, for heat Q and work W, Q = W. Thus, 

Q = n RT  

V f in∫

Vin 

dV 

V 
= n RT ln  

10V 

V 
= (3mol)RT (ln10) 

Consequently, the entropy variation is given by

ΔS = Q 
T = (3mol)R(ln 10) 

= (3 mol)(8.314 J/mol K )(ln 10) = 57.43 J/K 

Exercises 

(9.1) In the thermodynamic cycle (for a mole of monatomic gas) in the figure, the 
temperature of the BC isotherm is 300 K; moreover, pA,C = 100 Pa, pB = 200 
Pa, VA,B = 1 m3, VC = 2 m3 (R = 8.314 J/K*mol). 

Calculate work and internal energy of the cycle: 

(A) L = 618,55 J; ΔU = 0 J  
(B) L = 1628,85 J; ΔU = 0 J  
(C) L = 2525 J; ΔU = 0 J
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(D) L = 1525 J; ΔU = 225,85 J 
(E) L = 0 J; ΔU = 685,45 J 

(9.2) A lead projectile of mass m = 0.05 kg at temperature tPb = 20 °C, endowed 
with velocity v0 = 100 m/s, sticks horizontally into a block of melting ice 
of mass M = 0.5 kg, placed on a smooth horizontal plane. Knowing that the 
specific heat of lead is cPb = 130 J/kg*°C and the latent heat of fusion of ice 
λgh = 3.3106 J/kg, calculate the mass of ice that melted. 

(A) 0.3 g 
(B) 1.1 g 
(C) 2.6 g 
(D) 3.7 g 
(E) 4.9 g 

(9.3) If at constant temperature the number of molecules of ideal gas halves 

(A) the product pressure*volume halves 
(B) the product pressure*volume doubles 
(C) the pressure halves while the volume doubles 
(D) the volume halves while the pressure quadruples 
(E) volume is necessarily constant so pressure doubles 

(9.4) By the second principle of thermodynamics, which process is possible: 

(A) a process consisting of only isothermal transformations (for them there 
is zero energy change) 

(B) a process that has as its only result the transformation into work of heat 
supplied by a source at uniform temperature 

(C) in the motion of a body in a plane, the recovery of heat due to sliding 
friction to create work (and create perpetual motion) 

(D) a process where work is produced, but also heat transfer from the higher 
temperature source to the lower temperature source 

(E) a process where the only result is the transfer of heat from one body to 
another at a higher temperature 

9.5) A block of melting ice of mass mi = 15 g, is placed in a beaker filled with 
water (mw = 100 g) at an initial temperature of 20 °C. Calculate the change 
in total entropy of the system after equilibrium is reached, neglecting heat 
capacity of the glass and heat exchange with the external environment. (λi = 
80 cal/g). 

(A) How much is the change in total entropy worth? 
(B) 0.11 cal/K 
(C) 0.88 cal/K 
(D) 3.33 cal/K 
(E) 0.22 cal/K 
(F) 2.05 cal/K
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(9.6) What is the equilibrium temperature reached in the exercise 9.5? 

A. 368.87 K 
B. 564.94 K 
C. 125.75 K 
D. 412.46 K 
E. 279.96 K 

(9.7) In an adiabatic transformation: 

(A) no work is done 
(B) there is zero change in internal energy 
(C) there is no heat exchange, so L + ΔU = 0 
(D) there is no heat exchange, so L-ΔU = 0 
(E) as in an isochore, the volume does not change 

(9.8) According to the second principle of thermodynamics, which process is 
possible: 

(A) a process consisting of only isothermal transformations (for them there 
is zero change in energy 

(B) a process that has as its only result the transformation into work of the 
heat supplied by a source at uniform temperature 

(C) in the motion of a body in a plane, the recovery of heat due to sliding 
friction to create work (and create perpetual motion) 

(D) a process where work is produced, but also heat transfer from the higher 
temperature source to the lower temperature source 

(E) a process where the only result is the transfer of heat from one body to 
another at a higher temperature.



