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Preface 

In this third volume of A Course in Mathematical Physics I have attempted 
not simply to introduce axioms and derive quantum mechanics from them, 
but also to progress to relevant applications. Reading the axiomatic litera­
ture often gives one the impression that it largely consists of making refined 
axioms, thereby freeing physics from any trace of down-to-earth residue and 
cutting it off from simpler ways of thinking. The goal pursued here, however, 
is to come up with concrete results that can be compared with experimental 
facts. Everything else should be regarded only as a side issue, and has been 
chosen for pragmatic reasons. It is precisely with this in mind that I feel it 
appropriate to draw upon the most modern mathematical methods. Only 
by their means can the logical fabric of quantum theory be woven with a 
smooth structure; in their absence, rough spots would .inevitably appear, 
especially in the theory of unbounded operators, where the details are too 
intricate to be comprehended easily. Great care has been taken to build up 
this mathematical weaponry as completely as possible, as it is also the basic 
arsenal of the next volume. This means that many proofs have been tucked 
away in the exercises. My greatest concern was to replace the ordinary cal­
culations of uncertain accuracy with better ones having error bounds, in 
order to raise the crude manners of theoretical physics to the more cultivated 
level of experimental physics. 

The previous volumes are cited in the text as I and II; most of the mathe­
matical terminology was introduced in volume 1. It has been possible to 
make only sporadic reference to the huge literature on the subject of this 
volume-the reader with more interest in its history is advised to consult 
the compendious work of Reed and Simon [3]. 

Of the many colleagues to whom I owe thanks for their help with the 
German edition, let me mention F. Gesztesy, H. Grosse, P. Hertel, M. and T. 

iii 
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Hoffmann-Ostenhof, H. Narnhofer, L. Pittner, A. Wehrl, E. Weimar, and, 
last but not least, F. Wagner, who has transformed illegible scrawls into a 
calligraphic masterpiece. The English translation has greatly benefited from 
the careful reading and many suggestions of H. Grosse, H. Narnhofer, and 
particularly B. Simon. 

Vienna 
Spring, 1981 

Waiter Thirring 
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Introduction 1 

1.1 The Structure of Quantum Theory 

The structure of quantum mechanics differs startlingly from that of the 
classical theory. In volume I we learned that in classical mechanics the 
observables form an algebra of functions on phase space (p and q), and states 
are probability measures on phase space. The time-evolution is determined 
by a Hamiltonian vector field. It would be reasonable to expect that atomic 
physics would distort the vector field somewhat, or even destroy its Hamil­
tonian structure; but in fact the break it makes with classical concepts is 
much more drastic. The algebra of observables is no longer commutative. 
Instead, position and momentum satisfy the famous commutation relations, 

qp - pq = ih. (1.1.1) 

Since matrix algebras are not generally commutative, one of the early 
names for quantum theory was matrix mechanics. It became apparent in 
short order, however, that the commutator (1.1.1) of finite-dimensional 
matrices can never be proportional to the identity (take the trace of both 
sides), so attempts were then made to treat p and q as infinite-dimensional 
matrices. This proved to be a false scent, since infinite-dimensional matrices 
do not provide an ideal mathematical framework. The right way to 
proceed was pointed out by 1. von Neumann, and the theory of C* and W* 
algebras today puts tools for quantum theory at our disposal, which are 
polished and comparatively easy to understand. There do remain a few 
technical complications connected with unbounded operators, for which 
reason the Weyl relation 

(1.1.2) 

(setting h = 1) is a better characterization of the noncommutativity. 
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Admittedly, Schrodinger historically first steered quantum mechanics in 
a different direction. The equation that bears his name treats p and q as 
differentiation and multiplication operators acting on the SchrOdinger 
wave-function 1/1, which has the interpretation of a probability amplitude: 
It is complex-valued, and 11/112 is the probability distribution in the state 
specified by 1/1. Superposition of the solutions of the equation causes proba­
bility interference effects, a phenomenon that can not be understood 
classically at all. Later, 1/1 was characterized axiomatically as a vector in 
Hilbert space, but the peculiar fact remained that one worked with a com­
plex Hilbert space and came up with real probabilities. 

At long last the origin of the Hilbert space was uncovered. A state would 
normally be required to be represented as a positive linear functional, where 
positivity means that the expectation value (a2 ) of the square of any real 
observable a must always be nonnegative. It turns out that to each state there 
corresponds a representation of the observables as linear operators on some 
Hilbert space. (It is at first unsettling to learn that each state brings with it 
its own representation of the algebra characterized by (1.1.2), but it also 
turns out that they are all equivalent.) The schema of quantum theory thus 
adds no new postulates to the classical ones, but rather omits the postulate 
that the algebra is commutative. As a consequence, quantum mechanically 
there are no states for which the expectation values of all products are equal 
to the products of the expectation values. Such a state would provide an 
algebraic isomorphism to the ordinary numbers, which is possible only for 
very special noncommutative algebras. The occurrence of nonzero fluctu­
ations (L\a)2 == (a2) - (a)2 is in general unavoidable, and gives rise to the 
indeterministic features of the theory. The extremely good experimental 
confirmation of quantum mechanics shows that the numerous paradoxes 
it involves are owing more to the inadequacy of the understanding of minds 
raised in a classical environment than to the theory. 

Quantum theory shows us where classical logic goes awry; the logical 
maxim tertium non datur is not valid. Consider the famous double-slit 
experiment. Classical logic would reason that if the only and mutually 
exclusive possibilities are "the particle passes through slit 1" and "the particle 
passes through slit 2," then it follows that "the particle passes through slit 1 
and then arrives at the detector" and "the particle passes through slit 2 and 
then arrives at the detector" are likewise the only and mutually exclusive 
possibilities. Quantum logic contests this conclusion by pointing to the 
irreparable change caused in the state by preparing the system to test the 
new propositions. The rules of quantum logic can be formulated just as 
consistently as those of classical logic. Nonetheless, the world of quantum 
physics strikes us as highly counterintuitive, more so even than the theory of 
relativity. It requires radically new ways of thinking. 

The mathematical difficulties caused by the noncommutativity have all 
been overcome. Indeed, the fluctuations it causes often simplify problems. 
For example, the fluctuations of the kinetic energy, the zero-point energy, 
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have the effect of weakening the singularity of the Coulomb potential and 
eliminating the problem of the collision trajectories, which are so trouble­
some in classical mechanics. Quantum theory guarantees that the time 
evolution can be continued uniquely from t = - 00 to t = + 00 for (non­
relativistic) systems with 1jr potentials. In a certain sense this potential 
energy is only a small perturbation of the kinetic energy, and free particles 
can be used as a basis of comparison. Calculations are sometimes much easier 
to do in quantum theory than in classical physics; it is possible, for instance, 
to evaluate the energy levels of helium with fantastic precision, whereas only 
relatively crude estimates can be made for the corresponding classical 
problem. 

1.2 The Orders of Magnitude of Atomic Systems 

One can come to a rough understanding of the characteristics of quantum­
mechanical systems by grafting discreteness and fluctuations of various 
observables onto classical mechanics. Their magnitudes depend on Planck's 
constant h, which is best thought of as a quantum of angular momentum, 
since quantum-mechanically the orbital angular momentum L takes on only 
the values Ih, 1 = 0, 1, 2, .... Suppose an electron moves in the Coulomb 
field of a nucleus of charge Z; then the energy is 

P; L2 Ze2 
E=-+---

2m 2mr2 r' 
(1.2.1) 

For circular orbits (Pr = 0), quantization of the angular momentum means 
that 

(1.2.2) 

At the radius 

(1.2.3) 

where rb is known as the Bohr radius, the energy is minimized, with the 
value 

(Ze2? m _Z2 e2 Z2 

E = - -2-/2h2 = -/2- 2rb == - r (Rydberg == Ry) (1.2.4) 

(Balmer's formula). If 1= 0, then we would find r = 0 and E = - 00, except 
that the stability of the system is saved by the inequality for the fluctuations 
!lp!lq ~ hj2, the indeterminacy relation, which follows from (1.1.1). This 
makes <P;) ~ (!lPr)2 :::::: h2 jr2, the zero-point energy, and hence this part of 
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the kinetic energy contributes as much as a centrifugal term with I = 1. 
This argument actually gives the correct ground-state energy. The reasoning 
is of course not a mathematically rigorous deduction from the indeterminacy 
relation, as the average of l/r could conceivably be large without !::.r being 
small. We shall later derive generalizations of the inequality !::.p !::.q ~ h/2, 
which will justify the argument. 

