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Introduction

Physics aims to apply the scientific method to the observed phenomena of nature:

(i) experiment;
(i1) abstraction and formulation, in mathematical terms, of a law;
(iii) prediction of phenomena.

In mechanics, the motion of the bodies is studied. In an established treatment in
most textbooks, mechanics is divided into kinematics and dynamics. Kinematics is a
spatial-temporal description of the motion of bodies. Dynamics is the investigation
of the causes that generate the motion of bodies. Fluid mechanics concerns with the
mechanics of liquids and gases. Finally, thermodynamics studies the transformations,
in terms of mass and energy, of a system.

The textbook, in its nine chapters, makes a synthesis of the above topics, dealing
with material point kinematics and dynamics, introducing the concepts of work and
energy, rediscussing the knowledge of kinematics and dynamics for point systems,
and introducing a fundamental interaction between masses such as gravitational
interaction. The motions of bodies will be described with respect to inertial and non-
inertial reference systems (i.e., systems under acceleration with respect to inertial
systems). Finally, the mechanics of fluids and gases will be discussed.

For each chapter, after the brief introduction, step-by-step examples and short
exercises are offered, for which the solution is given.
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Chapter 1 ®)
Kinematics of a Material Point Geda

The simplest object that can be studied in mechanics is the material point. The actual
size of the material point is neglected. The position of the material point (Fig. 1.1)
is defined by the vector:

X = X;

— — A A A A

¥ = ¥ ,=ru,= Y=Yy =TrxlUy —|-ryl/ty +ru; (11)
=12z

i, is the unit vector, i.e., vector with unit modulus:

[u 4+ ud 4+ u? = |i,| = u, (1.2)

i, has the same direction and direction of 7 . The unit of measurement of 7 is
meter, [m].
From the position vector, we can define the average velocity:

— — — — —
— Fyu— ¥y Foiyar— Fy AF
UVy = = = (13)
t—t t—t At
AT =7, —7:=Tiin — 7 is the displacement.
The instantaneous velocity is
— . _r)t/_?t . _r)r+Az __r)r . A_r) d_r) ds .
Vv =1lim—=1lim — = lim =—=—ur (1.4)
At—>0 /) —t At—0 t—t At—0 At dt dt

s is the displacement. 7 is the unit vector related to the tangent direction of the
trajectory. The unit of measurement of velocity is meter/second, [m]/[s].
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2 1 Kinematics of a Material Point

Fig. 1.1 Reference frame
xyz with the point P moving
along the trajectory in red. In
black the position vector 7
and in blue the velocity

—
vector VU

L S<p

Fig. 1.2 (left) Velocity
vector in a circular trajectory;
(right) normal acceleration
vector in a circumference
with radius v (velocity)

Analogously, the average acceleration is

—
— AV
a, =

1.5
A7 (1.5)
And the instantaneous acceleration:
. dv &7 d [vit 1]
a = — = = — | VU
dt iz art T
dv/\ dﬁt T dU,\ vz/\
_ v—bt = 28 — 1.6
i U+ ar s ur + R Uy (1.6)

The unit of measurement of velocity is meter/second?, [m]/[s]?. liy is the unit
vector related to the normal direction of the trajectory.

. — ~

Tangent acceleration: d 7 = %ur
. —> 2 A

Normal acceleration: d y = %u N-

Proof

The components of the acceleration can be derived in the simple case of velocity
with constant modulus (Fig. 1.2).

The circumference on the left describes the trajectory. Its length is 2R and the
velocity (always tangent to the circumference) is given by

2n R _

T v 1.7
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T is the period: time interval for one complete revolution of circumference (in
seconds).

For the circumference on the right, with radius v (velocity), normal acceleration,
given by the change in direction of velocity, is always tangent. Similarly, it can be
written as

2mv (1.8)
— =da .
T N
Isolating T in the first equation
27 R
T = (1.9)
v

Thus, it is possible to find ay as a function of v and R

2w v v?
= = — 1.10
NTO4R TR (1.10)

The modulus of the acceleration is

2 2\ 2
a:,/a%—}-a%\,:\/(fi—j) +<%) (1.11)

Kinematic using integration

From velocity to position; from acceleration to velocity:

t

T.=7 +/ T dt (1.12)
4]
t

T, =7, +/ @ dt (1.13)
o

7 1 18 the position vector at time ¢ = ¢y, while v 1 18 the velocity vector at time
t =ty.
With a constant velocity vy, it is possible to define the linear motion: s, = s+ vo!?.
With a constant acceleration ay, it is possible to define the uniformly accelerated
linear motion:

1
Sy =s0+vot+§a0t2 (1.14)

Proof
To derivate the formula of the uniformly accelerated linear motion:
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Z—ji:i—j:aoadvzaodt
t t
— fdv = /aodt
to to
— v =V, +ap(t — 1) (1.15)
ds
o = U= + ao(t — 19)

—ds = [v,0 + ap(t — to)]dt

t t
— /a’s = /[v,o + ap(t — to)]dt

I I

1 2

— 8§ =8, + vo(t — ty) + an(l‘ — 1) (1.16)
. 1,
lft0=0:>s,:s0+v0t+§aot (1.17)

Motions on a plain

The parabolic motion (e.g., motion of a bullet) can be described in the following
way:

T =—gi
{_> = T8y (1.18)

where g is the gravitational acceleration: g = 9.81:3.

It is evident that the parabolic motion is the composition of a linear motion along x
(where only the velocity v, occurs) and a uniformly accelerated linear motion along
y (where the velocity v, and the acceleration g occur):

vxsena 1 x? 1 x2
= — 85— =Xtga — —g———— 1.19
Y= cosa 2% v2costa § 28 2cos?a (1.19)
Important points in the parabolic motion are:
— Projection on x of the maximum height:
B tga -2 -v? - cos’a
X = —— =

Y 2g

v? v?
= —2cosasina = —sin2a (1.20)

2g 2g
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Fig. 1.3 Position vector 7,

and corresponding angular
position ¥ in a circular
motion

— Maximum height:

H = y(xy) = —sina (1.21)
28
— Aerial phase length:
02
L =2xy = —sin2«a (1.22)
8

— Maeximum aerial phase length:

Lpaxfor 2a = /2, ie.,a = w/4 = 45° (1.23)

Circular motion

On a circumference, the position of 7, can be described with the angle 9,.
The angular velocity (direction perpendicular to the plane of motion) (Fig. 1.3) is:

dv
@ = —1i, (1.24)
dt

With a unit of measurement [rad]/[s], while the angular acceleration is

d
T = d—i)ﬁz (1.25)

With a unit of measurement [rad]/[s]?. The relations between velocity and angular
velocity and between acceleration and angular acceleration are (Fig. 1.4).

T =W x7 (1.26)
dv d da a7
7=_‘;=E(3x?)=d_‘;x7+zxd_;
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Fig. 1.4 Position vector 7 Y
(red dashed line), angular B
velocity vector @ (green),
and velocity vector U L
(purple solid line) in a
circular motion. The three 3 v
vectors follow the vector ) X
product described in Eq. 1.26 w [
=7x_r)+70)x_v)=7x_r)+5)>x(73x_r)) (1.27)
“x” relates to the vector product of two vectors.
The vector product can be calculated in the following way:
U W, W
— X y z
T =7 x b =det| a, a, a;
by by, b,
—_
= u X(aybz — azby)
—_
—u y(axbz —azby)
—
+ u Z(axby — aybx) (1.28)

where det[...] is the determinant of a matrix, although it should be stressed that the
determinant of a matrix is a number. Here, the same method of calculation (for a
3 x 3 matrix) is employed, but the result is a vector. Thus, it is usually said that this
method implies an abuse of notation: The method to calculate a determinant is used,
but the result is not a determinant.

The vector product is also defined as

=7 xb= |7|‘Z’)ﬁsen,3 (1.29)

. - A . .
where S is the angle between @ and b, and 7 is the unit vector normal to the plane
—
of @ and b .

Uniform circular motion:

The uniform circular motion is a motion with circular trajectory and constant angular
velocity:

U =y, + ot —to) (1.30)
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The uniform circular motion is a periodic motion: » ;,,7 = 7, (withn € N).
The period (in seconds) is

T=2" (1.31)
w

The frequency, reciprocal quantity to the period, is
V= — = — (1.32)

The unit is Hz (Hertz), which is 1/s.
Uniformly accelerated circular motion hourly law:

1
B = 0, + ot —ty) + Ea(t — 1)? (1.33)

Simple harmonic motion:

The simple harmonic motion is a motion around a point of equilibrium. It is a periodic
motion with a sinusoidal (or co-sinusoidal) trend.

In simple harmonic motion, displacement, velocity, and acceleration can be
written as

s; = Acos(wt + @) (1.34)
ds; .
v, = I = —Awsin(wt + ¢) (1.35)
dv; 2 )
a, = T —Awcos(wt + ¢) = —w”s; (1.36)

where A is the amplitude of the oscillation of the displacement.

From Eq. 1.35, itis clear that a linear proportionality occurs between the displace-
ment s and the acceleration a. From this relation, the harmonic motion equation can
be found:

S = s (1.37)

From the plot of displacement s, velocity v, and acceleration a (please, see Fig. 1.5),
it is evident the /2 phase shift between s and v, the 1/2 phase shift between v and
a, and the 7 phase shift between s and a.
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Fig. 1.5 Displacement s; as described in Eq. 1.33; velocity v, as described in Eq. 1.34; velocity a,
as described in Eq. 1.35. In the last plot at the bottom, the three functions are depicted to highlight
the phase shift of 1/2 between displacement and velocity and between velocity and acceleration

Examples

E1.1) The displacement of the body follows the function s, = 6¢* + sint. Determine
velocity and acceleration.

Solution

Velocity: v; = 241> + cost
Acceleration: a, = 72t — sint.

E1.2) A car is traveling at a velocity v = 100 km/h. If the car is able to arrest in s =
200 m, calculate its deceleration (assuming a constant deceleration).

Solution

The two equations

s = vgt — —at
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V=1vy—at

can be combined to obtain

v2 — v} = 2as

Thus

2o |02 - (27.782)] .
a= L =—-193—
2s 2(200m) 52

E1.3) In a circular trajectory, the position vector of a material point is T =4u .+
57), +67Z, and its angular velocity vector is @ = 1% +27y + 37Z. Determine
the vector of the velocity.

Solution
- > -
Wy thy U,
T =@ x7 =det| 1 2 3
4 5 6

=U,(12=15) = U (6 —12) + U (5 8)

= 3U,+6u, -3,

E1.4) In a circular trajectory, the position vector of a material point is 7 = 5% Vs
its angular velocity vector is @ = 3% ,, and its angular acceleration vector is @ =

17X. Determine the modulus, direction, and verse of the vector of the acceleration.

Solution
7:E)x_r)+6)x(73x_r))
:det|:1 0 0j|+a)xdet 3 0 0
0 5 0 0 5 0
U, Uy U,
=5U.+ @ x150,=5uW.+det| 3 0 0
0 0 15

The modulus is |7| = /52 +45% = 45.28m/s>.
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E1.5) Derive the acceleration vector on an arbitrary trajectory.
Solution

The acceleration can be written as

where ¥ = vid, 7. In general, both v and u, r can depend on time: a change of v is
related to a change of modulus and/or versus of the velocity, while a change of i, r
is related to a change in the direction of the velocity. Thus, the acceleration can be
rewritten as

7—ﬁ——d2—r)—i[vﬁ ]—d—vﬁ +vdﬁ['T

T der a4t T gt dt
Buy
%

The difference between u, r and u, 4, 7 — U, 7 in a time interval At on the
trajectory y:

— A~ A~
AT =UrarT — U
For At — 0, Aur tends to the infinitesimal vector dur:
v ~ A
dir= Utydr, T — Ur,T

dur is orthogonal to uy (and parallel to uy, the versor that is orthogonal to the
trajectory). Moreover, the modulus of d u 7 can be approximated to

\diir| = |d, r|d¢
Since |d,r| =1
|d% 7| =d¢
Consequently:

At =doiiy
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And

dur  do .
= _MN

dr dt

In this way, the acceleration can be rewritten as

- d¥  d*7  dv,. dé .
= = =—ut,T+v—uN

T odt A dt dt

% can be rewritten in the following way:
dp d¢ds
dt  ds dt

where ds = dgR. Thus

dpds _ d¢ ds 1

dsdi _ dpRdi R’

in which R is the curvature radius of the trajectory.
Consequently, the acceleration is given by

dv v?
— ~ ~
d = ——ur + —Un
dt R

Important: in a general trajectory, the curvature radius R is not constant.

E1.6) In the harmonic motion of a material point along the x-axis, at ty = 0,
the displacement of the material point is x,» = 0. The pulsation of the motion is
o = 0.2rad/s, and the amplitude of the oscillation is A = 1 m. Find the acceleration at
t=3s.

Solution

Since at ¢ the displacement is zero, the function x; can be written as
x; = Asin(wt)
Thus, the acceleration can be written as

P Awsinon
ady = —F— = —Aw Sin(w
TE
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Att=3s

a, = —Aa)zsin(a)t)
= —(1m)(0.2rad/s)*sin[(0.2rad/s)(3s)] = —0.02 m/s>

E1.7) A cannon fires a projectile with velocity
V= (4ii, + 20ii,) m/s

Find the coordinates of the bullet 2 s after it is fired.
Solution

Along x the velocity is U, = (4ii,) m/s. Thus
Xt = X0+ vt = vt = (4m/s)(2s) = 8m

Along y the velocity is ¥, = (20i,) m/s, and the acceleration is g =
(—9.81z,)m/s?. Thus

1 5 1 5
)’r=yo+vyf—§gf =ny—§gf

1
= (20m/s)(2s) — 5(9.81 m/s*)(2s)* =20.38m
Consequently, the coordinate of the projectile after 2 s is

x =8m
y =20.38m

Exercises

(1.1) Determine the depth of a well knowing that a time t = 4.8 s elapses between
the instant when a stone is dropped (with zero initial velocity) and the instant
when the noise is heard, as a result of the stone hitting the bottom of the well
(the speed of sound in air is 340 m/s and air resistance is negligible).