Appendix A 

Units of measurement: 

– length: meters, m 
– time, seconds, s 
– speed, m/s 
– acceleration, m/s2 

– mass, kg 
– momentum, kgm 

s 

– force, kgm 
s2 = N , Newton  

– work and energy, kgm
2 

s2 = Nm  = J , Joule 
– power, kgm

2 

s3 = J s = Nm  
s = W , Watt  

– angular momentum kgm
2 

s 

– torque, m kgm 
s2 = mN  (does not have the same physical meaning as work or 

energy).
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Appendix B 

Derivatives 

Df  (x) = 
d f  (x) 
dx  

= lim
Δx→0

Δ f (x)

Δx 

Dk = 0(k real  number  ) Dtanx = 1 
cos2x 

Dx  = 1 Dcot x = −  1 
sin2x 

Dxα = αxα−1 Dex = ex 

Dsinx = cosx Dax = ax logea 
Dcosx = −sinx Dloga x = 1 

xlogea 

g(x) = k f  (x) 
dg(x) 
dx  

= k 
d f  (x) 
dx  

g(x) = f1(x) + f2(x) 
dg(x) 
dx

= 
d f1(x) 
dx  

+ 
d f2(x) 
dx  

g(x) = f1(x) f2(x) 
dg(x) 
dx  

= 
d f1(x) 
dx  

f2(x) + f1(x) 
d f2(x) 
dx  

g(x) = g[ f (x)] 
dg(x) 
dx  

= 
dg 

d f  

d f  

dx  
.
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Appendix C 

Integrals 

Between x1 and x2, area below the function: 

Area =
∑

i 

f (xi )Δxi → Area = 
x2∫

x1 

f (x)dx

∫
dx  = x + C

∫
ax dx  = ax 

logea 
+ C

∫
xadx  = xa+1 

a+1 + C
∫
sinxdx = −cosx + C

∫ 1 
x2 
dx  = − 1 

x + C
∫
cosxdx = sinx + C

∫ 1 
x dx  = loge|x | + C

∫ 1 
cos2x 

dx  = tanx  + C
∫
ex dx  = ex + C

∫ 1 
sin2x 

dx  = cot x + C

∫
[ f1(x) + f2(x)]dx  =

∫
f1(x)dx+

∫
f2(x)dx

∫
k f  (x)dx  = k

∫
f (x)dx

∫
f (x)D[g(x)]dx  = f (x)g(x) −

∫
D[ f (x)]g(x)dx .
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Appendix D 

Vectors 

Scalar quantity: real number 

Scalar physical quantity: real number + unit of dimension (e.g., length: 1 m) 

Vector: 

(i) positive scalar, modulus:
||−→v ||

(ii) direction 
(iii) versus 

A unit vector is a vector with unitary modulus. 

Sum of vectors 

With N vectors −→v i , the resulting 
−→
S (sum) vector is given by
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⎧ 
⎨ 

⎩ 

Sx = ∑N 
i=1 vi,x 

Sy = ∑N 
i=1 vi,y 

Sz = ∑N 
i=1 vi,z 

Difference of two vectors 

With 2 vectors −→v 1 and −→v 2, the resulting 
−→
D (difference) vector is given by 

⎧ 
⎨ 

⎩ 

Dx = v1,x − v2,x 
Dy = v1,y − v2,y 
Dz = v1,z − v2,z 

It is equal to the sum of −→v 1 and −−→v 2. 

Scalar product of two vectors 

a = ||−→v 1
||||−→v 2

||cosϑ 

ϑ is the angle between the two vectors. A is a scalar. 

Vectorial product of two vectors 

−→c = −→a × −→b = ||−→a ||
|||
−→
b

|||n
Δ

sinβ 

where β is the angle between −→a and −→b , nΔ is the unit vector normal to the plane (π 
in the figure) of −→a and −→b . 

Another way to determine −→c
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→ c =→ a × → b = det  

⎡ 

⎣
→ ux → uy → uz 

ax ay az 
bx by bz 

⎤ 

⎦ 

= (
aybz − azby

)→ ux − (axbz − azbx )→ uy 

+ (
axby − aybx

)→ uz .