The virial theorem states that the velocity v of an electron is given classically 
by 

The universal speed e2/h is about 1/137 times the speed oflight. As Z increases, 
the nonrelativistic theory rapidly loses its accuracy. Relativistic corrections, 
entering through the increase of the mass and magnetic interactions, are 
"'V2/C2 ~ 1O- 5Z 2. For small Z they show up as fine structure of the spectral 
lines, but their effect becomes pronounced for heavy nuclei, and when Z is 
sufficiently greater than 137 the system is not even stable anymore. The 

relativistic kinetic energy is Jm 2c4 + p2C2 - mc2, which for large moment a 
grows only as cp ~ ch/r. Equation (1.2.2) is accordingly changed to 

E(r) ~ - - - = - 1 - - , ch Ze2 ch ( Z) 
r r r 137 

(1.2.5) 

which is no longer bounded below when Z > 137. The question of what 
happens for such large Z can only be answered in the relativistic quantum 
theory, and lies beyond the scope of this book. 

If a second electron is introduced to form a helium-like atom, then the 
repulsion of the electrons makes it impossible to solve the problem ana­
lytically. To orient ourselves and to understand the effect of the repulsion, let 
us provisionally make some simplifying assumptions. Since an electron 
can not be localized well, we can suppose that its charge fills a ball of radius R 
homogeneously. Such an electronic cloud would produce an electrostatic 
potential 

3e e (ry 
- 2R + 2R R ' r ~ R 

V(r) = (1.2.6) 
e 

r ~ R 
r 

(Figure 1). The potential energy of one electron and the nucleus is conse­
quently ~e V(O) = - 3Ze2/2R. We can gauge the kinetic energy by reference 
to the hydrogen atom, for which the following rule of thumb leads to the 
correct ground-state energy: An electron cloud having potential energy 
- Ze2/rb requires a kinetic energy h2 /2mr~. We set the kinetic energy equal 
to 9h2/8mR 2, since R = 3rb/2 provides the same amount of potential energy. 
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R 

3e 
2R 

R 

homogeneous 
charge distribution 

r-------~~--------------r 

Figure 1 The potential of a homogeneous charge distribution. 

5 

If the second electron is also a homogeneously charged sphere coinciding 
with the first one, then the electronic repulsion is 

3 fR 6e2 
- --3 4ne2 r2 dr V(r) = 5R' 

4nR 0 

Therefore we obtain the ratio 

I Attraction of the electrons to the nucleus I 
Repulsion of the electrons 

and thus the total energy is 

2 . (3Ze2/2R) 

6e2/5R 

(1.2.7) 

5Z 
(1.2.8) 2' 

E(R) = kinetic energy + nuclear attraction + electronic repulsion 

9h2 3Ze2 
( 2 ) = 2· 8mR 2 - 2· 2ii: 1 - 5Z . (1.2.9) 

This has its minimum at the value R = Rmin = RH/(Z - ~), where 

E(Rmin) = -Ry· 2Z2(1 - 5~r. (1.2.10) 

If Z = 2, then Rmin = 5RH/8, and the energy has the value - 2Ry . ~~ = 
- 2Ry . 2.56. For such a primitive estimate, this comes impressively near to 
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the experimentally measured - 2Ry . 2.9, and a helium atom is indeed only 
about half as large as a hydrogen atom. Actually, however, even if Z = 1 (H -) 
the energy lies somewhat below - Ry while (1.2.10) gives only - gRy. In this 
case the picture of two equal spheres is not very apt, since the outer electron 
will travel out to large distances. Nevertheless, nonrelativistic quantum 
mechanics describes these systems very well. 

If there are more than two electrons, then some of them must have spins 
in parallel, and Pauli's exclusion principle is of primary importance for 
the spatial configuration of atoms; it says that no two electrons may have 
the same position, spin, etc. An atom with N electrons and radius R has a 
volume of about R3 j N per particle. Electrons insist on private living quarters 
of this volume, so ~q will be on the order of the distance to the nearest 
neighbor, which is RjN1/3. This makes the zero-point energy of an electron 
~ 112 N2/3 j2mR2, as a rough approximation, and its potential energy 
~ -e2ZjR. The minimum energy is attained at Rmin = 112N2/3 jme2Z, 
making the total energy of all the electrons 

4Z2 
_~Nl/3 E(Rmin) = 2112 (1.2.11) 

The value ~in is an average radius, which goes as N- 1/3 for N = Z, making 
E '" N7/3. Yet the outermost electrons, which are the important ones for 
chemistry, see a screened nuclear charge, and the radii of their orbitals are 
~ 112 jme2. Strangely enough, it is not yet known whether the Schrodinger 
equation predicts that these radii expand, contract, or remain constant as 
Z -+ 00. Their contribution of about 10 eV to the total energy (1.2.11), on 
the order of MeV for Z '" 100, is rather slight, however. 

Chemical forces also arise from an energetically optimal compromise 
between electrostatic and zero-point energies. History has saddled us with a 
misleading phrase for this,exchange forces. Let us now consider the simplest 
molecule, Hi, that is, a system of two protons and one electron. There is 
clearly a negative potential energy ifthe electron sits right in the middle of the 
line between the two protons. But is it possible for the electron's potential 
energy to be sufficiently negative to make the total energy less than that of H, 
or would its wave-function be too narrow, giving it an excessive zero-point 
energy? To be more quantitative about this question, let us again imagine 
that the electron is a homogeneously charged sphere with the potential 
(1.2.6). The radius R is chosen the same as for H, so there is no difference 
between this zero-point energy and that of hydrogen. If, as with H, we put one 
proton at the center of the cloud (Figure 2a), the potential energy is eV(O). 
Taking the Coulombic repulsion ofthe protons into account, we note that the 
second proton feels no potential as long as it is outside the cloud, but when it 
comes to within a distance r < R its energy increases, because 

e2 
V(O) + VCr) + - ~ V(O). 

r 
(1.2.12) 
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+ 

electron cloud 

a b 

Figure 2 Two electron distributions assumed for Hi. 

Hence there is no binding. However, if the two protons are placed dia­
metrically across the center of the electron cloud, at radius r (Figure 2b), then 
the total potential energy 

has the minimum 

e2 

2V(r) + - = 
2r 

_ 3e2 + (e2)(~)2 + e2 
R R R 2r 

_ 3e2 [2 _ r l/3 ] = _ 3e2 . 1.2 
2R 2R 

(1.2.13) 

(1.2.14) 

at r = 2 - 2/3 • R. This is more negative than V(O), the energy with one proton 
outside the sphere, by a factor 1.2, and so we expect Hi to be bound. If the 
total energy is now minimized with respect to R, then Rrnin = RH/1.2 and 
E(Rmin) = - (1.2)2 Ry. The separation 2r of the protons at the minimum is 
21/3 R.nin = 1.57rb' which is significantly smaller than the experimental value 
2rb' The binding energy «1.2)2 - l)Ry also amounts to more than twice 
the measured value, so the simple picture is not very accurate. 

Finally, consider the molecule H2 , again assuming that the H atoms are 
spheres. If they do not overlap, then the electrostatic energy is twice that of a 
single H atom, and the two separate atoms exert no force on each other. 
As the spheres are pushed together, the energy first decreases, since the 
repulsion of the electrons is reduced (the energy of two uniformly charged 
spheres at a distance r < 2R is less than e2Ir), while the other contributions 
to the energy remain unchanged. In order to find out how much energy can 
be gained by making the spheres overlap, let us superpose them and place 
the protons diametrically across their center at a distance r. As with the 
helium atom, the electronic repulsion is 6e2/5r, and hence the total potential 
energy is 

(1.2.15) 
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The minimum at r = R/2 can now be compared with 2V(O): 

(R) 3e2 
VH2 "2 = - 2 2R . 1.1. (1.2.16) 

The minimum in R is now attained at RHll.l, and the corresponding inter­
protonic distance 3rb/2 . 1.1 = 1.36rb is in excellent agreement with the actual 
distance. The resultant binding energy 2 Ry«1.1)2 - 1) ::::: 5.7 eV is con­
sequently also fairly close to the measured energy of dissociation 4.74 eV. 
Of course, it is necessary for the electrons in H2 to have antiparallel spins, as 
otherwise the exclusion principle would restrict the room they have to move 
about in. 