(A) 23.6m
(B) 99.6m
(C) 23,000 m
(D) 267m
(E) 318m
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(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

Carl Lewis in 1991 set the 100 m record of 9.86 s. Usain Bolt in 2009 broke
this record by doing the 100 m in 9.58 s. If they had competed at the same
time, how many meters from the finish line would Lewis have been at the time
Bolt crossed the finish line? Assume a constant speed.

(A) 144m
(B) 2.84m
(C) 398m
(D) 423m
(E) 28m

A marble A is dropped from a height h with zero initial velocity. At the
same time, a second marble B is dropped from the ground upward with initial
velocity v0. If the motion of the marbles occurs on the same vertical, determine
the value of v0 so that the two marbles collide at half height (h/2).

(A) Vgh
(B) ;v&h
©) Vg/2h
(D) 3g
(E) 4gh

Determine v of exercise 3 that the two marbles collide when they have equal
and opposite velocities.

(A) 0.5
(B) gh
©) 2gh
D) 3v/gh
(E) g/2h

While riding a bicycle at a speed of 36 km/h, the yellow light goes off. Knowing
that 5 s elapse before the red light and that you are 60 m from the traffic light,
what is the minimum acceleration (in m/s?) that would allow you to pass?

(A) 124
(B) 4.3
©) 25
D) 1.7
(E) 0.8

What is the speed (in km/h) achieved in exercise 1.5?

(A) 203
(B) 33.1
©) 42.7
(D) 50.4
(E) 61.8
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(1.7) A material point travels along a curved trajectory. On a curved section with
a radius of curvature equal to R = 1 m, the scalar velocity is +/3 m/s. The
acceleration vector forms an angle of about 37° with that of the velocity. What
is the value of its acceleration in modulus?

(A) 100 m/s?
(B) —4 m/s?
(C) Sm/s?
(D) 2 m/s?
(E) 11.3 m/s?



Chapter 2 ®)
Dynamics of a Material Point e

The first law of dynamics

In an inertial reference frame, a free body moves in uniform rectilinear motion. If
the speed of motion is zero, the body is at rest.
The momentum is:

7 =m7 (2.1)
Principle of conservation of momentum: The total momentum of the isolated
system (where bodies are subjected to mutual interaction) is conserved.

The second principle of dynamics

It introduces the concept of force that expresses the interaction between bodies and
accounts for the variation of momentum:

- d 7
F=— 2.2)
dt
The third principle of dynamics
For a two-body system:
— —
Fi,=—-F, (2.3)

The third principle is also known as the action-reaction principle.

7’) 1 acts on body 1 by the effect of body 2; 7’)2 acts on body 2 by the effect of
body 1.

Food for thought: There are fluids that do not follow the second principle: For weak
forces they are strong, while they become tougher for stronger forces. They are called
non-Newtonian fluids. An example is the corn starch in water.
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16 2 Dynamics of a Material Point

1

74

v

Fig. 2.1 (left) Equilibrium between the weight force W and the normal constraining rection r N

for a body resting on a table; (right) equilibrium between the weight force W and the tension 7) of
an ideal rope (inextensible and of negligible mass) for a body hooked to the rope

Types of forces
Weight force

W=mg (2.4)

With the modulus of the gravitational acceleration, g = 9.815%1, such force is
directed toward the center of the Earth, the largest gravitational attractor in the
majority of the systems studied.

Constraining reactions

Such forces represent constraints, i.e., those forces whose effect on the motion of the
body consists in limiting the motion to a certain region of space.

If a body is resting on a table, which in turn is resting on the Earth’s ground with
the upper face normal to gravitational acceleration, the weight force W due to the

body is in equilibrium with the normal constraining reaction 7?) ~ due to the table
(Fig. 2.1):

— - =
Fii=W+ Ry=0 2.5)

The same can be said for the tension T of an ideal rope (inextensible and of
negligible mass) to which a body of mass m is hooked (Fig. 2.1).

Food for thought: What is the origin of the constraining reaction? A body on a table is
not traveling toward the center of the Earth, but it is “blocked” by the table. This happens
because the table, as other objects, is kept together by the chemical bonds, related to the
electromagnetic force, which is much stronger than the gravitational force.
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Sliding friction

The interface between two materials is not completely flat. The more the roughness,
the more the friction.
Static sliding friction:

— — .
‘ R 7max| = Ws RN‘ with0 < u; < 1 (2.6)
Dynamic sliding friction:
— — )
B | = ua| B | with ug < 1 2.7)

Ws is the static sliding friction coefficient, while p, is the dynamic sliding friction
coefficient. The two coefficients are effective and depend on the type of interface.

Viscous Friction (Stokes’ Law)
The friction due to the motion in a medium can be described with Stokes’ law:

—

F =—-B7 (2.8)

B is a dissipative term (empirical, depends on the medium).
Elastic force

With a spring, or with an elastic material, the force depends linearly on the elongation/
compression of the spring/material. Elastic force is described via Hooke’s law (u?
tensio sic vis: where there is tension there is a force):

F =—k7 (2.9)
k is the elastic constant, in N/m. k is a phenomenological value that depends on the
material and the configuration of the spring.
With
7 =1 -y, (2.10)

Iy is the equilibrium length of the spring.
Springs in series:

1 1
k_:ZF (2.11)

eq i
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Springs in parallel:
keg =Y ki (2.12)

With a body attached to a spring, constrained to the other side, harmonic
motion can occur for the body left oscillating after elongating or compressing the
spring:

d*x ~ )
mﬁux = —kxu, = —mw-x; (2.13)

(pulsation w = /k/m; period T = 2m\/m/k).

Simple pendulum

A body with mass m is attached to a point by an inextensible and massless rope. With
the second principle of dynamics, we can describe the forces:

ma=T-W (2.14)

Thus, acceleration on a portion of the circumference occurs:

ds 1/ds\?
—_ A A
a = WM[ + 7(5) uy, (215)
It is a harmonic motion:
a*y
|— = —g? 2.16
12 g (2.16)

withw = /g/land T = 2n./1/g.

With a spring free to oscillate, different types of harmonic motion can occur,
depending on possible frictions and interactions that force the oscillation (Figs. 2.2,
2.3 and Table 2.1).

Examples

(E2.1) Two springs in parallel with elastic constants k; = 1 N/m and k, = 3 N/
m, respectively, are in series with a third spring with elastic constant k3 = 4 N/m.
Calculate the equivalent elastic constant of the whole system.

Solution
Springs 1 and 2 in parallel:

keq,parullel = Zk, = kl + k2 = 4 N/m

L
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Fig. 2.2 A (left) Damped harmonic motion with viscous friction. (right) Damped harmonic motion
with sliding friction

Fig. 2.3 Amplitude x as a
function of the frequency w
for the forced-damped
harmonic motion

Springs 1 4 2 in series with spring 3:

1 1
P

eq i

keq,series = T 1 2N/m

keq.parallel k3

(E2.2) A simple pendulum, with a body attached to a 5 m long rope, starts to oscillate
with an oscillation amplitude of 1 m. Determine the maximum modulus of the velocity
of the body in the oscillation.

Solution

In such a harmonic oscillator, the velocity is given by

= B pwsentor + )
v,—dt— wsen(wt + ¢
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Table 2.1 Different types of harmonic motions

2 Dynamics of a Material Point

Motion type Motion equation Features
: 2. A ~ .o _
Harmonic m%ux = —kxily = —Pulsation: wg = /k/m
—maw?x; —Period: T = 2w /m/k

Damped harmonic (with viscous
friction, Fig. 2.2, left)

ey Ban kg

drz m dt

A=L 4k

m

Three cases:

—A < 0: underdamped,
oscillation with exponential
damping (exponential envelope
function of oscillation)

—A = 0: critical damping, returns
to equilibrium as fast as possible
without oscillating

—A > 0: overdamped, returns to
balance without oscillating

Damped harmonic (with sliding
friction, Fig. 2.2, right)

x4k, o MDRN _
+mx+ m =0

Oscillation with linear damping

Forced harmonic

|
+
Sl
=

|
S|

—F = Fycos(wt) forcing (in
general w # wp)
—Oscillation amplitude

Fo
m (wﬁ —&)2)
—For w — wq: resonance that
leads to rupture x — oo

X0 =

Forced-damped harmonic

2
dx—i—ﬁdl—kﬁx:F

dr? m dt m

—F = Fycos(wt) forcing

—For we have w — woXx;qy [as in
Fig. 2.3, peak resonance of
function x (w)]

In a simple pendulum

Thus

w =

g/l

v = —A@sin(@t + qb)

In this case the initial phase ¢ is zero. Moreover, the maximum of the velocity
function relates to the si n(./ g/ lt) = 1, which means angle 0, i.e., the body at the

9.8m/s?
v = AVg/l = 1m,/5Lm/S — 1.4m/s

equilibrium position.
Thus
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(E2.3) A block of m = 5 kg is resting on an inclined plane with angle a. There
is friction between the block and the interface, and the coefficient of static sliding
friction is g = 0.2. What is the minimum angle for the block to slide?

a

l W=mg

Solution
% .
) F f‘ = mgsina
ﬁ
R N‘ = mgcosa

For the friction at the interface

ﬁ
‘Ff = us|Rn

Ry
— —
‘Ff‘/‘ RN‘ = tana, thus

s = tana

And consequently

o =tan"'uy = 11.31°
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(E2.4) Two masses m; and m; hang from the two ends of a wire, inextensible and
of negligible mass, passing through a pulley. If the ratio of its masses is my/m; = 3,
find the acceleration with which the two masses move.

Solution
T —mig=ma
myg — T = mpa
With T
T =ma+mg
T =myg —mpa
mia +mg = myg — maa
mia + mpa = mpg —mg
(my +my)a = (my —my)g
Thus
mp
=T mlg =m 8
my + my P
_ 3—-1 _ 1(98m>_49m
T3 8T U e) T
Exercises
(2.1) A watchmaker wants to adjust a pendulum clock that accumulates a delay of

2.2)

one minute every hour. The pendulum consists of a mass m hanging from a
wire of length L. What adjustment can the watchmaker make?

(A) Shorten the thread by 3.3%
(B) Lengthen the thread by 5.2%
(C) Shorten the thread by 4.8%
(D) Lengthen the wire by 6.7%
(E) Lighten the mass by 8.2%

In harmonic motion, the second derivative, with respect to time, of displace-
ment is.

(A) asits velocity
(B) as the displacement multiplied by ?
(C) as the displacement multiplied by —1
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2.3)

2.4

2.5)

2.6)

(D) as the displacement multiplied by w
(E) asits velocity multiplied by w

For the work of the sliding friction force, which of the following statements
is false?

(A) itdoubles if the trajectory traveled is doubled

(B) itis negative

(C) its calculation shows that the frictional force is not conservative

(D) itis independent of the scalar product between force and displacement
(E) itis directly proportional to the modulus of the constraining reaction

What is the unit of measurement of the elastic constant k of a spring (remember
Hooke’s law)?

(A) N*m
(B) m%/N
<O s

(D) N

(E) Ns*/ms*

A marble is launched down a ramp of length L = 2 m inclined at an angle
o =45° to the horizontal with velocity vO = 15 m/s. Knowing that the dynamic
friction coefficient between the ramp and the marble is worth pd = 0.2 for
the first meter of the ramp and wd = 0.4 for the second meter, the speed of
the marble at the top of the ramp is.

(A) 11.445 m/s
(B) 4.765 m/s
(C) 13.745 m/s
(D) 9.375m/s
(E) 6.035m/s

All springs in this scheme have k = 1 N/m. The equivalent spring constant

Keq i8.

(A) 1N/m
(B) 3N/m
(C) 6N/m
(D) ¥2N/m
(E) 2/3N/m
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(2.7) What is the pulsation of the system in the figure?
(k; = 100 N/m; ko = 150 N/m; k3 = 80 N/m; M = 12500 g).

(A) 26.40 rad/s
(B) 2.74 rad/s
(C) 1.66rad/s
(D) 5.14 rad/s
(E) 10.43 rad/s



Chapter 3
Work and Energy

®

Check for
updates

A body is moved under the effect of a force. The elementary work is defined as

SW=TF -d7
- which relates to the scalar product between two vectors:
W = ’?“d?’cmﬁ

¥ is the angle between the two vectors.

3.1)

3.2)

The integral work is given by the integral between the force and the displacement.

In general, the work depends on the trajectory of the displacement y

Ways = / F.d7
Ay B
The power is given by
SW = dT
P=—=F.—
dt dt

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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Living forces theorem (relation between work and kinetic energy):

LAyB= /SLZ dekZEk,B_Ek,A (36)

AyB AyB

Proof

The living forces theorem can be easily demonstrated by introducing the projection
of the applied force in the direction of the displacement Fr (T relates to the direction
tangent to the displacement):

d
8L = Frdr = mardr = md—l;dr

dr
=m—dv = mvdv (3.7
dt
Luy,p = /mvdv = —mv3 — lmv2
y 7"V T 5MMVA
Ay B
=Eip— Exa = AE; (3.8)

If the calculated work does not depend on the trajectory, but only on the initial
and final positions, the force is conservative.
Potential energy for conservative forces:

SL = —dE,(7) (3.9)
Weight force:
Force directed along —z:
F = (0, 0, —mg)(Fig. 3.1)
Lays= | F-d7 = | m% -d7 (3.10)
AyB AyB

Considering that the weight force has nonzero component only along —z, and dr
(for the monotonic trajectory in the figure) has projection along the z-axis (positive
direction, hence +z), therefore, the scalar product in the integral can be rewritten:

ZB

Lpoyp=— / mgdz = —mg/dz

AyB ZA
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Fig. 3.1 Weight and y4 A
displacement d 7 in an

arbitrary trajectory between /
point A and point B A

<

27

= -—mg(zp —z24) =mg(za — 2p)

Lap=—AE, = AE, =mg(zp — 24)
If zo = 0 (ground level),
E, =mgz
Elastic force:

F = (—kx, 0, 0).
Force along —x:

1 1 1 1
= —<—kx129 — —kxi) = Ekxi — Ekx,zg
1 2 2
LAB = —AEP = AE[, = Ek(XB —)CA)
Setting to zero the energy for the spring at equilibrium length:

1
Ep = Ekxz

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Sliding friction:
LAyB: /?d_r):— MdRNﬁy'd_r)
Ay B Ay B
= —uaRy | ty-d7 (3.17)
AyB

(with constraining reaction Ry from A to B).

u, depends on the trajectory.
The displacement is

d7 = Vdt = vii,dt (3.18)
Thus, Eq. 3.17 becomes
— LAyB = —UqRy / it\vl) . it\vdt (3.19)
AyB

in which (it\u . ﬁv) = 1. Finally,

Liya = =ay [ vt = ~paRutan (3.20)
Ay B

where £ 4, p is the length of the trajectory. Different trajectories can lead to different
£, B and, consequently, to different values of the work of the sliding friction. Thus,
the work of the friction depends on the trajectory chosen to reach B starting from A
and, consequently, the sliding friction is a non-conservative force.