Appendix E 

Solutions of the problems 

1.1. B 
1.2. B 
1.3. A 
1.4. C 
1.5. E 
1.6. D 
1.7. C 

2.1. A 
2.2. E 
2.3. D 
2.4. E 
2.5. C 
2.6. E 
2.7. E 

3.1. D 
3.2. B 
3.3. B 
3.4. C 
3.5. A 
3.6. D 

4.1. B 
4.2. E 
4.3. B 
4.4. E 
4.5. D 
4.6. A
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5.1. C 
5.2. C 
5.3. B 
5.4. A 
5.5. E 

6.1. B 
6.2. E 
6.3. C 

7.1. B 
7.2. E 
7.3. A 
7.4. C 
7.5. D 

8.1. B 
8.2. C 
8.3. A 
8.4. D 
8.5. A 

9.1. B 
9.2. B 
9.3. A 
9.4. D 
9.5. D 
9.6. E 
9.7. C 
9.8. D



Index 

A 
Acceleration, 2 
Adiabatic, 83 
Amplitude, 7 
Angular acceleration, 5 
Angular momentum, 45 
Archimedes’ principle, 75 
Average acceleration, 2 
Average velocity, 1 

B 
Bernoulli equation, 77 

C 
Calorie, 83 
Carnot’s theorem, 86 
Carnot machine, 86 
Center of mass, 36 
Center of mass (rigid body), 63 
Central force, 46 
Centrifugal force, 62 
Centripetal force, 45 
Circular motion, 5 
Clausius statement, 86 
Clausius’ theorem, 86 
Conic function, 47 
Conservative force, 26 
Continuity equation (for fluids), 77 

D 
Displacement, 1 
Dynamic sliding friction, 17 

E 
Eccentricity, 43 
Elastic constant, 17 
Elastic force, 17 
Electrostatic force, 49 
Entropy, 87 
Equilibrium, 7 

F 
First law of thermodynamics, 83 
Fluid, 75 
Force, 15 
Frequency, 7 
Friction, 17 

G 
Gravitation, 45 
Gravitational acceleration, 4 
Gravitation constant, 45 

H 
Harmonic motion, 7 
Heat, 36, 82 
Hooke’s law, 17 
Huygens-Steiner (parallel axes) theorem, 64 

I 
Ideal gas transformations, 82 
Impulse, 37 
Impulsive, 38 
Inclined plane, 21 
Inelastic, 36
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Inertial frame, 56 
Instantaneous acceleration, 2 
Instantaneous velocity, 1 
Internal energy, 83 
Irreversible transformation, 87 

J 
Joule-Clausius-Krönig equation, 88 
Joule experiment, 83 

K 
Kelvin-Planck statement, 86 
Kepler’s laws, 43 
Kinetic energy, 25 
Kinetic theory of gases, 88 

L 
Laws of dynamics, 15 

M 
Mass, 16 
Mechanical energy, 29 

N 
Newton, 44 
Non-conservative, 28 

P 
Parabolic motion, 4 
Pendulum, 18, 67 
Perfectly inelastic collision, 37 
Phase, 8 
Phase transformation, 83 
Potential energy, 26 
Potential energy for gravitational 

interaction, 47 
Power, 25 
Pressure, 75 
Principle of conservation of mechanical 

energy, 29 
Principle of conservation of momentum, 15 
Principle of equipartition of energy, 88 
Pure rolling, 69 

R 
Reference frame, 2 
Refrigeration machine, 85 
Reversible transformation, 86 
Rigid body, 35, 63 
Rolling, 68 
Rotation, 63 

S 
Scalar product, 25, 104 
Second law of thermodynamics, 86 
Simple harmonic motion, 7 
Spring, 17 
State equation of the ideal gases, 82 
Static equilibrium, 68 
Static sliding friction, 17 
Stevin’s law, 75 

T 
Temperature, 81 
Tension, 16 
Thermal equilibrium, 81 
Thermal expansion, 81 
Thermal machine, 85 
Torque, 45, 67 
Trajectory, 2 

U 
Uniform circular motion, 6 
Unit of measurement, 1, 97 
Unit vector, 1 

V 
Vector, 1 
Vector product, 6, 104 
Viscous friction (Stokes’ law), 17 
Volumetric flow rate, 77 

W 
Weight, 16 
Work, 25, 82
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