One lesson of these rough arguments is that delicate questions like that of 
stability depend on small energy differences. It will require highly polished 
calculational techniques to reach definitive conclusions. 
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2.1 Linear Spaces 

There are many surprising aspects to the irifinitely many directions in 
an irifinite-dimensional space. For this reason it is necessary to 
investigate carefully which of the familiar properties of finite-dimen­
sional spaces carry over unchanged and which do not. 

We begin by recollecting the basic definitions and theorems: 

Definition (2.1.1) 

A linear, or vector, space lE 3 Vi over the complex numbers IC 3 l1. i is a set on 
which sums lE x lE -+ lE: (v, u) -+ v + u = u + v and products with scalars 
lE x IC -+ lE: (v, 11.) -+ I1.V are defined so that 11.1(11.2 v) = (11.111.2)V, l1.(v + u) = 
I1.V + I1.U, I·v = v, and (11.1 + 11.2 )v = I1. I V + 11.2V. 

Examples (2.1.2) 

1. Vectors in 1[". 

2. Complex n x n matrices. 
3. Polynomials in n complex variables. 
4. C' == the r-times continuously differentiable functions. 
5. Analytic functions. 

Etc. Sums and products with 11. are defined in the usual way. 

9 
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Remark (2.1.3) 

A subset 1E1 c lE that is also a vector space is called a subspace of lE. For 
example, (2.1.2; 5) is a subspace of 4, and 3 is a subspace of 5. The quotient 
space 1E/1E1 consists of equivalence classes of vectors whose differences are 
elements of 1E1. In the absence of a scalar product there is no uniquely defined 
decomposition of vectors v E lE such that v = V1 + V2 with V 1 E 1E1. However, 
if an 1E2 is also specified so that 1E1 + 1E2 = lE and 1E1 n 1E2 = {O}, then there is 
such a decomposition with a unique V2 E 1E2 ; lE is then the sum of 1E1 and 1E2 ,and 
1E2 is a complement of 1E1 . General sums of linear spaces can be defined in the 
same manner. According to the axiom of choice, it is always possible, by an 
inductive argument, to find a Hamel basis {ey}, y E ~, such that every vector 
can be written uniquely as 

v = L rxieYi' 
finite 

Unfortunately, for infinite-dimensional spaces the set ~ is usually uncount­
able, and the Hamel basis is of little practical significance. The cardinality of 
~ is known as the algebraic dimension of the space. 

Definition (2.1.4) 

A normal linear space is a vector space on which there is defined a norm 
mapping lE ~ jR+, V ~ Ilvll, such that Ilrxvll = Irxlllvll, Ilv + ull ~ Ilvll + Ilull, 
and Ilvll = 0 iff v = O. 

Examples (2.1.5) 

1. lE = en 3 v = (V1' v2 , .. ·, vn), Ilvllp = [Li'=t!vdPJi/p, 1 ::; p < 00, Ilvll oo = 
maxdvil· 

2. lE = n x n matrices, m = (mij), Ilmll = (Li.i ImiiI2)1/2 = (Tr mm*)1/2. 
3. lE = n x n matrices, IIml12 = sUPrdv,r2= 1 Li I Lk mik vk 12. 
4. Polynomials P(Zi) for Z = (Zl"'" zn) in a compact set Keen, IIPII = 

SUPzEKIP(Zi)l· 
5. The r-times continuously differentiable functions f(Zi) on K, Ilfll = 

SUpzEK If(zJI· 
6. Given a measure J1 on K, it defines a norm Ilfllp = CS dJ1lfIP]IIP, 1 ::; 

p < 00. (We use the word measure to mean positive measure.) U(K, J1) == 
{f: 11 f 11 P < oo}. 

Remarks (2.1.6) 

1. As p ~ 00, the norm Ilfllp approaches the norm of Example 5, which is 
denoted by 11 f 1100 . 

2. If J1 is a sum of n point masses, then the space of Example 6 is the same as 
that of Example 1. If n is infinite, it is denoted by IP. 
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3. As we see, different norms can be given to the same space, while, on the 
other hand, a space must sometimes be restricted for a norm to be finite 
on all of it. 

Definition (2.1. 7) 

If a norm on [ satisfies the parallelogram law II u + v 112 + II u - v 112 = 
211ul1 2 + 211v11 2, then [ is a pre-Hilbert space. In that case there exists a 
scalar product 

[ x [-+ C: (u, v) -+ < u I v) 

== ¥llu + vl1 2 - Ilu - vl12 - illu + ivl12 + illu - ivI12), 

which has the properties 

IIvl12 = <vlv), <vlu) = <ulv)*, <view) 

= a<vlu), <ulv + w) = <ulv) + <ulw), 

and <vlv) = 0 iff v = o. 

Examples (2.1.8) 

Of Examples (2.1.5), the only pre-Hilbert spaces (for n > 1) are Example 1 
with p = 2, Example 2, and Example 6 with p = 2. 

Remarks (2.1.9) 

1. Only the length of a vector is defined on a general normed linear space; 
on a pre-Hilbert space it is also known when two vectors are orthogonal. 
Pre-Hilbert spaces therefore conform better to our geometric intuition; 
by Problem 10, 

(i) l<ulv)l:::; Ilullllvll (theCauchy-Schwarzinequality); 
(ii) <ulv) = o~ Ilu + vl12 = IIul1 2 + IIvl12 (Pythagoras's law). 

2. If [1 and [2 are two pre-Hilbert spaces, then [ == [1 Et> [2 can be made 
into a pre-Hilbert space, the Hilbert sum, by setting <CUI' u2)I(vl' V2) = 
<ullvl) + <u2Iv2)' The vectors of [1 become orthogonal to those of 
[2 in the new space. Conversely, given a subspace [1 c [ and defining 
[t == {v E [: <vlu) = 0 for all u E [d, it follows that [1 n [t = {O}. It is 
tempting to single [t out as the complement of [1' However, it can happen 
for infinite-dimensional spaces that [I Et> [t =1= [: Let [1 c [2 consist of 
the vectors having only finite many nonzero components; then [t = {O} 
but [1 =1= f2. This is related to the fact, which we shall teturn to shortly, 
that in infinitely many dimensions not every linear subspace is topo­
logically closed. 
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3. The tensor product 1E1 ® IEz and the anti symmetric tensor product 
1E1 /\ IEz can be defined as for finite-dimensional spaces (I: §2.4), and the 
scalar product in these constructions is multiplicative: (v 1 ® vzlu1 ® uz) 
= (v 1 Iu 1 )(vzluz)· 

4. If two norms satisfy 11·111 ::;; a 11·llz ::;; b 11·111 for a > 0, b > 1, then they are 
said to be equivalent. They clearly produce the same topology (see below). 
Remarkably, all norms on finite-dimensional spaces are equivalent. 

5. A mapping a: lE -+ IF satisfying Ilaxll = Ilxll for all x E lE is called an 
isometry. We shall reserve the term isomorphism of normed spaces for a 
linear, isometric bijection. 

6. Conversely, a scalar product (u I v) with the properties (2.1.7) defines a 
norm Ilxllz = (xix) that obeys the parallelogram law. 

Although the dimension of the space has only played a secondary role in 
the algebraic rules discussed above, infinite dimensionality disrupts the 
topological properties. These properties can be studied by using the norm 
(2.1.4), which induces a metric topology on a vector space with the distance 
function d(u, v) defined as Ilu - vii. The neighborhood bases of vectors 
v E lE are {v' E lE: Ilv - v'II::;; e}. Definition (2.1.4) guarantees that addition 
and multiplication are continuous in this topology (Problem 3), i.e., the limit 
of sums or products equals the sum or product of the limits. There remains one 
obstacle to the use of the methods of classical analysis, in that not every 
Cauchy sequence Vn (i.e., for all e -+ 0 there exists an N such that Ilvn - vmll ::;; e 
for all n, m> N) converges. In Example (2.1.5; 4), any continuous function is 
a limit of a Cauchy sequence of polynomials. Thus there are Cauchy se­
quences that do not converge in this space. In order to exclude such difficulties 
with limits, we make 

Definition (2.1.10) 

A normed space is complete iff every Cauchy sequence converges. A com­
plete, normed, linear space (resp. pre-Hilbert space) is a Banach (resp. 
Hilbert) space. 