For a conservative force on any closed trajectory (e.g., from A to B, then from B
to A):

Lcloxedtrajecmry = Lap+ Lpa

B A
=/ ?-d?+/ F 47
A B

=7§Tv’.d—r’=o (3.21)

since

B A
/?-d?:-/?-d?’ (3.22)
B
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The total work done by a conservative force, when the path is a closed loop, is
Zero.

Food for thought: It is possible to determine the force from the potential energy
using the derivation, i.e., the spatial variation of the potential energy:

dE
F=— dr”7F (3.23)

The correct mathematical operation is the gradient:

- —
F =—gradkE,=—-VE,

0E, 0E, 0E,
=—|—U,+— + — 3.24

( X ! ay “y 0z e (529
Principle of conservation of mechanical energy

If only conservative forces act on a body: dE = 0. If both conservative and non-
conservative forces act on a body: dE = SLNC.

Mechanical energy of harmonic motion

The mechanical energy of harmonic motion can be determined knowing that there
is only a conservative force (i.e., elastic force) and, thus, there is a conservation of
energy

1 1
E=E+E,= Emv2 + Ek}c2 = constant (3.25)

Thus
1 . 5
E = Em[—Aa)sm(a)t + @)l
1
+ Ek[Acos(a)t + o)
1 2.2 .. 2
= EmA w”sin (ot + ¢)
1
+ EkAZcosz(wt L) (3.26)

Knowing that »* = £ — m = £
m w

1k 2, °
E=—-—A o’sin (ot + ¢)
2 w?

I 5 2
+ EkA cos (wt + @)
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_1 2 2 )
= 2kA [cos® (ot + ¢) + sin’ (ot + ¢)] (3.27)
cos®(wt + ¢) + sin*(wt + ¢) = 1. Thus

1 2
E = kA (3.28)

Examples

E3.1) A body of 2 kg, under the effect of a force, accelerates with a = 3 m/s2. The
angle between the acceleration and the trajectory of the body is constantly /3. If
the displacement of the body is s = 5 m, how much work is produced by the body?

Solution

The work is
B
2 =
Lap=| F -d7¥ =mascos(m/3)
A

= (2kg)(3m/s*)(5m)0.5 = 15J

E3.2) A ball with a weight of 100 g is thrown upward by accompanying it 40 cm
with the hand. When the ball leaves the hand, its velocity is 10 m/s. Find the force
exerted by the hand and the height reached by the ball (setting the zero to the point
where the hand and ball start to move).

Solution

Setting the z = O m where the hand and ball start to move, we have in this scenario
Ei=E; +Ep’1 =0+0
When the ball leaves the hand:

Ey=Ep+E,»
= (0.5)(0.1kg)(100m*/s*) + (0.1kg)(9.8 m/s*)(0.4m)

=35.39J

This difference in energy E, — E; is equal to the work done by the hand along
the displacement Ak = 0.4 m:
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W=E,—E =E,=FAh
Thus
F=E;/Ah =5.39J/04m = 1347N

The maximum is reached by the ball when all the kinetic energy Ej  is converted
into gravitational potential energy:

Er> = (0.5)(0.1kg)(100m*/s*) = 0.5mv3 = E, 3 = mgAh’'

Thus

The total height is

Ahpay = Ah+ AW =51m+04m=55m

E3.3) Two springs in parallel, with spring constant k; = 1 N/m and k, = 3 N/m,
respectively, swing a 1 kg body. If at a certain instant the body, at a distance x =
1 m from the equilibrium position, moves with a velocity of 1 m/s. Determine the
maximum amplitude of oscillation of the body.

Solution

The equivalent elastic constant for the systems of springs is

keg = ki 4k, = 4N/m

Consequently:
1 1 1
Ekquz = Ep + Ek = Ekeqxz + EWEU2
1 2 1 2
= 5(4N/m)(l m)” + E(l kg)(1 m/s)
=2J+05]=25]
Thus

Az\/2(Ep+Ek) :\/2(2.5J)  Lo6m

keq 4N/m
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E3.4) A 70 kg American football player runs with the ball at a speed of 5 m/s. He

is stopped in 1 s during a tackle. How much is the average power developed during
the tackle?

Solution

In the tackle, a deceleration occurs:
s = vt — —at’
2
Thus, the power is

_1
P=£=E=M=F<v—%at>

The force is the momentum over time F* = #* (it is an average force). Thus

P_mvtvl _ Ult
AV A VR

= (0kg)(5 ?)[Sf - %(5?)(1 s)] =875 W

E3.5) The potential energy is described as a function that includes the following
points:

Position x (m) Potential energy (J)
=5 25
-3 9
1
16
36

Find the force that is related to such potential energy.
Solution

It is evident that the potential energy is described by a parabolic function
E, = Ax?

withA =1N.
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The force can be found from the potential according to the relation

7o 9y
dr
Thus
dE
F=-2007 - i,

dx
Exercises
(3.1) A mass of 500 g compresses by 5 cm a spring of elastic constant 200 N/m

(3.2)

(3.3)

attached to the lower end of a plane inclined 60°. If the coefficient of kinetic
friction between the plane and the mass is 0.3, determine the maximum height
reached by the mass once it is left free.

(A) 12cm
(B) 0.02m
(C) 0.6m
(D) 4cm
(E) 22cm

An object of mass m = 4 kg is thrown along an upward-inclined plane. The
inclined plane is 2 m high and forms an angle with the ground of 30°. The
initial speed of the object is 15 m/s. How long does it take to reach the top of
the inclined plane?

(A) 0.11s
(B) 0.28s
(C) 0395
(D) 0.54s
(E) 0.68s

A marble is launched down a ramp of length L = 3 m inclined at an angle o
= 45° to the horizontal with velocity vo= 20 m/s. Knowing that the dynamic
friction coefficient between the ramp and the marble is worth pg= 0.3, deter-
mine the velocity in m/s with which the marble reaches the bottom of the
ramp.

o

d
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(A) 12.50
(B) 18.60
(C) 23.80
(D) 27.20
(E) 32.10

(3.4) Calculate the distance from ramp d where the marble falls to the ground (in
m) in problem 3.3.

(A) 15.43
(B) 21.98
(©) 37.27
(D) 42.09
(E) 51.35

(3.5) A 70 kg skater is at the top of a U-shaped ramp at a height of 10 m. If the
bottom of the ramp is at a height of 0.5 m, what is the maximum velocity
reached by the skater?

(A) 13.65m/s
(B) 25.63 m/s
(C) 30.04 m/s
(D) 37.12m/s
(E) 41.96 m/s

(3.6) Which of these statements is false for power?

(A) itis the derivative of work with respect to time
(B) its unit of measurement is the watt

(C) itis the scalar product of force times velocity
(D) itis the scalar product of force times space

(E) its unit of measurement is Joule/second



Chapter 4 ®)
Systems of Material Points ez

The second principle of dynamics for systems of ith material points is given by

—
d2 ri
dr?

ﬁ ﬁ
Fizmiaizmi

4.1)

which relates to N second-order vectorial differential equations (=3N scalar
equations):

3 — d*x;
i’;thmtax,iZmﬁu

— d*yi ~
Fyi=mid,y;=mZuy 4.2)
- — d’z
Foi=mid ;=m;3u;

The description of this system can be very complex. For many material points
(=3), the system of scalar equations can be solved numerically. A particular system
is the rigid body, which is a system of material points in which the mutual distance
between any two points remains constant during motion (Chap. 7).

External and internal forces should be defined:

-  =E =
Fi=F,

i i

4.3)

The internal forces relate to the interaction between the bodies of the system. Due
to the third principle of dynamics,

— 0 NS
Fo= Y f,;=0 (4.4)
i’ j =
i #J
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 35
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Thus, only external forces remain.
Consequently, Euler’s first law is written as

—E  dq
= — 4.5)
dt
The system of material points keeps being very complex to be studied. A useful
tool is the introduction of a point that takes into account the whole system. Such a
point is the center of mass.
The center of mass is defined as

ey ==t 1 (4.6)

Thus, it is possible to introduce the center of mass theorem:

(E) d
T = EM_JCM = MTen 4.7)

4.1 Collisions

For a system where external forces are not applied,

&  dq
7= d_ct] =0— ¢ = constant (4.8)

In such a system, collisions can occur between material points. It is possible to
distinguish between elastic collisions and inelastic collisions. In the elastic collision,
momentum and kinetic energy (of the system) are conserved:

—in —in — fin — fin
muv, +myv, =mv; +mv, 49
1 | in? _ 1 fin* | 1 in’ (4.9)
sMivy + 5movy = 5mivy .+ 5Mav;

In a head-on collision, the vector equation for the momentum (in Eq. 4.9) becomes

a scalar equation (Fig. 4.1):

in in __ fin in
myvy +myvy = myvj —i?—mzvz (4.10)
Lol 4 Youin® = L /™ 4 Ly in* '
21 2M2by = M 22

In the case of inelastic collision, the kinetic energy is not conserved. Part of
the energy is converted in heat, sound, and deformations of the colliding bodies.



4.1 Collisions 37

Fig. 4.1 Sketchof a m,
head-on collision -
{ ;'
L%/W
v -~
1 i
m, /
A4

A particular case is the perfectly inelastic collision, in which two colliding bodies
become a single body. Thus

o] " =" = pfin (4.11)
‘With the momentum conservation:
mvi" + myvi" = (my + my)v’" (4.12)

Impulse theorem: the second law of dynamics implies that the impulse of a force
applied to a material point causes the change in momentum:

dq = Fdi 4.13)
It 77) 4 1s the force acting on the body B because of the interaction with the body
A, the impulse related to this force is given by

o+t
— — ; ;
A= / Fapdt =mpa 0" —mav" (4.14)
to

Analogously, if F pa 1s the force acting on the body A because of the interaction
with the body B, the impulse related to this force is given by

1h+T
—> —> i i
1 g = / F padt :mB_v)f;m —I’I’lB_U)ll;1 4.15)
]
. — — — —
Since FABZ_FBA’ IAZ—IB.

For each of the two bodies, there is a change in momentum Aﬁ) (the momentum
of the system is conserved). If we assume that the collision occurs instantaneously,
per Tt — 0, F — oo (where T is the collision duration).
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In reality, the collision occurs in a time interval small but finite. Thus, the value
of the force will then be very large, but finite. Forces that take on very large values
for short time intervals are called impulsive forces.

Examples

(E4.1) A toy car of mass m; = 50 g travels on a magnetic track at speed vy = 2 m/s.
At time ¢t = 0 s, a switch “turns on” on the magnetic track a force that is impressed
on the toy car. The force has the trend shown in the graph in the figure.

Force (N)
(%] w

-

0 0.05 010 0.15 0.20
Time (s)

What is the speed of the little car after the force is turned off?
Solution

The impulse of the toy car

t=0.2s
I = /th=(7N)(O.2s)=1.4Ns

t=0s

Is equal to the momentum variation:
m
I =myvy —mvy =0.05,kg-v; —0.05kg -2— =14 Ns
s

Thus v = 267.

(E4.2) The toy car in Example E4.1 bumps into and hooks onto another toy car of
mass mp; = 100 g. What is the loss of kinetic energy?

Solution

The momentum conservation is
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— fin
mivy = (my + ma)v

So
i mivy
Ufzn
my +my

Thus v/" = 8.67%.
The loss of kinetic energy is

! st _ 1 2
AE = E(I’H] ~|—m2)v - Emlvl = —28.16]

(E4.3) The mass of an automobile is 1500 kg. If the automobile has a constant speed
of 20 m/s, what is the impulse required to make its velocity reach 5 m/s?

Solution

The module of the initial momentum 7 ; of the automobile is given by
N Jkgm
|'q ;| = mv = (1500kg)(20m/s) = 3 x 10" —=——
s

The module of the momentum |?f| when the velocity of the automobile is
S5 m/sis

) K
|G| = mv = (1500kg)(5m/s) = 0.75 x 104%

The impulse to change the velocity of the automobile is given by the difference
in the momentum

K K
I=q;—g =3x10" "2 —075 x 10*~20
N S

K
=225 x 10422
S

(E4.4) Given three material points of masses m; = 3.2 kg, my = 4.7 kg, and m3 =
5.3 kg, having, with respect to a Cartesian axis system, coordinates P; = (—1; 0), P,
= (0; 2), and P3 = (1; —1), respectively. The coordinates of the center of mass are.

(A) (0.25;1.25)

B) (—0.64;2)

(C) (0.16; 0.31) (correct answer)
(D) (0.55; —0.42)

(E) (—0.45;0.76).
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Exercises

(4.1) A body of mass m; = 3 kg is thrown with velocity vi = 8 m/s on a rough
plane with dynamic friction coefficient ©; = 0.2 against another mass m, = 2 kg at
distance d| = 60 cm from the first, against which it bumps completely inelastically.
At distance d, = 30 cm from m,, there is a spring of elastic constant k = 100 N/m.
How fast do the masses begin to move after the impact (m/s)?

d d, k
OO
Hg

(A) 5.25
(B) 4.71
(C) 623
(D) 8.45
(E) 4.80.

(4.2)) By how much does the spring compress in problem 4.1?

(A) 045cm
(B) 1.3cm
(C) 0.56m
D) 241 m
(E) 0.93m.

(4.3) A capital of mass 150 kg laid on a column explodes into 2 pieces: 50 kg falls
3 m north of the column. Where does the remainder of the capital fall?

(A) 6 m north
(B) 1.5 m south
(C) 1.5 m north
(D) 6 m south
(E) 3 meast.

(4.4)) A marble with mass m; = 2 Kg is launched along a smooth plane where it
collides in a completely inelastic manner with a mass m, =3 Kg at the foot a rough
ramp of length L =2 m inclined at an angle o = 45° to it. Knowing that the dynamic
friction coefficient between the ramp and the marble is worth p©; = 0.2, determine
the minimum speed of the marble m; to travel the entire ramp.

(A) 30.74 m/s
(B) 11.45m/s
(C) 24.56 m/s
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D)
B

16.45 m/s
14.43 m/s.

(4.5) For an inelastic shock, what is not true?

(A)
(B)
(©
(D)
(E)

Momentum is conserved

Some of the energy can be converted into heat

Part of the energy can be converted into acoustic waves
Mechanical energy is conserved

Bodies, by colliding, can deform themselves.

(4.6) The principle of conservation of mechanical energy states that

A)

(B)
©)

D)

B

the change in mechanical energy is due only to the work of non-conservative
forces

the change in mechanical energy is due only to the work of conservative forces
the change in mechanical energy is due to the work of both non-conservative
and conservative forces

the change in mechanical energy is due only to the elastic force, weight force,
and gravitational interaction

the change in kinetic energy is equal to the work done by the forces, provided
that the potential energy is zero.
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Gravity ot

5.1 Kepler’s Laws

(1) The planets describe elliptical orbits in which the Sun occupies one of the two
foci.

(2) The vector radius that joins the center of the Sun to the center of the planet
describes equal areas at equal times (i.e., the areolar velocity, in m?/s, of the
planets is constant).

(3) The squares of the periods of revolution are proportional to the cubes of the
major semi-axes of the orbits:

T2 = ka® (5.1)

5.2 Determination of the gravitational interaction

From Kepler’s laws, we can derive the trend of the forces of gravitational attraction
as a function of the distance between the masses.
Let us make two approximations:

(1) Consider a planet describing a circular orbit of radius R. We can see a circular
orbit as a special case of an elliptical orbit in which the semi-axes, major and
minor, are equal. Given the small eccentricity of the elliptical orbit of planets
in the solar system, the approximation is acceptable.

(2) Welimit ourselves to the two-body Sun-Earth system. The solar system includes
many more bodies (Sun star, eight planets with satellites, nano-planets like Pluto,
Eris, Haumea, etc., and many other smaller bodies), but the interaction, between
Earth and, for example, Moon, is much weaker than the interaction between
Earth and Sun. Therefore, the second approximation is also acceptable.
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By Newton’s second law, it turns out that the planet moves with constant velocity
as it travels along its orbit (uniform circular motion, in which the contribution of the
acceleration is only normal to the Earth’s motion):

v2

%
‘F‘:ma;v:mE (5.2)

Recalling the relation between velocity and period in the uniform circular motion:

27 R v? 47%R
v=— > F=m—=m
T R T?

(5.3)

By Kepler’s third law (T2 = kR>, where k is a constant of proportionality):

=m4n’R— = m— (5.4)

Let us apply the third principle of dynamics to a system composed of two bodies
(e.g., Sun-Earth):

— Force acting on Earth due to the Sun’s mass:

47’
Fr.s =mri— (5.5)
T
— Force acting on Sun due to the Earth’s mass:
4r?
Fsr = ms g2 (5.6)
s

From the third principle of dynamics, it is known that these two forces in modulus
are equal:

Frs = Fst — mrks = mgskr (5.7)

It follows that the product m;k; is constant for each pair of bodies 7 and j.
By introducing a constant y such that

47’ 4n?  4An?
y = = = (5.8)
mTkS mskT mikj

it is possible to write the law of gravitational interaction (proposed by Newton in
1687):
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m;m;
2
ij

F=y (5.9)

r

Knowing that centripetal acceleration is directed toward the Sun, which is at the
center of the circumference, we can say that the vector F' describes an attractive
force directed along the conjunction between the two bodies. Therefore

— mim;j
F=—y 12 L4, (5.10)
ij

So the gravitational force (or interaction) is directly proportional to the masses
of the interacting bodies and inversely proportional to the square of the distance
between the interacting bodies:

¥ = 6.67 x 10-11 Nm?/Kg? is the universal gravitation constant (measured by
Cavendish in 1797-1798). In many textbooks, the universal gravitation constant is
denoted by the symbol “G.”

Food for thought: Two anomalies of Newton’s law of gravitational interaction have been
experienced in the history of science, leading to two opposing outcomes. The first anomaly
concerns inaccuracies in describing the orbit of Uranus. Such inaccuracies, instead of falsi-
fying the validity of Newton’s theory, led to the discovery of Neptune (1845). The second
anomaly concerns Mercury’s perihelion (closest point of the planet to the Sun), which is
closer than predicted. This anomaly supported Einstein’s formulation of general relativity:
a shorter perihelion of Mercury can be explained by a greater curvature of space-time close
to a large mass like that of the Sun.

To confirm the validity of the gravitational interaction also in the case of elliptical
orbits, it is useful to introduce the angular momentum:

LT=0Pxq=Txq="7xm? (5.11)

where QP is the distance between a pole €2 and the point P.
The torque is given by (Euler’s second law)

- d7 - - dv
L=—xmv+7¥ xm— (5.12)

— d
M= —
dt dt dt

For fixed pole the first term is zero, therefore

ﬁ
T o7y V) o dd

—_
=M (5.13)
dt dt

N

Food for thought: In the case of a mobile pole, the material point P is defined by
the vector 7 from the pole O (fixed)and by the vector 7/ from the pole O’ (mobile).
The position vector of O" with respect to O is 7o

T =Fo+T (5.14)
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Tr=7 -To (5.15)

- — — - = —
L0,=r/><mv=(r—r0,)><mv (5.16)

. —
Derivate of L ¢,:

—_
dLo d

dt dt
= X — ;) X
ar m v +(r ro) ar
d7 d
=d—’;xm_v)— ;tO/xm_v)—i—(?—T)o/ X md
dr o
=T xm7V — :lto _)+(7—_r)0,)x?
d?o/ — —>
=— xmv + Mo, (5.17)
dt
Thus
- —
dL o dr o Y
= — M o, 5.18
dt dt xmv + Mo ( )

Central force: The pole coincides with the center of force. The areolar velocity is
given by o = dA/dt.
The modulus of the angular momentum can be written as

dd 2dA  2mdA
L =mr*— = mr? _ nan (5.19)
dt r2dt dt
In the case of central force:
o = constant — L = constant
[Alternative demonstration:
M=7xF = |7’|‘? Asind, r (5.20)

Since F is a central force, the angle between and is 0°, so the sine of the angle

. - 7 —
s zero. So M = e 0 — L = costant. |
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5.3 Potential Energy for Gravitational Interaction

It can be easily seen that the work of the gravitational interaction does not depend
on the trajectory. The work is

Lag = —AE, (5.21)

The difference in potential energy is

mim mym
AE,,:V 1mz  ymny

(5.22)

r rn

ymimy

Ifri — 00, AE, = —
r

Food for thought: With the conservations of the angular momentum and the
mechanic energy

(5.23)

it is possible to derive a more precise formulation of the potential energy, i.e., the
effective potential energy. The mechanic energy can be written as

E = Ek,radial + Ep,effcctive (524)
with
|
Ej radial = Fmr (5.25)
L? mM
Ep,effective = W - )/T (5.26)

In the figure, the black curve is the effective potential energy, while the red curve
is the potential energy.

The effective potential energy has a vertical asymptote near the origin, an area
of positive concavity with a point of minimum, an ascent as r increases tending
asymptotically to zero (Fig. 5.1).

The orbit of a body subject to central force inversely proportional to the square
of distance can be described by a conic function:

(1 —e?)x? +2epx +y* = p? (5.27)
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Fig. 5.1 Potential energy of w103
the gravitational interaction
(red curve) and effective
potential energy of the 1
gravitational interaction (red
curve). 0.5
3z
0
d
o
w
-0.5
-1
«1.5 1
0 5 6 7
11
r (m) x10
with
L? /1 N 2EL?
= —’ E = —,
P =k mk?
k=ymM;E=E +E, (5.28)

The type of orbit depends on the eccentricity € of the conic function:

e ¢ > 1: Hyperbolic orbit;
e ¢ = |: Parabolic orbit;;
e 0 < ¢ < 1: Elliptical orbit.

With & = 0, the conic function is simply x? + y?> = p?, i.e., a circumference.

5.4 Fundamental Interactions

Four fundamental interactions have been identified to explain phenomena in nature:

(1) Gravitational interaction: attraction between( masses.

(2) Electromagnetic interaction: electric charges repelling each other (same sign) or
attracting each other (opposite sign). Protons are characterized by an irreducible
amount of positive charge +g = 1, 6 x 10-'9¢, , C stands for Coulomb, a unit
of charge measurement), while electrons are characterized by an irreducible
amount of negative charge (—g = —1,6 x 107'°C).
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(3) Weak interaction: interaction between sub-atomic particles responsible for the
radioactive decay of atoms.

(4) Stronginteraction: interaction that holds quarks together in protons and neutrons
and binds protons and neutrons in nuclei.

In recent years, the last three interactions, electromagnetic, weak, and strong have
been unified with the standard model. However, it is not yet possible to find a model
that takes into account all four interactions simultaneously.

One reason for this is the “weakness” of the gravitational interaction compared
to the others.

5.5 Comparison of Gravitational Force and Electrostatic
Force

A simple comparison is between the attractive electrostatic force between a proton
and a neutron, and the gravitational force between the masses of the proton and
neutron, in the hydrogen atom. The hydrogen atom can be schematized very simply
with a microscopic solar system in which the proton in place of the Sun and the
electron as a planet revolve around the Sun traveling in a circular trajectory.

[In reality, the electron does not travel in a circular trajectory, but moves with
a random motion in a region of space around the nucleus. That region is called an
orbital and can be determined by solving the Schrodinger equation for the hydrogen
atom. ]

The attraction between the proton and the electron is determined by Coulomb’s
law:

1 _
F,= =0, (5.29)
drrey 12

Note that the formula is very similar to that of gravitational interaction. In this
case, the force is attractive because the proton and electron charges are of opposite
sign.

Data for the hydrogen atom (proton + electron):

m, (electron mass): 9 x 107! Kg

m, (proton mass): 1.7 x 10" Kg.

Nucleons and electrons have both charge e = 1, 6 x 107'°C, but with the opposite
sign.

The vacuum dielectric constant (or dielectric permittivity) is ¢g = 8.85 x
10712C%/Nm?.

The moduli of the two forces are

2
q mpynt,

¢~ 471’80}’2; T2 (>-30)
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And their ratio is

2
F, elettrostatica q

Fgravitaziona]e 4reg ymphi,

~2.3 x 10% (5.31)

It is inferred that matter is held together solely by electrical forces.

In general, an estimate of the intensity ratios among the various interactions tells us
that at the level of distances between bodies of 103 m (1 femtometer, fm) the strong
interaction is about 100 times more intense than the electromagnetic interaction, a
million times more intense than the weak interaction, and about 10*! times more
intense than the gravitational interaction.

5.6 Examples

(ES.1) The square of the semi-major axis of the orbit of planet 1 is twice the square
of the semi-major axis of the orbit of planet 2. The ratio (period T, of revolution of
planet 1)/(period T, of revolution planet 2) is

T} = kaj = k2*%a3
2 3
T; = ka,

T_12 _ k23/2a3 _
T} ka3
T
T

NI

=237 =21 =1.682

(ES5.2) For a 50 kg satellite at an altitude of 100 km, what are the velocity and
period of revolution?

Solution

To find the velocity, it is possible to use the second principle of dynamics:

2
M Earth M satellite v

P = ManN = Mgatellite ——
r r
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MEarth
v=,]y——
r

The radius r is the sum of the Earth’s radius and the satellite altitude, thus, 6371 km
+ 100 km = 6471 km.
In this case

Thus

5.97 x 10** kg

=7845m/s
6471000 m

v = \/6.67 x 1071 Nm?2/kg?

The period of revolution is

2nr _ 276471000 m
v 7845m/s

=5183s

Thus, the satellite makes a loop around the Earth in 1 h, 26 min, and 23 s.

(ES.3) Sunlight takes 1 h, 19 min, and 27 s to reach Saturn. Knowing that the Sun
has a mass of 1.98 x 10°° kg, find the planet’s period of revolution.

Solution

1 h, 19 min, and 27 s corresponds to 4767 s.

In this time, considering the speed of light ¢ = 3 x 108 m/s

s=a=vt=ct
= (3 x 10°m/s)(4767s) = 1.43 x 10" m
where a is the major semi-axis of Saturn’s orbit.

Kepler’s third law states that T2 = ka?.
To find k£, it is possible to use

472

mgunk

Thus

472

msuny

k=

4m° -19 2,3
= o — T & =298 x 1077 s*/m
(1.98 x 10% rextkg) (6.67 x 10~ Nm? /kg?)

Using Kepler’s third law, it is possible to find T

T? = ka®
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Thus
T = Vka’
= \/(2.98 x 107" rexts?/m?)(1.43 x 102 m)’
=9.35 x 108 rexts
Exercises

(5.1) If a planet has a mass that is half that of Earth, to have the same gravitational
acceleration it must have

(A) the same radius

(B) aradius twice as large as that of the Earth

(C) aradius 1.414 times smaller than that of the Earth
(D) aradius half the radius of that of the Earth

(E) a gravitational constant half that of Earth’s.

(5.2) Saturn has an equatorial diameter of 120536 km and a mass of 5,6846x
10% kg. If we were on the surface of Saturn’s equator, how much would the
gravitational acceleration be worth?

(A) 375.9% relative to that of the Earth’s
(B) 12.8 m/s?

(C) 26.6% of that of the Earth’s

(D) 10.8% of that of the Earth’s

(E) 285% of that of the Earth’s.

(5.3) Pluto (m = 1.3 x 10??> kg) and Charon (m = 1.5 x 10%! kg) are 19571 km
apart. Earth (m = 6.0 x 10** kg) and Moon (m = 7.3 x 10%? kg) are 384400 km
apart. Saturn (m=5.7 x 10 kg) and Hyperion (m = 5.6 x 10'® kg) are 1500934
km apart. Order the planet-satellite gravitational interactions by intensity:

(A) P/C,T/L, SN
B) T/L,P/C, S/
(©) S/, T/L,P/IC
(D) S/, P/C, T/L
(E) P/C, S/, T/L.
(5.4) The gravitational acceleration is determined as
(A) g =y Y
%anh

B) g =y
(C) 8=V r,extEEaralzhrlh

— TEarth
(D) g - y MEanh
(E) g= y2 Mg .