Examples (2.UI) 

Of Examples (2.1.5), only 1,2,3,5 with r = 0, and 6 are complete. 

Remarks (2.1.12) 

1. It is crucial that the limit exists as an element of the space in question. 
One can always complete spaces by appending all the limiting elements, 
but this can occasionally force one to deal with queer objects. For instance, 
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if the polynomials (2.1.5; 4) are completed in the norm of (2.1.5; 6), then 
the resulting space U(K, J.l) has elements that are not functions, but 
equivalence classes of functions differing on null sets. 

2. One does not naturally have a good intuition about the concept of com­
pleteness, since finite-dimensional spaces are automatically complete. 
It should be distinguished from the notion of closure: Like every topo­
logical space, even an incomplete space is closed. It merely fails to be closed 
as a subspace of its completion, which is then its closure; in other words, 
it is dense in its completion. 

3. Since convergent infinite sums are now defined and their limits exist, 
it is possible to introduce smaller bases than the Hamel basis. A set of 
vectors er, Y E ~ is said to be total provided that the set of its finite linear 
combinations is dense in lE. If ~ is countable, then lE is separable (as a 
topological space). 

4. By the axiom of choice, the ey can even be chosen orthonormal in a Hilbert 
space. If this has been done and v = LYED cyey, cy = <eylv), then IIvl12 = 
LYED icy 12, and the Hilbert space can be considered as L2(~, J.l), where J.l 
assigns every element of ~ the measure 1. If ~ is countable, then the Hilbert 
space is isomorphic to an [2 space. If ~ is uncountable, then the countable 
sets and their complements constitute the measurable sets, and the 
resulting Hilbert space is not separable. 

5. Every vector of a Hilbert space can be written in an orthogonal basis as a 
convergent infinite sum, v = Lye/eylv), and accordingly the sum 
(2.1.9; 2) of Hilbert spaces can easily be extended to infinite sums (though 
more care must be taken with the construction of infinite tensor products­
see volume IV). However, if one approximates a vector v with an arbitrary 
total set {eJ, say Vn = LJ= 1 cjej, Ilv - vnll ~ lln, then it may be necessary 
to keep changing some of the c's substantially as n --+ 00, and the ex­
pansion v = LJ= 1 cjej may not exist. For instance, in /2 the vectors 

en = (1, 212 ' ... , :2 ' 0, 0, ... ) 

I n-th p~sition ' 

are total. If we expand v = limn_ co Vn == (1, t, ... , lln, 0, 0, ... ) then 
Vn = - e1 - e2 - ... - en - 1 + nen • Thus v can be approximated 
arbitrarily well by the e's, while the formal limit v = - e1 - e2 - ••• 

+ ooeco does not make sense. In a general Banach space, where there is 
not an orthogonal basis at one's disposal, it is therefore unclear whether 
there exists a basis in which every vector can be written as a convergent 
sum. If there is a set of vectors in terms of which any vector can be written 
as a convergent sum, we shall call it complete. These distinctions may be 
somewhat unfamiliar, since for n vectors of en, linearly independent <::> 

total <::> complete. In an infinite-dimensional space the implications go 
only one way; an infinite set of linearly independent vectors need not be 
total, and a total set need not be complete. For instance, {e inX, nE Z} 
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is total and complete in L 2«0, 2n), dx), but total and incomplete in the 
Banach space of continuous, periodic functions on (0, 2n) with the sup­
norm. 

Definition (2.1.13) 

A linear functional w on a vector space lE is a mapping lE --+ c: v --+ (w Iv) 
such that (wl V 1 + V2) = (w I v1) + (w I v2) and (wlexv) = ex(w I v), for a E C. 

Examples (2.1.14) 

In Examples (2.1.2) the linear functionals are 

1. Scalar products with a vector. 
2. Traces of the product of a matrix with some other matrix. 

Linear functionals on the other examples include integrals ofthe functions by 
distributions and many other things. (See (2.2.19; 3).) 

Remarks (2.1.15) 

1. The space of linear functionals on a vector space is called its algebraic dual 
space. It has a natural linear structure, (W1 + w21 v) = (w11 v) + (w21 v) 
and (exwlv) = ex*(wlv). The dual space of ~n can be identified with ~n. 
However, infinite-dimensional spaces are not algebraically self-dual, and 
for that reason we introduce the abstract definition (2.1.13). 

2. The concept defined in (2.1.13) is somewhat too general for our purposes, 
since the mapping v --+ (w Iv) is automatically continuous only for finite­
dimensional spaces (Examples 1 and 2). For example, consider [1 == 
{v = (V1' V2, V3'" .): Ilvll == Ldvd < CIJ} with Hamel basis 

{ei = (0,0, ... ,1,0, ... , O)}, 
I i-th p~sition ' 

augmented with some other vectors ey to take care of vectors with infinitely 
many components. Every vector can be written as a finite sum, v = 
Li, finite Ci ei + Ly, finite Cy ey. If we define (W Iv) = L~ 1 iCi, which con­
verges because only finitely many Ci are nonzero, then w is obviously a 
linear functional, but it is not continuous. In fact, it is not even closed, i.e., 
there exists a sequence Vn --+ 0 such that (w I vn) --+ 1 =1= (w 10) = 0; e,g., take 

Vn = (0, 0, ... , Iln, 0, .. ,), 
n-th p~sition ' 

This phenomenon can be understood as meaning that the steepness of w 
in the i-th direction is i; as i gets larger, it corresponds to a more nearly 
vertical plane. The formal reason for it is again that infinite-dimensional 
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spaces can have nonclosed linear subspaces. The kernel of w, defined as 
{v : (w Iv) = O}, is a subspace, and if w were continuous, it would be closed, 
since it is the inverse image of the point zero. In this case, however, it 
contains all finite linear combinations of the vectors 

vnm = (0, ... ,0, 1,0, ... , - nlm, 0, ... ), 

n-th ;"sition' 'm-th ;osition' 

and it is thus dense in [I. It is desirable to exclude such pathologies, which 
is the motivation for 

Definition (2.1.16) 

The linear space lE' of the continuous linear functionals of a Banach space lE 
is called its dual space. 

Examples (2.1.17) 

As mentioned above, IC" and the space of the n x n matrices are their own 
duals. More generally, all Hilbert spaces are self-dual; by a theorem of 
Riesz and Frechet [3] any continuous linear functional on.Yt' can be written as 
a scalar product v -+ (wlv) with a unique w = L eiwley) E.Yt'. Generalizing 
further, (U(M, Ji))' = U(M, Ji) for lip + Ilq = 1, 1 < p < 00; and (L 1)' = 
LOO, though, for infinite-dimensional spaces (L (0)' is actually larger than L 1. 

The dual space of the continuous functions on a compact set, with the norm 
supz E K I f(z) I consists of the (not necessarily positive) measures on K. 

Remark (2.1.18) 

These statements depend critically on the completeness of the spaces. If we 
consider, for instance, the pre-Hilbert space lE of the vectors of [2 having 
finitely many nonzero components, then (vJ -+ L~ 1 Viii is a continuous 
linear functional that can not be written as (w I v) for w E lE, since 

(1,1, t, ... ) ~ lE. 

The dual space lE' is also a linear space, so the next task is to topologize it. 

Definition (2.1.19) 

The neighborhood bases of vectors w E lE' will be defined alternatively by 

U v i w) = {w' E lE': I (w - w' Iv) I < d, V E lE, RE IR+, 

and by 

U,(w) = n Uv,iw) (2.1.20) 
Ilv 11 = 1 
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These produce respectively the weak * and the strong topology; the latter 
is equivalent to the topology given by the norm 

Ilwll = sup l(wlv)l, (2.1.21) 
Ilvll = 1 

which makes lE' a Banach space (Problem 4). Its dual space is denoted lE", 
and lE" :::> lE. If lE" = lE (identifying elements of lE" with those of lE under the 
natural injection), then lE is said to be reflexive. 