I'Earth
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(5.5) If the semi-major axis of planet A’s orbit is 5 times larger than the semi-major
axis of planet B’s orbit, what is the ratio of the two periods of revolution (74 /Ts)
worth?

(A) 55/2
(B) 5
(©) 125
(D) 572/5
(E) 5v5.



Chapter 6 ®)
Relative Motions Geda

In Fig. 6.1, the reference frame O’ is moving with velocity v with respect to the

reference frame O.
The positions can be written as

F =7 -Fo 6.1)

T=7"+To (6.2)
In Fig. 6.2, the reference frame O’ is moving with an angular velocity o with the

respect to the reference frame O:
The positions can be written as

7 =7 (6.3)
with
T = xil, + yil, + zil, (6.4)
and
T =Xty + Yy + 1y (6.5)
Reference frame in roto-translational motion
— Relationship between speeds:
K =—v>/+—v)0r+<5x—r>’) 6.6)
55

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
F. Scotognella, Exercises in Classical Physics—Mechanics and Thermodynamics,
Undergraduate Texts in Physics, https://doi.org/10.1007/978-3-031-35074-0_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-35074-0_6&domain=pdf
https://doi.org/10.1007/978-3-031-35074-0_6

56 6 Relative Motions

/

Vo

Fig. 6.1 Sketch of the reference frame O, moving with velocity vo’ with respect to the reference
frame O

Fig. 6.2 Reference frame O’
moving with an angular

velocity o with the respect P Y
to the reference frame O

A
w
y!
X &
— Relationship between accelerations:
Zz:ﬁ’—i—éo/—l—waW—i—wx(wx?/) 6.7)

. . — — . .
In an inertial reference frame (v o, = costante; d ¢, = 0; @ = 0) the principle
dq _

of inertia applies. For all inertial frames, the second law of dynamics 77) ==

md is written in the same way.
Non-inertial reference frame: (@ o, # Oe/ow # 0), the second law of dynamics

. . . - = - 2
is no longer valid. With @ = 7/—}—70,—1—20) XV/+w x(a) x7/>,1f F=md

in the inertial frame, in the mobile system
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%
F—-mdc—md,=md’ (6.8)

—

— _—
dc=2wxV/

where the complementary or Coriolis acceleratlon
-~ =
and drag acceleration: di=do+ o x (a) X F ’)

—_
InEq. 6.8, there are true forces F plus apparent forces (or inertia forces) m @ ¢
—
andm d ;.

Examples

(E6.1) A scale is in the elevator and a mass of 20 kg is on the scale. Describe the
forces on the non-inertial reference frame attached to the elevator when the elevator
is still, when it is accelerating upward with a = 2m/s?, when the velocity of the

elevator is constant and v = 1m/s, when it is decelerating with a = —2m /s>
r'Y EN
— —]
mg
Solution

Weight of a 20 kg object with a stationary elevator
— — — o
ol 7= 7] - it =0
— —
Ry|=|W|=106n
Weight of a 20 kg object with elevator accelerating upward with a = 2 m/s?
— —
(RN — ‘W‘ = |m(+7)|
—
Bx| = [W|+n(+@)| = m G|+ |m@| = 236N
Weight of a 20 kg object with elevator traveling at a speed of 1 m/s

— —
][] =m0
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Ry|=|W|=196n
Weight of a 20 kg object with elevator decelerating with @ = —2 m/s?
(T?N —‘W‘ = |m(—=7)|
[Ry|=|W|+ (=) =|mG |- m@|= 156N

(E6.2) O’ is a reference system bound to a train that is accelerating with acceleration
a, in the direction +x. In the train a glass is falling down. What is an observer on a
reference system O out of the train? And an observer on the accelerating system O’?

Solution
From O:

The glass is falling in the direction —y and the time needed for the glass to touch the
ground is

t, = ‘/Zh/g

The displacement of the glass in the x direction is zero. Within the time . the
displacement of the train in the x direction is

xo = (1/2)a,t?

When the glass touches the ground, the distance between the glass and the train
is

distance = (1/2)att3 = (1/2)a;(2h/g) = a;h/g

From O':

The acceleration of the glass has two components: a, in the direction —x" and g in
the direction —y’

- ~ ~
a = —au; — g,
The observer on O’ sees an oblique trajectory for the glass.

(E6.3) Derivate Vv = V/+ o x 7/) with the reference frame O’ in rotation with

respect to the reference frame O.
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Solution
I - N
V=—=—=—(XxUy+yuy+zuy
dr — dt dt( XYy <)
dx’ | +dy’A +dz’A n diy 4 ,dily n ,diiy
= —ly+ —ily + —iy +x — 4z
dt " dt Y dt ¢ a7 dt

- _ ax dy' dz
=g 4+ 9Yn+%%y,
The first three terms are v = “uy + Sy + Uy,

o —_
For the other three terms Poisson’s rule can be used: % = Xy, (the rule is
analogous for u, and u,)

s
/!

<!

=V 4+ x/(a xﬁx/) + y/(@ xﬁy,) + z/(@ xﬁz,)
=9 + (5 xx/ﬁx,) + (8 xy/ﬁy,> + (Z) leﬁz,>
=V +ox (x/ﬁx/ + iy + z'ﬁzr)

=V 4+ o xi’

- = ==
Thus .V =7V +wox 7’

(E6.4) Derivate T =d/+20xV/i+ox(ox 7/) with the reference frame O’

in rotation with respect to the reference frame O.

Solution
The velocity, with the reference frame O’ in rotation with respect to the reference
frame O, is
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Thus, the acceleration is

da/d

a=—=— [w—l— (5 x?’)]

& d i~
—E-FE(CUX”)

dv d@xﬁ, (w4
= — _ r _—

dt dt dt

The angular velocity is constant and, consequently, do 7 =0.Since ¥
then

d7' d7 AN
drt :7::7:7+(wx7f)

Thus

Loodv -~ T -~ .,
a=—+{a)x[w+(a)xr>]}
dt
dv’ ~ N -~
:——i—a)XW—}—wx(a)xr)
dt

_dx' o dy dz
= Grily + Gy + Gridz, is

dv' d [dx . +dy’A +dzu
= — | —uy — U — U,
dt dr \ dr dt > dt ¢

Q.I&

(‘2’; ) is the derivative of a product. Also - (‘fj ) and Z; (dz ) Thus

av’ dzx’A d y ; dzz’A N dx' diiy N dy' diy  d7 di.
= Uy + ——Uy + — — —
dt dr? dr2 dr2 % dr dr dr dt dt dt

The first three terms are the components of @ 1. For the other three terms, it is
possible to employ Poisson’s rule:

dav' dx/ dyr (7 A dz (75 oA
ar =ar+ a)xux,)—i—w(a) xuy,)—{—m a)xuz,)

= dx' p Ay Lk
=ar+ a)X(dt Uy + dtu)"+ Uy

To define the acceleration @ , it is possible to state that
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b =—+twxV +a)x<a)x_r)/>
dt
in which
dv’ N
= —i—a)x_v)
dt
Thus,

i=d +oxV +oxi +ox(oxi)=
=d +20xV +o x(@ x?’)
(E6.5) A material point of mass m is resting on the edge of a rotating platform. The

system rotates with constant w. The point is held by an inextensible and massless
wire at a distance r from the axis of rotation. Describe the motion with the wire and
after the wire breaks.

Solution

With the wire:
On O (circumference center, first figure):

T=mi=T=—mw?

ri,
On O’ (on the material point, non-inertial system, second figure):

> > > 2 A
T+ Fcentrifugal =0= Fcentrifugal =mw riy

w
S

w

——— m

centr

3
.
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After the wire breaks:
On O (third figure):

(only tangent velocity)
On O’ (fourth figure):

—

F F —m3d =ma
centrifugal + Coriolis =M d = Mw

- =
ri, —2mao x v’

Centrifugal force and Coriolis force occur.
Exercises

(6.1) In areference system O a marble falls from a height h along -z. What does a
second system O’, moving with constant velocity v in a direction parallel to
the x-axis of O, see?

(A) the marble falls at a distance —h from O’

(B) the marble falls at a distance —v+/2g/h from O’
(C) the marble falls at a distance & from O’

(D) the marble falls in the same position of O’

(E) the marble falls at a distance & from O

(6.2) Achilles with shield runs at 10 m/s. To avoid getting hit by an arrow, Achilles
puts his shield at 45° to the vertical (direction along which the arrow is
coming). The speed of the arrow relative to Achilles is

(A) 10m/s
(B) 20 m/s
(C) 15.78 m/s
D) 9.1 m/s
(E) 14.14 m/s

(6.3) An elevator accelerates and decelerates with equal modulus. A man weighs
himself in these two elevator regimes and weighs 900 N and 700 N,
respectively. What is the mass in kg of the man worth?

(A) 633kg
(B) 78.5kg
(C) 81.6kg
(D) 99 kg

(E) 112.6 kg



Chapter 7 )
Rigid Body i

The rigid body is defined as a system of material points in which the mutual distance
between any two points remains constant during motion.
The three main properties of the rigid body are

(i) center of mass (CM), fixed with respect to the other points of the rigid body

(7.1)

(i) 6°of freedom: Three degrees of freedom are related to translation, three degrees
of freedom are related to rotation;
(iii) internal forces do not do work.

The integral calculation of CM is

1
Fom = —/—r’dm (7.2)
M
if the rigid body is homogeneous (volumetric mass density p = Z—’& = constant):
— 1 —
rcm=—/ rdv (7.3)
Viv

In this case, the position of the center of mass depends only on the shape of the
object.

For three-dimensional rigid bodies: Volumetric mass density p = dm/dV

For two-dimensional rigid bodies: Superficial mass density o = dm/d S

For one-dimensional rigid bodies: Linear mass density A = dm/dl
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For the rigid body (divided in N points) the kinetic energy theorem states that

sl 1
= E(Z m,-rl.z)a)2 = Ela)2 (7.4)
where [ is the momentum of inertia (MI) with respect to the axis z:
N
L=Y mr} (7.5)
i=1

The integral calculation of MI is

I = / r2dm (7.6)

Some examples of calculation of the momentum of inertia are given in E7.1, E7.2,
E7.3.

MI in several homogeneous solids of mass M (z is axis through CM and axis of
symmetry):

Ring: I, = MR? Thin disk: I, = $ MR? Sphere: I, = 2 M R?
Hollow sphere: I, = 2MR? Hollow cylinder: I, = M R? Cylinder: I, = LymR?

Food for thought: It is clear that the examples mentioned above are symmetric
bodies. For non-symmetric bodies, a numerical calculation of the integral I, =
f r?dm can be necessary.

The Huygens-Steiner (parallel axes) theorem states

[ =1,,+ Md* (7.7

where [ is the MI for a rotation around a new axis that is parallel to the one passing
through CM).

Proof

Consider a rigid body consisting of N material points and calculate its moment of
inertia with respect to any z’ axis. We take an xyz Cartesian reference system with
the origin in the center of mass cm of the body and the z-axis parallel to z'. Point
O is located at the intersection of z’ and the xy plane and is at distance d from the
center of mass (and the z-axis) (Fig. 7.1).
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Fig. 7.1 Cartesian reference
system with the origin in the
center of mass cm of the
body and the z-axis parallel
to z'. Point O is located at the
intersection of 7’ and the xy
plane and is at distance d
from the center of mass
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d= /x5 +y} (7.8)
The momentum of inertia of the rigid body with respect to z’ is
N
Io =Y m[(xi —x0)* + (i = yo)’] (7.9)
i=1
Thus
N N
Io =Y mi(x} +y7) + (x5 +y5) X m
=1 N N i=1 (7.10)
—2x0 Y mix; —2yo Y m;yi
i=1 i=1
For the products m;x; and myyj it is possible to state
N
Zmixi=MxCM e = 0
i with{ oM 0 (7.11)
Y miyi = Mycy yem =
i=1
Thus
N N
2x0 Y mix; =0;2y0 »_miy; =0 (7.12)
i=1 i=1

With d? = x2 +y3 and Y m; = M.
Finally, Io is
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N
IO = Iz’ = Zm,(x,z-i-ylz) +Md2
i=1

= Icy + Md? (7.13)

The Konig theorem states

1 1
Ex =Eicu+ Ep = EMV%M + §ICMC()2 (7.14)

[sum of kinetic energy CM plus kinetic energy that the rigid body has in a reference
frame with origin in CM (and fixed orientation with respect to the inertial reference
frame)].

Rigid body dynamics

The translation of a rigid body follows Euler’s first law:

%
rnal d
F 2 d—? = M7 cu (7.15)

Instead, when the rigid body is rotating with respect to a fixed axis, the dynamics
should be carefully evaluated.
For the point P; of the rigid body as in Fig. 7.2:

i (7.16)

With the scalar relation v; = d;w:

Fig. 7.2 Angular moment
i’i for the point P; which is
part of the rigid body. The
position of the point P; is

7 i from the origin O




7 Rigid Body 67

- A~
L _I">l' X mi_v),' = r,-mid,-a)uL (717)

i
Thus, the axial angular momentum is

—2 A A
L, = Lisendu, = rim;d;wsen?d;u, (7.18)

And the radial angular momentum:

led = L;cos®li, = rim;d;wcosV;ii, (7.19)

e —z  —rad .
WithL; = L, + L, .Withrisend; =d;:

Lf = midiw (7.20)
With r;cos?; = z;:
L1 = mid;wz; (7.21)
Finally, the total angular momenta for the rigid body are

(i) axial angular momentum: L* = (Z,N=1 m,-dl.z)a) = Lw;
(ii) radial angular momentum: L = ¢ Z,N: ,mid;z;.

Zero radial component: (i) rigid plane body that rotates always remaining in the
same plane (with pole in the plane, therefore zero z component); (ii) axis of rotation
coinciding with an axis of symmetry (the radial components cancel each other).

Thus, there can be two components of the angular momentum, on the axial direc-
tion (i.e., parallel to the direction of the rotation axis) and on the radial direction (i.e.,
on the plane that is normal to the rotation axis).

Consequently, Euler’s second law can be written for an axial torque and a radial
torque:

gl

%
d =1,d;

. . - dL. d*p ~

(i) axial component: M, = == = [, 25U, = I,
—
dT

Q)

t

rad

(i) radial component: M, ,q =

The torque for the weight force applied to a rigid body is

M=7umxmg (7.22)

which is the moment of the weight force on the center of mass.
For a physical pendulum, i.e., a rigid body attached to a pole with the center of
mass at distance d from the pole, it is possible to write

2

a=v
M =Ilpa = Ioﬁ = —mgdsin?d (7.23)
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For small oscillations (sind = ), it is possible to write the harmonic motion
equation: ‘57’29 + @?® = 0 (period: T = 27 /mlﬁ).

Static equilibrium: arigid body is in static equilibrium if the results of external forces
and moments of external forces are null and at least in an instant all points of the
rigid body are at rest.

Important: the calculation of the moment of the forces in the static case does not
depend on the choice of the pole.

Energy in case of rotation variation for the rigid body:

N
dL = Z fviext. . d;] — Mzextdﬁ
i=1
= L,wdw = L,ad?Y (7.24)

D2
Thus, the integral work is L = [M"-dv
a1

And the developed instantaneous power is

dL EX.dﬁ est.
= =M = M (7.25)

P=—"=M;
dt < dt

Rolling:

(i) the center of mass (CM) translates on a straight line;

(ii) the speed of point A (of the rigid body) combination of the speed of CM and
relative velocity in the reference system of CM: v A= 7CM + B xT7 A (?o)
equal for all points of rigid body).

Pure rolling: P point of contact with the plane stopped moment by instant in the
inertial frame (there is no creeping): v p=0— _v)c M= —BxT7 P (_r) p vector
radius between CM and contact point P).

Conditions for pure rolling (static friction required, Fig. 7.3):

(i) forces along x: F' + F, = ma,, andy: Ry —mg = 0;
(i) moments: F,R — M = I.,o0 = —I.nacm/R.

We find

_ mMR—-FI.,, . _ FR*+MR
Fo= "R 1 aon = T TR (7.26)

Only force F:

mR?
F < uymg| 1+ 7 (7.27)

cm
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Fig. 7.3 Sketch of pure Y
rolling with force F on the
center of mass and moment

7 Positive
M rotation
(If greater there is creeping).
M moment only:
M = B (1, +mR?) (7.28)
(If more slippage occurs).
In pure rolling the system is conservative. In the case of a cylinder:
1 1
Ey= - 2 =lem :
k 2mvm =+ 3 w
1 2 _ 3 o,
= —(IL.m + md )a) = -md-w (7.29)
2 4
Real case: there is rolling friction:
— - - —
My, =8RnN; Foo=38RnN/R (7.30)
) —
(6 distance R y — CM along x).
The rolling friction can be also written as
- —
Fao=u Ry (7.31)
With u, = §/R, which is the rolling friction coefficient and is unitless.
Examples

(E7.1) Determine the momentum of inertia of a homogeneous ring, with radius R
and mass M, with respect to the z-axis that passes through the ring center and is
orthogonal to the ring plane.

Solution

The ring can be divided into infinitesimal components with mass dm. The distance
between the z-axis and the components is R.
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IZ=R2/dm=MR2

Alternately, the linear mass density can be used: A = M

2w R
Each mass component has mass dm = Adl. Thus
I = / R*dm = / R*\dl = szfdl =27AR?
Considering that X is the linear mass element

M
I, =27AR*=2n——R>= MR
27 R

(E7.2) Determine the momentum of inertia of a homogeneous disk, with radius R
and mass M, with respect to the z-axis that passes through the disk center and is
orthogonal to the disk plane.

Solution

The disk can divided into thin rings with infinitesimal mass dm = o2mrdr, where

nﬁfez is the superficial mass density. Thus

o =

1
I, = /rzdm = /02nr3dr = HTUR4 = EMRZ

(E7.3) Determine the momentum of inertia of a homogeneous solid sphere, with
radius R and mass M, with respect to the z-axis that passes through the ring center.

Solution

The volumetric mass density of the sphere is

M M

pzvz‘%nR3

The sphere can be divided into thin disks between —R < z < R (with z altitude
in the sphere). Each disk has infinitesimal mass = pmr?dz, where r is the radius of
the disk and r> = R? — z%.

The infinitesimal momentum of inertia of each disk is

1 1 1
dl, = Edmr2 = Epnr4dz = 5:077 (R2 - 12)2‘11

Thus
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R

=1pm [ (R* —2R?2> + z%)dz
R

R
= bpn|Ris — 27 1 £
s 5 5 3
= Lon[(RF -2 4 &) - (—RF 4 20— )]
15—-104+3+15—-10+3 RS — 16 _
= 6 —

_ 1 1 5 8 5
=T R =gpr R = 5o R

With the volumetric mass density it can be obtained

2 2
I, ==MR
5

(E7.4) A pulley can be represented as a hollow cylinder with an inextensible wire of
negligible mass around it. The cylinder weighs 10 kg and has a radius of 20 cm. The
wire is pulled by a small motor that delivers a power of 100 W for 5 s. Determine
the final speed of the wire.

Solution

From the power and the time, it is possible to determine the work:
W =P/t =100W/5s = 20]
Conservation of mechanical energy can be used:
W=E - W=(/2)Lo

Thus w = /2W/I,

Considering the momentum of inertia I, = mr

2207
= 2Wmr = | — 2 100rad
@ /mr 10kg(0.2m)> rad/s

Thus, the velocity is v = wr = 100rad/s0.2m = 20m/s.

2

(E7.5) A sphere rotates with angular velocity w; = 50 rad/s. The radius of the sphere
is r = 12 cm. The sphere is dropped on a horizontal plane and the dynamic friction
coefficient at the interface u, = 0.05. Assuming that the sphere does not bounce
on the plane, determine the time required for the sphere to roll without slipping
or crawling. In addition, determine how much space the sphere travels in the 2 s
following the onset of its pure rolling.
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Solution

Considering the mass of the sphere m and its acceleration a, Euler’s first law for the
sphere is

ma = Fy

where Fy = pugRy = pgmg (dynamic friction). Considering the momentum of
inertia around the axis z, I, and the angular acceleration «, Euler’s second law is

La=—Fyr
Euler’s first law can be rewritten as
m(dven /dt) = pismg
Thus
dve, = nggdt

Integrating in # (the initial center of mass velocity is zero)
/dvcm = /Msgdt — Vem,r = Usgt

For a sphere I, = (2/5)mr?. Euler’s second law can be rewritten
2/5)mr*(dw/dt) = —pusmgr

Integrating in # (the initial angular velocity is w;)

[dw =- /(5Mx9/2r)dt — o =w; — (Susg/2r)t
The pure rolling condition i8S v, ty = OF, thus

HUsGlpr = wir — (Sﬂsg/z)tpr
So

250rad/s0.12m

DOrad/sh T _ 3 499
70.059.8 m /52 g

tyr = 2wir[Tisg =

To find the space of the sphere in the 2 s following the onset of its pure rolling, it
is possible to find the velocity in the pure rolling regime:
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Vem,t,, = MsGtpr = 0.059.8 m/s23.499s =1.714m/s
With the speed, it is possible to determine the space:
$25 = Vem,p, los = 1.714m/s2s = 3.429m

525 can be determined also by finding the angular velocity in the pure rolling regime.

(E7.6) A rigid body weighs 2 kg, and the moment of inertia with respect to an axis
that is 20 cm from its center of mass is 1 kgm?. What is its moment of inertia with
respect to the axis passing through the center of mass?

Solution

For Huygens-Steiner (parallel axes) theorem:
I =1+ Md*
Thus

Iy =1 — Md* = 1kgm? — 2kg(0.2m)* = 0.92 kgm?

Exercises

(7.1) A hollow sphere moves by pure rolling on an inclined plane starting from
height h. Which statement is true?

(A mgh = (1/2)Lo? + (1/2)mv? with I, = (2/5)mr?
(B) mgh = (1/2)Lw* + (1/2)mv? with I, = (2/3)mr?
(C) mgh = (1/2)Lw?* with I, = (2/5)mr?

(D) mgh = (1/2)L.w? with I, = (2/3)mr?

(E) mgh = (1/2)mv?

(7.2) An hollow cylinder and a solid cylinder rotate without creeping along an
inclined plane starting from a height h. At the end of the inclined plane:

(A) The hollow cylinder is twice as fast as the solid one

(B) The solid cylinder is twice as fast as the hollow one

(C) The hollow cylinder is 4/3 times faster than the solid one

(D) Their velocity at the end of the inclined plane is the same one

(E) The hollow cylinder is v/ 1.3 times faster than the solid one
(7.3) A 10 kg solid cylinder with a radius of 30 cm, under the effect of a force,

rotates 18° with an acceleration of 10 rad/s?>. How much work is produced by
the force?

(A) 13957
(B) 27837
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(7.4)

(7.5)

7 Rigid Body

(C) 0.965]
(D) 4.0387
(E) 02317

A balance is composed of two 1 kg masses held together by a rod of negligible
mass. The position vector of the first mass is 7 | = li, and its velocity is
_v)l = lﬁy. The position vector of the second mass is 71 = —1u, and its
velocity is V= luy. What is the total angular momentum of the balance?

(A) Ly = 1i,
(B) l_;tol = _1’22
(C) l_;tot = 2’21
(D) I:roz = _2’2z
(B) Ly =0

A physical pendulum is made by a solid sphere (m = 5 kg; r = 10 cm) attached
to a inextensible and massless rope of length d = 1 m. What is the period of
the pendulum?

(A) 2.13s
(B) 0.74s
(C) 6.88s
(D) 4.02s
(E) 1225
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Fluid Mechanics Geda

Fluid statics

Pascal’s principle

The selected volume of liquid is enclosed by a prism with a triangular base with
sides a, b, and ¢ and dimension on the z-axis (coming out of the sheet) of length L
(Fig. 8.1).

Case of static liquids: there is no movement of any part. The forces are orthogonal
to the surfaces, because if there were parallel forces, being able to flow the parts of
liquid with respect to each other, there would have motion of the liquid, which is not
possible in the static case.

pa = pb = pc (81)

So the pressure does not depend on how the surface of the volume element is
inclined, that is, the pressure propagates in all directions with the same intensity.
The latter is the statement of Pascal’s principle.

Stevin’s law

Above the liquid there is a pressure py given by atmospheric pressure.

pn = po+ pgh (8.2)
This relationship is called Stevin’s law and shows that in a liquid with constant
density p the pressure increases linearly with depth (Fig. 8.2).
Archimedes’ principle

A body immersed wholly or partially in a fluid receives a downward thrust equal to
the weight of the displaced liquid (Fig. 8.3).
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Fig. 8.1 Sketch of a
triangular prism in a liquid

Fig. 8.2 Sketch of a
reservoir with liquid with the
parameters as mentioned in
Eq. 8.2

Fig. 8.3 Sketch of a body in
a liquid following
Archimedes’ principle
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An object with mass m and density p; (s stands for solid) is considered. For the
second law of dynamics:

mg — Farchimedes = Ma (8.3)

The solid is removed and the liquid is put back in that volume (with density p; ).
The force applied to the center of gravity of the water cube is equal to the weight
of the liquid (strength of Archimedes):

Farchimedes = —,OLgV (84)
Important is the application in the naval field, for ships and submarines. Natural
case: swim bladder of fish.
Fluid dynamics

An ideal flow is considered, i.e., incompressible and without friction between
molecules. A flow line indicates the path followed by a fluid volume element. In
laminar flow, fluid layers flow over each other. In turbulent flow, there is continuous
reconfiguration of flow lines (chaotic motion).

The continuity equation for velocities v| and v, and for tube sections S; and S, is

U1S1 = UgSg (85)

The volumetric flow rate is the volume of fluid that flows in a tube over time, and
is equal to the product S*v:

dv/dt = Sv (8.6)

The Bernoulli equation gives a relation between pressure, velocity, and altitude
between two points of the tube, with laminar and stationary (velocity depends on
space and does not depend on time) flow:

P14 pghi + (1/2)pvi = p2 + pgha + (1/2)pv3 (8.7)

(please see example E8.4 for a simple application of the Bernoulli equation).
Examples

E8.1) A body is immersed in water at a depth of 20.61 m. What is the pressure exerted
on the body?

Solution

Considering the atmospheric pressure pg = 1 atm = 1.01 x 10° Pa= 1.01 x 10° N/

m2
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p = po+ pgh
= 101 x 10°2% + (10004 ) (9.8%) 20.61m) = 3.03 x 10° 2%

The result is three times the atmospheric pressure, which means that pressure
applied by a column of about 10.3 m of water has the same intensity as the atmospheric
pressure.

E8.2) With wood of density py, = 0.5 kg/L a square raft is constructed. The side
dimension of the raft is L = 2 m, while its thickness is th = 15 cm. How many m =
80 kg people can stand on the raft without getting wet?

Solution

The weight of each person is W = mg = 80kg 9.8 m /s> = 784 N.
The Archimedes force for the raft (with the upper surface at the level of the water)
is

Fa = p1,0Vrar18 = Pr,0( 2m2m0.15m)g = 5880 N

The total weight of the raft (considering the density of the wood with respect to
the one of water) with N persons on top is

Wior = 0.5[)1—120 Vrafig +NW
At the equilibrium F4 = W,,,, which means
PH,0 Vraftg = 0-5:01-120 Vraftg +NW

To determine N

_ P,0Vrap18 —0.50m0Vrapi8
= m =

N 3.75

This means that 3 persons can stand on the raft.

E8.3) A hydraulic press consists of two communicating cylinders of different cross
sections, s; = 0.2 m? and s, = 1 m?, respectively, where two pistons slide. Inside
the cylinders is a liquid. If a force F; = 10 N is applied on the smaller piston, what
is the force F; on the larger piston?

Solution

The relation between the force F; and the pressure is
p=Fi/S

For Pascal’s principle
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p1=F/Si=pr=F/$
Thus

Sz 1m2
F,=—=—F=——10N=50N
S1 0.2 m?