Examples (2.1.22) 

Spaces with lE' = lE, such as Hilbert spaces, are clearly reflexive. As shown 
in Example (2.1.17), LP is reflexive if 1 < p < 00, but not if p = 1 or 00, since 
lE can not be reflexive unless lE' is. 

Remarks (2.1.23) 

1. It is also possible to topologize lE weakly, by taking 

Uw,iv) = {v' E lE: I(wlv - v')1 < e, w E lE', e E [R+}. 

It is a corollary of the Hahn-Banach theorem that this is a Hausdorff 
topology. It is compatible with linearity in the sense that sums of vectors 
and multiplication by scalars are continuous mappings. 

2. As its name suggests, the weak topology is weaker than the strong topology; 
in the weak topology the mapping w ~ Ilwll is not continuous, but only 
lower semicontinuous, as the supremum of continuous mappings. The 
weakening ofthe topology produces additional compact sets: in an infinite­
dimensional Banach space the unit ball {v: 11 v 11 S;; 1} fails to be norm­
compact, but it is weak-* compact with respect to the space of which it is 
the dual (if this predual exists). Hence, if the Banach space is reflective, its 
unit ball is weak-* compact (cr. Problem 7). 

3. The weak topologies do not have countable neighborhood bases, and they 
can not be specified in terms of sequences; they require instead nets or 
filters. This means that the concepts of completeness and sequential 
completeness, and compactness and sequential compactness, are not 
identical. Hilbert spaces are weakly sequentially complete, but not 
weakly complete. Another inconvenience is that not every point of 
accumulation is attainable as the limit of a convergent sequence (Problem 
8). Fortunately, the bounded sets, i.e., {v: 11 vii S;; M} in a Banach space with 
a separable dual space are a metrizable space when weakly topologized. 
For metric spaces the above notions coincide, and if only bounded sets are 
considered, these complications can be ignored. 

Linear functionals are a special case of linear operators: 
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Definition (2.1.24) 

We let 2(1E, IF) denote the space of continuous linear mappings of the Banach 
space lE into the Banach space IF. If lE = IF, define ~(IE) == 2(1E, lE). The 
elements a E 2(£, F) are also called operators. 

Examples (2.1.25) 

1. 2(1E, C) = lE'. 
2. 2«(", cm) consists of the n x m matrices. 

Remarks (2.1.26) 

1. 2(1E, IF) is a vector space, as (L: lXiai)X == L lXiaix for all lXi E C and 
ai E 2(1E, IF). 

2. A linear mapping a is bounded iff it sends bounded sets to bounded sets, 
and thus Ilall == sUPllxll=l Ilaxll lF < 00. For linear mappings the properties 

(i) continuous, 
(ii) continuous at the origin, 

(iii) bounded 

are all equivalent (Problem 11). 
3. The transpose of a real, finite-dimensional matrix has an infinite-di­

mensional generalization: a E 2(1E, IF) induces a mapping a*: IF' -4 lE', 
known as the adjoint operator, since for y' E IF' the mapping lE -4 C by 
x -4 (y' lax) is continuous and linear, and consequently it guarantees the 
existence of exactly one x' E lE' such that (y' lax) = (x' I x). Now define 
x' == a*y'. It is trivial to verify that the operator a* is linear, and it is 
continuous in the norm topology (Problem 5). 

There are several ways to topologize 2(1E, IF). 

Definition (2.1.27) 

The neighborhood bases of elements a E 2(1E, IF) can be taken alternatively 
as 

or 

or 

Uy'.xja) = {a': 1(y'I(a - a')x) I < e} 

Ux.ia) = {a': II(a - a')xlllF < e} = n UY',xja) 
IIY'II = 1 

Ue(a) = n Ux,la), 
Ilxll = 1 
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The topologies are respectively called weak, strong, and uniform, and the 
associated kinds of convergence will be denoted by---"-, --., and => (elsewhere 
often by w-lim, s-lim, and lim). 

Remarks (2.1.28) 

1. The uniform topology corresponds to the norm 11 a 11 = sup 11 x 11 = 1 11 ax 110::, 

which makes 9'(IE, IF) a Banach space (Problem 4). 
2. Even though lE and IF are metrizable, the strong and weak topologies do not 

have countable neighborhood bases (cC. Problem 9), and only their re­
strictions to norm-bounded sets are metrizable. They are compatible with 
linearity, but not with the algebraic structure; multiplication is not neces­
sarily a continuous mapping 9' x 9' --. 9'. However, it is sequentially 
continuous in the topologies 9iJ(1E) (weak) x 9iJ(1E) (strong) --. 9iJ(1E) (weak) 
and 9iJ(1E) (strong) x 9iJ(1E) (strong) --. 9iJ(1E) (strong). Of course, multi­
plication in one factor alone is continuous in all topologies. 

3. For reflexive Banach spaces lE and IF the adjoint operation (2.1.26; 3) 
9'(IE, IF) -4 9'(IF', lE'): a --. a* is a continuous mapping in the norm 
topology because Ilall = Ila*ll, and it is obviously continuous in the weak 
topology; yet it is not continuous in the strong topology. We shall later 
become acquainted with examples for which On --. 0 but only 0:--->- 0*. 

4. The origin of many of the technical complications of quantum mechanics 
is that the norm topology of operators is too restrictive; one is often 
interested in a limiting operator of a sequence or family of operators that 
is not convergent in the norm topology. While weaker limits exist more 
frequently, the algebraic operations are not always continuous in the 
weaker topologies, so great care must be taken in passing to a limit. 

5. If Xn E a Hilbert space :7f converges weakly to x E:7f and limn-+ oo Ilxnll = 
Ilxll, then the sequence is also strongly convergent: (xn - xlxn - x) = 
IIxnl12 + IIxl12 - 2 Re(xnlx) --. O. Hence the strong and weak topologies 
are equivalent for unitary operators. If unitary operators converge weakly 
but not strongly, the limit will not be unitary. 

Problems (2.1.29) 

I. Show that the space [00 is not separable. (Hint: There exists an uncountable set of 
elements V;, i EO, such that Ilv;11 = 1 and Ilv; - vjll ~ 1 whenever i #- j.) 

2. Show that the usual operator norm for operators on a Hilbert space satisfies the 
triangle inequality. 

3. Prove the triangle inequality for the spaces LP, p ~ 1. (Hint: the inequality xy ~ 

xP/p + yq/q for x, y ~ 0 and I/p + l/q = I implies HOlders inequality, IJig dill ~ 
Jlfgldll ~ Ilfllpllgllq, where Ilfllp == (JlfIPdll)l/P. Next show that Ilfllp = 

SUPg:llglI.=l Jlfgldll and conclude that Ilf + gllp ~ Ilfllp + Ilgllp, which is known 
as Minkowski's inequality. 
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4. Let lE and IF be two Banach spaces. Show that the space of continuous linear mappings 
lE --- IF (with the uniform topology) is also a Banach space. Moreover, show that if 
IF is a normed space but not complete, then 2(1E, IF) is likewise not complete. 

5. Let a: lE --- IF be a continuous linear mapping of two Hilbert spaces. Show that 
a*: IF --- lE is also continuous. 

6. Prove that on a Hilbert space lE Ilaxll = Ila*xll = Ilxll for all x E lE iff aa* = a*a = 1. 

7. Show that the unit ball in a separable Hilbert space ye is weakly sequentially 
compact. Conclude that the Hilbert cube c [2: {v = (vn): IVnl :0:; I/n} is even 
strongly (== norm) compact. 

8. Show that an infinite-dimensional Hilbert space is not metrizable in the weak 
topology. (Hint: Consider the vectors Xn = (0,0, ... ,In, 0, ... ) in /2. This set has a 
point of accumulation at 0, but it contains no convergent subsequences, which is 
impossible in a metric topological space.) 

9. Show that in the weak topology, compactness does not imply sequential compactness 
(except when the Hilbert space is separable). 

10. Prove the Cauchy-Schwarz inequality l(v1Iv2)I:O:; Ilvlllllv211, and show that 
I (VI Iv2 ) I = IlvI 1IIIv211 iff VI = ZV 2 for some Z E C (and Vi #- 0). 