E8.4) In a building, water enters through a pipeline with a diameter of 4 cm and an
absolute pressure of 5 x 10° Pa. A 2-cm-diameter pipe carries water to the upper
floor, 4 m above the main pipe. If the flow velocity in the main pipe is 1 m/s, find the
velocity and pressure at the upper floor.

Solution

To find the velocity:

S 0.02m)?
U]S]=U252—>U2=—1U1_( Wl)JT

=———1Im/s =4m/s
S5 0.01m)%x / /

To find the pressure in the upper floor, the Bernoulli equation can be used:

P14 pght + (1/2)pvi = pr + pghy + (1/2)pv3

Thus
p2=p1 — pg(hy — hy) — (1/2)p (v — v?})
=5x 10°Pa — (1 X 103kg/m3)(9.8m/s2)(4m)
—(1/2)(1 X 103kg/m3)(16m2/s2 — lmz/sz)
=4.53 x 10°Pa
Exercises

(8.1) For Stevin’s law the pressure at a certain depth in the liquid:

(A) increases linearly with the density of the liquid and decreases linearly
with the depth

(B) increases linearly with the density of the liquid and increases linearly
with the depth

(C) is the same as the atmospheric pressure

(D) is always smaller than the atmospheric pressure

(E) depends on the density of the body immersed in the liquid

(8.2) A pool is filled with water to a height of 4 m. Calculate the pressure at the
bottom of the pool.

(A) 120,800 Pa
(B) 230,120 Pa
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(8.3)

(8.4)

(8.5)
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(C) 140,200 Pa
(D) 101,000 Pa
(E) 501,000 Pa

In a U-shaped open tube, two immiscible liquids of density p; = 1 kg/L and
density p; = 2 kg/L, respectively, are at the two ends of the U. What is the
height of the first liquid if the first liquid is at the height of 1 m?

(A) 2m
B) 1m
(C) 05m
(D) 4m
(E) 0.25m

A parallelepiped-shaped object is 0.1 m high and 50% of its volume is
immersed in water. Its density is

(A) the same as that of water

B)  povject = (Vovject/ Vimmersea) PHs0 = 20,0
© povject = (Viijees/ Vinmersea ) 0

D) povject = (Vimmersea/ Vobjeer) Pr,0 = 0.5pm,0
(B)  pobject = \/(Vobject/vimmersed)pHZO = V2pmo

A scroll pump is used to bring the volume inside a cylindrical container with
aradius of 10 cm to a pressure of 10 Pa. The force exerted from outside on a
circular wall of the cylinder is

(A) 3.17kN
(B) 2.12kN
(C) 9.91kN
(D) 10N
(E) ON
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Thermodynamics e

Thermodynamics studies the transformations, in terms of mass and energy, of a
system.

System: gas, liquid, set of material blocks; environment: what is outside the
system; System + environment = thermodynamic universe.

System: (i) open (energy and matter exchange); (ii) closed (no exchange of matter);
(iii) isolated (no exchanges).

Thermal equilibrium: two bodies in contact arrive at the same temperature (T).

Thermal expansion:

Db _ -1 9.1
lo

YD =Y _ o 1) 92)
Vo

(% and o phenomenological coefficients)

Temperature scales: Celsius (based on water phase transf.); Kelvin (triple water
point).

Zero principle of thermodynamics: two bodies not in contact with T and Tg;
object with temperature T is used to make two measurements. If T A =T Cand Ty
= Tc, then Ty = Ty (the two non-contact bodies are at thermal equilibrium).

Food for thought: Thermal expansion is therefore an effective phenomenon for measuring
temperature. Other physical phenomena can also be exploited to construct a thermometer.
One for example is the Seebeck effect, where a junction of two different materials, e.g.,
copper-constantan (constantan is a copper-nickel alloy), responds to a change in temperature
with a change in electrical voltage.

The opposite of the Seebeck effect is the Peltier effect, where the junction responds to a
change in electrical voltage with a change in temperature. With two junctions of the two
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82 9 Thermodynamics

materials (arranged forming a ring) there is a hot spot and a cold spot. The cold spot can be
used to make small cooling systems, even microscopic ones.

Other types of thermometers are based on the detection of infrared radiation, which is
proportional to the temperature of objects emitting such radiation.

Observations for ideal gases (sufficiently rarefied with non-interacting molecules):

(i) Boyle-Mariotte (n and T are constant):
pV = cost.; 9.3)
(i) Volta-Guy Lussac (n is constant): isobar:
V=V +at) = VaT 9.4)
Isochoric:

p = po(l + pt) = poaT 9.5)

(tin Celsius, T in Kelvin, « coeff. dilat. term., 8 parameter);

(iii) Avogadro (p and T are constant):
Vv
— = cost. 9.6)
n

Combining the three observations gives the state equation of the ideal gases:
pV =nRT = NkgT 9.7)

(R =8.314 J/Kmol; kg = R/Ay = 1,3807 x 1072 J/K).

Ideal gas transformations: (i) isotherm: pV = costante (equilateral hyperbola on
the pV—Clapeyron plane); (ii) isochorous: p/T = costante (line parallel to y-axis
on the pV plane); (iii) isobar: V/T = costante (line parallel to x-axis on plane
pV). An example of the pV-Clapeyron plane is shown in the Exercise 9.1.

Thermodynamic Work:

2 =
L:/F-dr:pS/dh:pAV 9.8)

(dh: displacement of the piston of gas container). Positive work: system performs
work on the environment; Negative work: environment performs work on the system.

Heat:

A material is placed on an ideal tank, able to keep its temperature Ts.
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The material is at temperature Ta. After a time interval Tp — Ts.
Something passes from one body to another with the effect of changing the
temperature. It is heat Q:

Q =CAT 9.9)

The unit of dimension of heat is the calorie (1 cal =4.186 J).

By mass of material: C = mc (c specific heat).

Formoles of ideal gas: C = nc* (volume cost. ¢}, = %R monatomic gas; ¢y, = %R
diatomic gas; Meyer’s relation: ¢), = ¢}, + R).

Joule experiment for the heat (performed in 1850):

The experiment is performed in a adiabatic system, i.e., a system that cannot exchange
heat with outside.

Water is inside a closed volume (calorimeter) with a propeller to heat it and a
thermometer to measure temperature. The propeller is driven by a mass that can
move downward due to gravity on Earth.

Joule sees a change in temperature. So he sees that a mechanical action has the
same consequences on the system as an ideal tank.

In the case of water, 1 g of water needs one calorie (cal, unit of heat) to go 14.5 °C
to 15.5 °C. Joule sees that 1 cal = 4.186 J. A relationship is found between a unit of
heat and a unit of work.

This tells us that heat is a particular form of energy exchange.

Phase transformations: Q = Am (A latent heat of the transformation and corre-
sponding to a given T).

Thermodynamic cycle: The amount of heat exchanged (in all cycle processes) is equal
to work (in all cycle processes): Q = L.

First Law of Thermodynamics:
O — L = AU = Uyinate — Uiniziate (9.10)
Internal energy depends only on temperature:
U=U(T)+Uy— AU = Q =nc}, AT 9.11)
Adiabatic transformations (Q = 0):

L =—-AU
TV?~! = const.
pV? = const.,

Tp'="" = const 3 (9.12)
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Proof
AU + L = ncy AT + pAV (9.13)
. nRT
chAT—l—TAV:O (9.14)
AV nR AT
Ao o (9.15)
V ncy T
With Mayer’s relation:
c, — ¢y AV AT
r_ VY _ (9.16)
Cy \%4 T

. c .
Introducing the parameter = -£, the expression becomes
\4

AV AT
(9.17)

(V—I)T— T

Integrating the adiabatic transformation (in dV and dT') from A to B:

Vs Ty
—DinL =2 9.18
(y )nVA nTB (9.18)
v\ ! T
ln<—3> —In2 (9.19)
Va Tp

which is an equality between logarithmic functions. Thus

TA V] =Tpv) ! (9.20)

In general, for an adiabatic transformation between two points it is possible to

write
(1) relation between T and V:
TVl = constant (9.21)
and analogously (using the ideal gas law):
(2) relation between p and V:
Vv
P (9.22)
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thus
ﬂqu = constant
nR
pV(VV_l) = constant,
o)

pV? = constant,

(3) relation between p and T

nRT
p

pV? = constant,

(nRT)V
p = constant,
p

T Y
p<—> = constants
p

p!VTY = constants

N/ plv I/ TY = constanty

Tp(l—y)/V = constanty

85

(9.23)

(9.24)

(9.25)

(9.26)

(9.27)

(9.28)

(9.29)

(9.30)

(9.31)

Thermal machine: thermodynamic system that cyclically passes through the same
thermodynamic states. Overall work: area inscribed by the cycle. There is an absorbed

heat Q44 and a heat released Q q.
Thermal machine efficiency:

Nn=L/0ass =1—10cedl/Qass <1

(clockwise cycle).

Efficiency (quality factor) for a refrigeration machine:

e=COP = f = QASS/L

(counterclockwise cycle).

(9.32)

(9.33)
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Carnot machine: 2 isotherms + 2 adiabatic (all reversible).

A reversible transformation satisfies two conditions: (1) it operates through states
of equilibrium: (i) mechanical (balance between forces and moments); (ii) chem-
ical (absence of chemical reactions or transfers of components); (iii) thermal (same
temperature at all times). (2) absence of dissipative forces.

Carnot machine efficiency:

n=1-T/T» (9.34)

(see example E9.2 for the derivation of the formula).
Second Law of Thermodynamics

Kelvin-Planck statement: it is impossible to carry out a process that has as its sole
result the transformation into work of the heat supplied by a source at uniform
temperature.

Clausius statement: it is impossible to carry out a process that has as its sole result
the transfer of heat from one body to another at a higher temperature.

N.B: the statements are all equivalent (the falsity of one implies the falsity of all the
others).

Carnot’s theorem: It is impossible for a machine operating between two tempera-
tures to have a higher yield than the reversible machine working between these two
temperatures (i.e., a Carnot machine).

Clausius’ theorem: On a reversible closed path:

tdo  Tdo
f /74_/?: (9.35)
A B

On an irreversible closed path: f a9 ’

irr
The Clausius integral f dTQ between two states, by reversible transformation, is

B
equal for every path and depends only on the initial state and final state: | % =
A

Sp — Sa = AS (entropy change, state function).

Isothermal transformation Sp—Sx = annﬁ = —annZ—ﬁ

]7 B

Isochoric transformation Sp—Sa = ncvln = ncvln

Isobar transformation Sp — Sa = nc,,lnﬁ = nc[,an—A
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Cycle with an irreversible transformation:

do dQ
—_— =S—S — 9.36
Tl B A > / T (9.36)

AaB

S —

irr

B
The integral | dTQ gives entropy change only for a reversible transformation. For
A
a transf. irreversible the result of the Clausius integral is not AS, but a minor value.
B
To calculate Sp — S4 for such a transf. irreversible f % is calculated by considering
A

a generic reversible transformation between A and B.

Isolated system: Sg — S4 = 0 = Sp > S, (entropy cannot decrease, constant
only for transf. rev.)

AS > 0 for an isolated system (mathematical formulation of the second law of
thermodynamics).

ASUniuerse = OconASUniuerse = ASSysz‘em + ASEm)ir{mmem‘ [natural processes
are irreversible, so every natural process necessarily takes place in the direction that
determines an increase in overall entropy of system + environment (arrow of time)].

Degraded energy:

In an irreversible free expansion

Vi

L|irr = /peX,dV = 0 (9.37)
Va
In a reversible isotherm

\%
AS = nRIn-L (9.38)

Vi

and
Vi

L., = nRToan (9.39)

l

The difference in energy between the two transformations is

AE =AL=L|,, — Ll;,, = ToAS (9.40)



88 9 Thermodynamics

Kinetic theory of gases:
Starting assumptions:

(1) gas consisting of equal molecules in a continuous and disordered manner.

(2) molecule/molecule and molecule/wall collisions all elastic.

(3) intermolecular forces only during collisions, due to short-range repulsive forces
(neglecting attractive forces between molecules).

(4) size of molecules is much smaller than the average distances between them.

For N molecules of monoatomic gas (with mass m) in the volume V/, in a reservoir
with lateral size a:

. g A~
— Impulse of the molecule to the wall (on the x-axis): I = 2muv,u,
— Time between collisions (molecule travels for the a section twice, round trip):
t =2a/vy
.« . _ 1 Uy
— Number of collisions (frequency) =i=%
Vy __ l‘ﬂl}X

— Force along x: F, = 2mvxz ==

— Force on the wall for all the molecules: R, = ’;—125\/: 1%%,1‘
— Pressure on the wall (with surface S = a°): p = R—SX = %vazlv%,i =
Nm 15N 2

vV N Zui=1Vx,i
. N

— Mean square velocity: (v?) = %Zizlvfi

v?)

— In each direction: (v?) = (v}) = (v}) = -

It leads to the Joule-Clausius-Kronig equation:
1 s 2 3
pV = gNm(v )i pV = §N<Ek>; (Ex) = EkBT (9.41)

The Joule-Clausius-Kronig equation relates pressure and velocity to the mean
square velocity and, consequently, to the mean kinetic energy. This results in arelation
between the temperature and the kinetic energy of the molecules.

Principle of equipartition of energy: (Ey) = %kBT (] degrees of freedom)
U = Ny(E}) = %RT (knowing that cy = %).
Examples

E9.1) A piece of ice of mass m; = 35 g and at a temperature of T; = 250 K is
immersed in my, = 60 g of water at a temperature of T, = 330 K. If the system is
contained in an adiabatic-walled vessel, calculate the equilibrium temperature of the
system. What is the equilibrium temperature?

Solution

Data for ice and water:
¢ = 2051 J/kg*K
cw = 4186.8 J/kg*K
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N = 3.3 x 10° J/kg

R = 8.314 J/K*mol.

You have to bring the ice to 273.15 K, when it starts to melt (first term), make it
melt (second term), bring it to the equilibrium temperature (third term). On the other
side of equal, water at 300 K that gives up heat to the ice and then melts.

m,c,(27315 — 250) + )\fim,‘ + micw(T — 27315) = mew(330 — T)
23.15mic; + Agim; + Tmicy, — 273.15m;cy, = 330my, ¢y — Ty

T — 330mwcw + 27315m,cw — 23.15”’1,‘6‘[ — )»f,-mi
- My Cy + micy

=275.8K

E9.2) Determine the efficiency of a Carnot machine between the temperatures T}
and T, (T, > T;), where all the transformations are reversible.