11. Show the equivalence of the properties of (2.1.26; 2). 

Solutions (2.1.30) 

1. Let Vi be the vectors of the form (Cl' C2 , ... , cn , ••• ) with Cn = 1 or O. This set has the 
power of the continuum, and Ilvill = suplcnl = 1 (unless Vi == 0) and Ilvi - vjll ~ 1, 
unless all the coefficients of Vi and Vj are equal. If there existed a countable dense set 
A c /00, then for aH Vi there would be an ai E A with 11 Vi - aill :0:; l Since 11 Vi - vjll ~ 1, 
the mapping Vi --> a i would be one-to-one, and the set of Vi would have only the 
cardinality of a subset of A. 

2. Ila + bll = sUP11x11 ~ 1 !Iax + bxll :0:; SUPllxl1 ~ I Ilaxll + sUP11x11 ~ 1 Ilbxll = Ilall + Ilbll· 

3. The inequality is trivial for p = 1, so assume p > 1. For t ~ 0, t:O:; tPlp + llq 
(proof: find the minimum of the function cp(t) = tPlp - t), and if t = xlyq(p this 
reads xy :0:; xPlp + l/q. LetJand g be two functions such that 

Since 

Ifjgd~I:o:; fljgld~ and fligld~:O:; ~fIJIPd~+~flglqd~= 1, 

Holder's inequality is proven in this special case. The general case foHows by 
consideringflllJll p and g/llgllq in place ofJand g. Furthermore, 

11111 flJld 'h IJIP-l 
. . P = g ~ Wit g = 11 J IWi ' 
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since 

Hence 

Ilf +gllp= sup II(f+ g)hld/1:'S: sup Ilfhld/1 + sup Ilghld/1 = Ilfllp + Ilgll p' 
IIhll q = 1 h h 

4. The vector-space properties are trivial. As for the norm, let a: [-+ IF, 

Ilaxll 
Ilall = sup ~. 

XE[ Ilxll 

Then Illall = IAlllal1 and Ila + bll :'S: Ilall + Ilbll as in Problem 2. Finally, Ilall = 
o ~ Ilaxll = 0 for all x E [~ax = 0 ~ a = O. As for completeness, let an b~ a 
Cauchy sequence; then anx is also a Cauchy sequence in IF for all x E [, and thus 
there exists a limit lim anx = ax E [. This mapping is linear and bounded (since 
Ilanll :'S: C < 00 for all n, Ila.xll :'S: ellxll, which implies Ilaxll :'S: Cflxll), and Ila - anll 
= supllax - a.xll/llxll -+ O. The proof depends in an essential way on the complete­
ness of IF. Remark: The Hahn-Banach theorem prevents 2'([, IF) from being the 
trivial space {O}. 

5. Ilall = sup Ilaxll = sup l<ylax)1 = sup l<a*ylx)1 = Ila*ll. 
IlxlI = 1 Ilxll = 1.xE[ 

XE[ Ilyll=1.YEIF 

(This is also true when [ and IF are only assumed to be Banach spaces.) 

6. aa* = a*a = 1 ~ <xlaa*x) = Ila*xl1 2 = <xla*ax) = IIaxl12 = Ilx112. 

Ilaxll = Ilxll => <xla*ax) = <xix) => a*a = 1, 

and likewise 

Ila*xll = Ilxll ~ aa* = I. 

(4<ylax) = <x + yla(x + y» - <x - yla(x - y» 
+ i<x + iYla(x + iy» - i<x - iyla(x - iy»; 

it therefore follows from <x I ax) = 0 for all x that <y lax) = 0 for all x and y, which 
implies that a = 0.) 

7. Let {xn} be a total orthonormal set. Since the matrix elements (xn/akxm)ofa sequence 
ak E e4(.tf) are bounded in absolute value by I/xnl/I/xml/ SUPk Ilakl/, for every n and m 
there is a point of accumulation anm . Let us define a E 81( Yf) by aXm = Ln anrnXn and 
note that ak --'- a, i.e., (y I ak x) -+ (y / ax) for all y, x E Yf; this is because for all e > 0, 
x and y can be written as Lfinite Cn Xn + '1 with 11'111 < e, and the convergence of the 
finite sum follows by definition, so the convergence of general matrix elements is 
shown to within arbitrary accuracy, since supn Ilanll < 00. We next show that the 
strong and weak topologies are equivalent on the Hilbert cube: Let v<n) --'- v,and for 
any given e choose rand N such that LJ=r+ 1 l/i < e and if n > N then 

r 

L Ivjn) - vj /2 < e. 
j= 1 

LJ= 1 I vjn) - vy < 5e, and therefore v<n) -+ v. The Hilbert cube is thus strongly 
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sequentially compact and, since the strong topology on a Hilbert space is a metric 
topology, also strongly compact. 

8. A weak neighborhood of 0 has the form U = {x: I <V(ll Ix) I + I <v(ZI Ix) I + ... + 
1<V<lI lx)1 :s cl. A neighborhood U necessarily contains some xn , as otherwise 
1<V< 1i lxn)1 + ... + l<v(lllxn)1 > E for all n, which would mean that IV~lll + ... + 
I v~l) I > £I/~ and L~~ t I F~1i 12 + ... + I v~1 IZ = 00, while, on the other hand, this 
sum:s t(Ln I v~t I 12 + ... + Ln I v~1 IZ) < 00. However, it is not true that there is an N 
such that Xn E U for all n > N. Despite the foregoing, there can not be a weakly 
convergent subsequence of xnk of Xn ; for consider the vector v whose nlOr-lh com­

ponent is r and whose other components are all O. Then <vlxn.> = ~(1lr) if 
k = 10', and otherwise 0; but nk :2: k = 10'. 

9. General theorems guarantee that the unit ball is always compact in the weak 
operator topology. Let us now investigate the nonseparable Hilbert space 'y( = 

e([O, I], f.1.), where f.1. is the measure assigning every point the measure 1. All of the 
multiplication operators multiplying any function in It by a function CPn, a "saw­
tooth" function going linearly from 0 to 1 in each interval [kllOn, (k + 1 )1 lOn] , 
k E 7L n [0, lOn), have norm 1. But, even so, for each subsequence CPn m there exists a 
point x at which CPnJx) diverges, and consequently the sequence of operators is 
not weakly sequentially compact. 

10. Let vS = V2 exp( -; arg<vtlvz»). Then l<v1Ivz)1 = <vllvS), and it follows from 

1IIIvtllvS - IlvSllvtll Z = 21lVtllZllv~llz - 21IVtllllv~II<Vllv2):2: 0 

that <V t IV2):S Ilvtllllvll! = Ilvlllllv211. There can be equality only if Ilvlllvl­
Ilvlll VI = 0, i.e., V t = ZV 2 with;: = (1Ivlll/llvzll)exp( - i arg<vtl V2»)' 

11. (ii) ~ (iii): Property (ii) implies that for all b there exists E such that Ilxll < E ~ 

Ilaxll < b, which implies :Iall = sUPI'xll =, Ilaxll/llxll < bl£, which ~ (iii). 
(iii) ~ (i): For all b 3 e = Mall such that for all x' E lE, 

Ilx - x'l: < E ~ Ilax - ax'll :S Ilall'llx - x'll :S b. 

(i) ~ (ii) is trivial. 

2.2 Algebras 

C * and W* algebras are generalizations of algebras of matrices and 
functions. Their axioms are the basic algebraic and topological 
properties of these familiar algebras. 

Definition (2.2.1) 

An algebra .91 is a vector space on which there is a mapping .91 x .91 --+ .91, 
called multiplication, having the properties 

a(b 1 + b2 ) = ab! + ab2 , a(bc) = (ab)c, 

a(rxb) = rxab, a, b, bi E .91, rx E C. 
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Additionally, we assume the existence of a unit, or identity, element 1 such 
that a 1 = 1 a = a for all a E d; if this element should ever be lacking, we 
shall refer to d as an algebra without a unit. If ab = ba for all a and bEd, 
then d is Abelian. 

Examples (2.2.2) 

All of Examples (2.1.2) are algebras when multiplication is defined component­
wise for vectors, pointwise for functions, and in the usual way for matrices. 
These multiplication rules make all of them Abelian except for the matrices. 
The spaces LP, p < 00, are not generally algebras; for examples, x - I/Z E 

L 1([0, 1], dx) but X-I £t L 1([0, 1], dx). The spaces [P are algebras, but they 
have no unit if p < 00. The space [0 == {(VI' VZ, ••• ) E [00: limi Ivd = O} is a 
subalgebra of [00 without a unit. 

Remark (2.2.3) 

Every subspace of a vector space is the kernel of a homomorphism n, i.e., 
it is n- 1(0). The kernels of homomorphisms of an algebra are only its 
two-sided ideals, i.e., subalgebras fJ c d for which afJ c fJ and fIla c fJ 
for all, a E d. The quotient space with respect to a two-sided ideal is another 
algebra, known as the quotient algebra. 

Since we work with the field of the complex numbers, there is another 
operation to axiomatize, complex conjugation: 

Definition (2.2.4) 

A * algebra is an algebra on which there is a mapping * : d --+ d, called 
conjugation, having the properties (ab)* = b*a*; (a + b)* = a* + b*; 
(aa)* = a*a* for a E C; and a** = a. The element a* is known as the adjoint 
of a. 

Examples (2.2.5) 

If * is complex conjugation or, in the case of matrices, Hermitian conjuga­
tion, then all of Examples (2.1.2) except for the analytic functions are 
* algebras. 

Remark (2.2.6) 

It is at this point that complex numbers first become important. Anyone 
having philosophical objections to the occurrence of complex numbers in 
what ultimately pertains only to real physical measurements can just as 
well represent i, the square root of - 1, as the real matrix 
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or else postulate the existence of an abstract element 1 E si with the properties 
12 = -1, 1* = - I, and la = al for all a. 

Since matrices are the prototype of a * algebra, its elements are often 
referred to as operators, and the terminology follows that of matrices: 

Definition (2.2.7) 

a is normal iff aa* = a*a 
a is Hermitian iff a = a* 
a is unitary iff aa* = a*a = 1 
a is a projectiont iff a = a* = a2 

a is positive iff a = bb* for some b 
a is the inverse of b iff ab = ba = 1. 

Remarks (2.2.8) 

1. The relationships among these sets of operators are depicted III the 
diagram below: 

normal 
unitary 

Hermitian 

1 

projection 

positive 

2. Although in a finite-dimensional space ab = 1 implies ba = 1, this is 
not true in general. A counterexample is given by the infinite matrix 

0 1 0 0 0 

a= 0 0 1 0 0 and b = a* 
0 0 0 0 

.................... 

Hence the property ab = 1 is not sufficient to make a the inverse of b. 
The Definitions (2.2.7) easily imply the 

t In this book the word "projection" will be understood as meaning "orthogonal projection." 
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Propositions (2.2.9) 

1. (a-1)-1 = a 
2. (ab)-l = b-1a- 1 
3. (a*)-l = (a- 1)* 
4. The unitary elementsform a subgroup of the group of invertible elements. 

The next subject is the topology of the algebra, which must conform with 
the algebraic properties discussed above. This will allow us to generalize 
the analytic rules we are familiar with for matrices. 

Definition (2.2.10) 

A C* algebra is at the same time a * algebra and a Banach space, the norm of 
which satisfies 

(i) Ilabll ~ Ilallllbll 
(ii) Ila*11 = Ilall 

(iii) 11 aa* 11 = 11 a 1111 a* 11 
(iv) 11111 = 1. 

Examples (2.2.11) 

Recall Examples (2.1.5): 

1. This is a C* algebra only if p = 00, because (iii) is violated for smaller p. 
2. This is not a C* algebra. For instance, if 

( 1 i) 
a = 0 l' aa* = (2 i) 

-i l' 
aa*aa* = I ( 5 3') 

-3i 2' 

then Ilaa*112 = Tr aa*aa* = 7 i= Ila11 211a*112 = (Tr aa*)2 = 9. 
3. This is a C* algebra, as in fact is the more general [Jl(.1f) (2.1.24), .1f a 

Hilbert space, and with the norm of (2.1.28; 1), because 

Ila*all = sup l<yla*ax)1 = sup <xla*ax) 
Ilxll = 1 = Ilyll Ilxll = 1 

= sup IIaxl12 = Ila11 2, 
Ilxll = 1 

along with (i) and (ii), implies (iii). 

4. The space of this example is not complete. 
5. In this example the space is complete only if r = 0, in which case it is a C* 

algebra. 
6. LP is not an algebra for p < 00. If p = 00, it is a C* algebra. 
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Remarks (2.2.12) 

1. Properties (i) and (ii) guarantee that multiplication and conjugation are 
continuous (Problem 3). Property (iii) roots the topology so deeply in the 
algebraic structure that (algebraic) homomorphisms of C* algebras are 
automatically continuous (Problem 2). Property (iv) is just a convenient 
normalization. 

2. It may happen that Property (iii) is satisfied by one norm and violated by 
another, although both norms produce the same topology. This occurs in 
Examples (2.2.11 ; 2) and (2.2.11 ; 3) as well as for the continuous functions 
on [0,1] with the norms Ilfll = sUPxE[o,I]lf(x)1 and 

Ilflle = sup e-Xlf(x)l, 
XE [0, 1] 

which are related by 11 . 11 ~ 11 . 11 e ~ e - 111 . 11. The norm 11 . 11 yields a C* 
algebra, but 11 . lie does not, since lI(eX - 1)11; = (1 - 1/e)2 ~ II(eX - 1)2 lie = 
e + lie - 2. In such situations we shall always choose the norm that 
satisfies (2.2.1 0) 

3. IC\{O} is an open set, and {zEIC:lzl = 1} and {zEIC:Imz=O} are 
closed. Because both conjugation (*) and multiplication are continuous, 
these statements have the generalizations that the set of invertible elements 
of a C* algebra is open, and that the unitary and the Hermitian elements 
form closed sets (Problem 4). Similarly, the sets of normal, positive, and 
projection operators are closed, and hence norm-limits of these types of 
operators are of the same types. 

Given an operator a, it is always possible to get an invertible operator by 
adding some multiple of the identity 1 to it. 

Definition (2.2.13) 

The resolvent set of a E .91 is {z E IC: (a - Z)-1 exists}, and its complement 
Sp(a) is known as the spectrum. 

Examples (2.2.14) 

The spectrum of a matrix consists of its eigenvalues, and the spectrum of an 
ordinary function is its range. 

Remarks (2.2.15) 

1. In (2.2.13) it is essential that (a - Z)-1 exist as an element of .91, and not in 
some other sense. Moreover, ifd is a subalgebra of some other algebra []I, 
then one must specify whether (a - z) - 1 is to exist in .91 or []I. Fortunately, 
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if .si is a C* algebra, then the inverse of a - z belongs to the C* algebra 
generated by a (that is, the norm-closure of the polynomials in a and a*), 
and so one need not specify which algebra the inverse belongs to. 

2. If Izl > Ilall, then (z - a)-1 can be expanded as a convergent series 
Z-1 L~o (a/z)", and therefore Sp(a) c {z E C: Izl ~ Ilall}. In particular, 
all elements such that II a - 111 < 1 are invertible. The mapping C--+ 
.si: z --+ (a - z) - 1 is actually analytic on the resolvent set, which is always 
open, by Problem 7. 

3. It is easy to show that Sp(a*) = Sp(a)* and Sp(P(a» = P(Sp(a» for 
any polynomial P and a E .si. This implies (Problem 5) that the spectra of 
the unitary, Hermitian, positive, and projection operators lie respectively 
on the unit circle, the real axis, the positive real axis, and the set {O, 1}. 
If the operator is normal, the fact that the spectrum belongs to one of these 
sets implies that the operator belongs to the appropriate class (2.2.7) 
(Problem 5). 

4. As the term "spectrum" suggests, the spectral values of an element 
represent the values it can attain in a certain sense; we shall see in (2.2.31 ; 2) 
that the convex combinations of the spectral values are all the possible 
expectation values of the element (2.2.18). 

Positivity is a useful property in analysis, and it provides an algebra with 
an additional associative structure: 

Definition (2.2.16) 

The algebra .si has a partial ordering a ~ b defined as meaning that a - b is 
positive. 