Solution

The cycle is composed by (a) a reversible isotherm expansion at temperature T,
between states A and B; (b) a reversible adiabatic expansion between states B and
C; (c) areversible isotherm compression at temperature T; between states C and D;
(d) a reversible adiabatic compression between states D and A.

(a) Reversible adiabatic expansion at temperature 7',

A reversible isotherm is a succession of infinitesimal transformations. For each of
these infinitesimal transformations:

e as a result of a decrease in pressure dp there is an expansion of volume dV
(mechanical equilibrium), with cooling dT.
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e there is a heat transfer dQ from the ideal reservoir at T, to the gas and back to
temperature T, (thermal equilibrium).

For the isotherm AU =0= Q =L

B B B
Wap = [ pdV = ["EdV =nRT, [ ;dV = nRT,lnit
A A A

= QAmorbito = QA = LAB = nRTzln“f—i

(b) Reversible adiabatic expansion

?|
Lo

Adiabatic transformation is a transformation isolated from any heat source:
Succession of infinitesimal transformations with decrease dp, consequent increase
dV with cooling dT.

Between the states B and C, for such adiabatic expansion, there is the relation:
nv) ' =nvi

Moreover, Q = 0= L = —AU.

The work done by the gas from B to C is

Wpe = —AUpc = —nc,(T1 — To) = ney (T — Th)

(c) Reversible isotherm compression at temperature 7';
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For each of these infinitesimal transformations:

e following an increase in pressure dp there is a decrease in volume dV (mechanical
equilibrium), with heating dT.

e there is a heat transfer dQ from the gas to the source at T; and back to temperature
T; (thermal equilibrium).

This heat given up is equal to the work undergone by the gas from C to D:
D D o D
Wep = [ pdV = [*8dV =nRT, [ dV = nRTiIn
c C C :
= Qceduro = Qc = Wep = nRTlln‘é—f

The work is negative since Vp < V.

(d) Reversible adiabatic compression

The reversible adiabatic compression is a succession of infinitesimal transformations
with increase in dp, subsequent decrease in dV with heating dT.
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Between the states D and A, for such adiabatic expansion, there is the relation:
y—1 y—1
LV, =TV),
Moreover, Q =0 = L = —AU
The work done on the gas from D to A is

Lpy =—AUpa = —ney(Th = Th) = ney(Th — T2) = —Lpe
Considering all the contributions in the cycle:

O=04+Q0c=W=Wyp+ Wpc+ Wcp+ Wpy=Wsp+ Wcp

- Oc s nRTlln% . nRTlln%
= 0a nRTzln% N nRTglng—i

Using the following relations for the adiabatic transformations:
oV, ' =nv  and v =1V
It is possible to write

Ve (Vs V*‘: Ve Vg
VD B VA VD B VA

Thus, the Carnot machine efficiency is

The efficiency of the Carnot machine depends only on the temperatures of the
isothermal exchanges.

It must be considered that while the two isotherms are processes with heat transfer
(where diathermic walls are used), the two adiabatic ones are processes under isolated
conditions with respect to any source with heat transfer (adiabatic walls).

E9.3) An amount of heat equal to 300 J is transferred from one ideal reservoir, at a
temperature of 150 K, to another ideal reservoir, placed at a temperature of 100 K.
Find the entropy variation for the two ideal reservoirs and the universe.

Solution

The entropy variation for the first reservoir is

300 J
AS30kx = 50K =2J/K

While the entropy variation for the second reservoir is
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The entropy variation for the universe is given by the difference

ASy = ASisox — ASsox =3J/K —2J/K =1J/K

E9.4) 2 mol of perfect gas at temperature T are contained in a container of volume
V. Opening the container expands the gas into a volume ten times larger. What is the
entropy variation associated with the free expansion of the gas?

Solution

In this expansion, for heat Q and work W, Q = W. Thus,

Vin
Fav 10V

Q =nRT v = nRTlnT = (Bmol)RT (In10)
‘/HX

Consequently, the entropy variation is given by

AS = £ = (3mol)R(In 10)
= (3mol)(8.314 J /mol K)(In 10) = 57.43 J/K

Exercises

(9.1) In the thermodynamic cycle (for a mole of monatomic gas) in the figure, the
temperature of the BC isotherm is 300 K; moreover, pa ¢ = 100 Pa, pg = 200
Pa, Vo = 1 m?, Ve =2 m? (R = 8.314 J/K*mol).

Calculate work and internal energy of the cycle:
(A) L=618,55J; AU=01J

(B) L=1628,85J; AU=01J
(C) L=2525J; AU=0]J
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9.2)

9.3)

94

9.5)

D)
(E)
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L =1525J; AU=1225,85]
L=0J; AU=0685451]

A lead projectile of mass m = 0.05 kg at temperature tp, = 20 °C, endowed
with velocity vop = 100 m/s, sticks horizontally into a block of melting ice
of mass M = 0.5 kg, placed on a smooth horizontal plane. Knowing that the
specific heat of lead is cp, = 130 J/kg*°C and the latent heat of fusion of ice
hgn = 3.3106 J/kg, calculate the mass of ice that melted.

A)
(B)
©)
D)
(B

03¢g
l1lg
26¢g
37¢g
49¢g

If at constant temperature the number of molecules of ideal gas halves

(A)
(B)
©)
D)
(E)

the product pressure*volume halves

the product pressure*volume doubles

the pressure halves while the volume doubles

the volume halves while the pressure quadruples
volume is necessarily constant so pressure doubles

By the second principle of thermodynamics, which process is possible:

A)
(B)
©)
D)
(E)

a process consisting of only isothermal transformations (for them there
is zero energy change)

a process that has as its only result the transformation into work of heat
supplied by a source at uniform temperature

in the motion of a body in a plane, the recovery of heat due to sliding
friction to create work (and create perpetual motion)

a process where work is produced, but also heat transfer from the higher
temperature source to the lower temperature source

a process where the only result is the transfer of heat from one body to
another at a higher temperature

A block of melting ice of mass m; = 15 g, is placed in a beaker filled with
water (m,, = 100 g) at an initial temperature of 20 °C. Calculate the change
in total entropy of the system after equilibrium is reached, neglecting heat
capacity of the glass and heat exchange with the external environment. (\; =
80 cal/g).

A)
(B)
©
D)
E)
(F)

How much is the change in total entropy worth?
0.11 cal/K
0.88 cal/K
3.33 cal/K
0.22 cal/K
2.05 cal/K
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(9.6) What is the equilibrium temperature reached in the exercise 9.5?

A. 368.87K
B. 56494 K
C. 12575K
D. 41246 K
E. 279.96 K

(9.7) In an adiabatic transformation:

(A) no work is done

(B) there is zero change in internal energy

(C) there is no heat exchange, soL + AU =0
(D) there is no heat exchange, so L-AU =0

(E) asin an isochore, the volume does not change

(9.8) According to the second principle of thermodynamics, which process is
possible:

(A) aprocess consisting of only isothermal transformations (for them there
is zero change in energy

(B) a process that has as its only result the transformation into work of the
heat supplied by a source at uniform temperature

(C) in the motion of a body in a plane, the recovery of heat due to sliding
friction to create work (and create perpetual motion)

(D) aprocess where work is produced, but also heat transfer from the higher
temperature source to the lower temperature source

(E) a process where the only result is the transfer of heat from one body to
another at a higher temperature.
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Units of measurement:

— length: meters, m
— time, seconds, s
— speed, m/s

— acceleration, m/s?
— mass, kg

— momentum, kng

— force, kf—z'” = N, Newton

— work and energy, ki—’;’z = Nm = J, Joule

2
— power, kem™ L — Nm — W Watt
N

53 B
2
— angular momentum @
— torque, mkf—zm = mN (does not have the same physical meaning as work or
energy).
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Appendix B

Derivatives
d A
Y Je P AC N P VAC))
dx Ax—0 Ax
Dk = 0(k real number) Dtanx = Py
Dx =1 Dcotx = —m:zx
Dx® = ax®! De* = ¢e*
Dsinx = cosx Da* = a*log,a
Dcosx = —sinx Dlog,x = ﬁ
dg(x) df (x)
g(x) =kf(x) =k
dx dx
dg(x) dfi(x) = dfs(x)
) = i) + frvy 28 GhE) AP
dx dx dx
dg(x)  dfi(x) df>(x)
2() = fi(x) fo(x) =~ H(0) + fit)—
dx dx dx
B dg(x) _ dgdf
g(x) = glf ()] dx  df dx
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Appendix C

Integrals

Between x; and x,, area below the function:

Area = Z f(x)Ax; — Area = /f(x)dx

Jdx=x+C faxdx:lo“gﬁ—i-c
[ x%dx = );a:ll +C [ sinxdx = —cosx + C

fxl—zdx:—)lc—i—c

fcosxdx =sinx +C

f dex =log,lx|+C

I L_dx =tanx +C

COS“X

Jedx=e"+C

[ —Ldx =cotx +C

sin“x

/ LAG) + fo(r)]dx = / i dxt / Fa(n)dx

/f(X)D[g(X)]dx =f(X)g(X)—/D[f(X)]g(X)dx-

/kf(x)dx =kff(x)dx
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Appendix D

Vectors

Scalar quantity: real number

Scalar physical quantity: real number + unit of dimension (e.g., length: 1 m)
Vector:

(i) positive scalar, modulus: |_v)|
(i) direction
(iii) versus

LAl

A unit vector is a vector with unitary modulus.

Sum of vectors

With N vectors ¥ ;, the resulting S (sum) vector is given by
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Sy ZzN:l Vi x
N

Sy = ZZN=1 Uiy

S, = Zi:l Vi,z

[

Difference of two vectors

With 2 vectors ¥ | and ¥ », the resulting B (difference) vector is given by

Dx = V1,x — U2x
Dy=viy—vyy

>
|

= V1, — V2

It is equal to the sum of _v>1 and —_1))2.

Scalar product of two vectors
a = |_v)1||_v)2|cos19

¥ is the angle between the two vectors. A is a scalar.

Vectorial product of two vectors
— —> ..
a |_)|‘ b )nsmﬂ

- A .
where B is the angle between @ and b , 11 is the unit vector normal to the plane (7
. — -
in the figure) of @ and b .

=

S

v

QU

Another way to determine <
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Uy Uy U,
- - nd
c=axb=det| a, ay a,
by by b,

= (ayb. — a:by)iiy — (axb, — a.b,)i,

+ (axby — ayby)i..
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Solutions of the problems

I.1.
1.2
1.3.
1.4.
1.5.
1.6.
L.7.

2.1.
2.2.
2.3.
24.
2.5.
2.6.
2.7.

mmOoOmgH» QUEOAQIW™

3.1.
3.2.
3.3.
34.
3.5.
3.6.

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.

>oOmwmm®m O Qwwd
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5.1.
5.2.
5.3.
54.
5.5.

6.1.
6.2.
6.3.

7.1.
7.2.
7.3.
7.4.
7.5.

8.1.
8.2.
8.3.
8.4.
8.5.

9.1.
9.2.
9.3.
9.4.
9.5.
9.6.
9.7.
9.8.

gQr»Pmw OQO@Ow OO0
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Appendix E
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A E

Acceleration, 2 Eccentricity, 43
Adiabatic, 83 Elastic constant, 17
Amplitude, 7 Elastic force, 17
Angular acceleration, 5 Electrostatic force, 49
Angular momentum, 45 Entropy, 87
Archimedes’ principle, 75 Equilibrium, 7

Average acceleration, 2
Average velocity, 1
F
First law of thermodynamics, 83
B Fluid, 75
Force, 15
Frequency, 7
Friction, 17

Bernoulli equation, 77

C

Calorie, 83

Carnot’s theorem, 86

Carnot machine, 86

Center of mass, 36

Center of mass (rigid body), 63
Central force, 46

G

Gravitation, 45
Gravitational acceleration, 4
Gravitation constant, 45

Centrifugal force, 62 H

Centripetal force, 45 Harmonic motion, 7
Circular motion, 5 Heat, 36, 82
Clausius statement, 86 Hooke’s law, 17

Clausius’ theorem, 86
Conic function, 47
Conservative force, 26

Huygens-Steiner (parallel axes) theorem, 64

Continuity equation (for fluids), 77 I
Ideal gas transformations, 82
Impulse, 37
D Impulsive, 38
Displacement, 1 Inclined plane, 21
Dynamic sliding friction, 17 Inelastic, 36
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Inertial frame, 56
Instantaneous acceleration, 2
Instantaneous velocity, 1
Internal energy, 83
Irreversible transformation, 87

J
Joule-Clausius-Kronig equation, 88
Joule experiment, 83

K

Kelvin-Planck statement, 86
Kepler’s laws, 43

Kinetic energy, 25

Kinetic theory of gases, 88

L
Laws of dynamics, 15

M
Mass, 16
Mechanical energy, 29

N
Newton, 44
Non-conservative, 28

P

Parabolic motion, 4

Pendulum, 18, 67

Perfectly inelastic collision, 37

Phase, 8

Phase transformation, 83

Potential energy, 26

Potential energy for gravitational
interaction, 47

Power, 25

Pressure, 75

Principle of conservation of mechanical
energy, 29

Principle of conservation of momentum, 15

Principle of equipartition of energy, 88

Pure rolling, 69

Index

R

Reference frame, 2
Refrigeration machine, 85
Reversible transformation, 86
Rigid body, 35, 63

Rolling, 68

Rotation, 63

S

Scalar product, 25, 104

Second law of thermodynamics, 86
Simple harmonic motion, 7

Spring, 17

State equation of the ideal gases, 82
Static equilibrium, 68

Static sliding friction, 17

Stevin’s law, 75

T

Temperature, 81
Tension, 16

Thermal equilibrium, 81
Thermal expansion, 81
Thermal machine, 85
Torque, 45, 67
Trajectory, 2

U

Uniform circular motion, 6
Unit of measurement, 1, 97
Unit vector, 1

A\

Vector, 1

Vector product, 6, 104

Viscous friction (Stokes’ law), 17
Volumetric flow rate, 77

W
Weight, 16
Work, 25, 82
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