Remarks (2.2.17) 

1. As remarked in (2.2.15; 3), positivity is synonymous with having a positive 
spectrum. According to (2.2.15; 4) the sum of two positive elements is 
positive, since expectation values are additive. Hence if a ~ band b ~ c, 
then a ~ c. If a ~ 0 and - a ~ 0, then a = 0, since 0 is the only Hermitian 
element a with sp(a) = {O}. Thus a ~ band b ~ a implies a = b. Since it is 
also true that a ~ a, the relationship ~ is a partial ordering. Since positive 
operators are Hermitian, one might hope to extend the definition of ~ to 
all Hermitian elements, but it fails to be a total ordering on this set: 
Consider 

(~ ~) and (~ ~) 
which do not stand in this ordering relationship to each other. 
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2. Although it is true that ~ is compatible with the linear structure of .si 
in the sense that ai ~ bi => Li ai ~ Li bi' difficulties arise with products 
because the product of two Hermitian elements is not generally Hermitian. 
But even if it is, there remains the inconvenience that inequalities can not 
be multiplied, a ~ b =f;- a2 ~ b2 (Problem 10). Yet inverses of ordered 
positive operators have a definite ordering, a ~ b > 0 => b - 1 ~ a-I > 0, 
and as a consequence it is possible to show monotonicity of certain 
functions of operators with respect to the ordering ~ (Problem 11). 
Finally, note that a ~ b clearly implies c*ac ~ c*bc for any c. 

3. The partial ordering is compatible with the topological structure; it 
commutes with the taking of limits. 

4. Positivity is preserved by homomorphisms re:.sI ~!!J of C* algebras: 
re(a*a) = re(a)*re(a) ~ 0, and therefore a ~ b => re(a) ~ re(b). Linear map­
pings of C* algebras do not generally preserve positivity. 

Definition (2.2.18) 

A linear functional f is positive iff f(aa*) ~ 0 for all a E.sI. If, moreover, 
1(1) = 1, then f is called a state, and f(a) is the expectation value of a in 
the statef 

Examples (2.2.19) 

1. Positive measures on function algebras are positive linear functionals. 
Probability measures are states. 

2. The mapping m ~ Tr pm on n x n matrices m is positive iff p is positive 
in the sense that all of its eigenvalues are positive. If in addition Tr p = 1, 
then it is a state. 

3. On the C* subaJgebra {v E [co: limi~co Vi exists} of [CO, the functional f(v) 
= limi~ Cl:' Vi is a state. 

Remarks (2.2.20) 

1. Definition (2.2.18) does not require continuity, i.e., the statement that there 
exists ME IR+ such that If(a)1 < Mllall for all a E .91, because it follows 
automatically. It is even true that I f(b*ab) I ~ Ilallf(b*b) and, as a 
generalization of the Cauchy-Schwarz inequality, 

I f(b*a) 12 ~ f(b*b )f(a*a) 

(Problem 8). It is consequently always possible to normalize a positive 
linear functional to be a state, for which Ilfll = sUPaEd If(a)l/llall = 1. 

2. Convex combinations of states are states. States that can not be written 
as convex combinations of other states are called extremal, or pure. In 
Examples (2.2.19), integrals with delta functions and traces with one­
dimensional projections are pure states. A theorem of Krein and Milman 
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[1, 12.15] says that our naive idea of convex, compact sets is valid for 
states; there must exist extremal points, and their convex combinations 
are dense in the space of states. Choquet's theorem allows any state to be 
written as an integral over pure states, though the measure used is unique 
only if the algebra is Abelian. For example, the state m --+ (l/n)Tr m of 
n x n matrices can be written as (1/n)D=1 (eklmek>, where the ek are 
any orthonormal system. The state m --+ (eklmek> (no sum) is pure, so 
there are many ways to write (1/n)Tr as a convex combination of pure 
states. If the space of states is pictured as a ball, then the pure states will 
constitute its surface. For Abelian algebras this ball becomes instead a 
simplex, only the corners of which are extremal. The extremal points of 
infinite-dimensional simplices may form a connected, closed set, like the 
surface of a ball. For instance, consider the Abe1ian C* algebra of con­
tinuous functions on a compact set. The states are probability measures, 
and the extremal states are Dirac {) functions. They form a weak-* con­
nected, closed set (see (2.2.28», though their convex combinations are 
weak -* dense in the set of states. 

3. There exist pure states for which the inequality I f(a) I ::;;; Ilall of Remark 1 
becomes an equality. This can be seen as follows: Given any a E .91, one 
can construct a state for whichf(a*a) = Ila11 2, by settingf(a + f3a*a) = 
a + f3llal1 2 on the subspace spanned by 1 and a*a. It is easy to convince 
oneself that this is a positive functional withf(l) = 1 andf(a*a) = Ila11 2• 

According to theorems of Hahn and Banach and of Krein, the functional 
can be extended to all of .91 (but not necessarily uniquely, of course). 
Now let Za be the convex set of states such that f(a*a) = Ila11 2• The 
extremal points of Za are pure, since if fe = )11 + (1 - ),}f2' 0 < ), < 1, 
then we would find IIal1 2 = )ll(a*a) + (1 - ),}f2(a*a), which implies that 
J;(a*a) = Ila11 2, and!e would not be extremal. 

4. Another blemish afflicting positive linear functionals is that the supremum 
oflinear functionals over many elements may not be the same as the linear 
functional of the maximal element using the partial ordering ~. For 
example, if 

v(n) = (1, 1, ... ,1,0,0, ... ) E [00, 

I n-Ih ~sition \ 

then with the state of Example (2.2.19; 3), f(v(n) = 0, but with v == 
supn v(n) = (1, 1, 1, ... ), f(v) = 1. (Of course, v(n) 1+ v.) 

The states suffering these afflictions can be set aside by a 

Definition (2.2.21) 

An ascending filter F is a norm-bounded subset ofd in which any two elements 
are both exceeded (in the sense of ~) by some element. The suprcmum sup F 
is the smallest element ofd with a ::;;; sup F for all a E F. A state f is normal 
iff sUPaEF f(a) = f(sup F) for every ascending filter F. 
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If the supremum always exists in .si, and there are also sufficiently many 
normal states at hand, then the algebra has such nice properties that it merits a 
special name. 

Definition (2.2.22) 

A W* algebra is a C* algebra in which 

(i) every ascending filter achieves its supremum in .si; and 
(ii) for all nonzero elements a E .9/, there exists a normal statefwithf(a)#O. 

Examples (2.2.23) 

Matrices are W* algebras, while the continuous functions on a compact set 
c IC" are not, because their supremum need not be continuous. The set of 
bounded, measurable functions L OO(K, dnx) is a W* algebra. We saw earlier 
that it is a C* algebra, and (i) is satisfied since mono tonic, bounded sequences 
converge in LOO. As for (ii), positive, normalized functions in LIe (Loo)' 
provide the required normal states. 

Remarks (2.2.24) 

1. Although the W* property is defined with reference only to the ordering 
structure of the algebra, it will have both algebraic and topological 
consequences. 

2. Integration theory relies on classes of functions that allow the taking of 
suprema. The permutability with integration is a fundamental character­
istic of measures, distinguishing them from such things as abstract 
averages. With W* algebras much of measure theory can be generalized 
to the noncommutative case. 

3. In atomic physics we shall primarily be concerned with the W* algebra 
~(yt), and the reader interested only in these problems need not worry 
much about the distinctions mentioned above. It is not until the fourth 
volume, Quantum Mechanics of Large Systems, that these notions will 
become important in the limit of infinite systems. 

Because C is such a trivial space, the homomorphisms of C* algebras into 
it are particularly simple. They are only of interest for Abelian C* algebras, 
for which they completely determine the algebra's structure. 

Definition (2.2.25) 

An algebraic *-homomorphism X (i.e., X«(Xa + f3b) = (Xx(a) + f3X(b), x(ab) = 

x(a)x(b), and x(a*) = x(a)* for all a, bE.sI and (x, f3 E C) of an Abelian C* 
algebra into C is called a character. The set of characters of .si is denoted 
X(.sI). 
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Examples (2.2.26) 

1. The characters of the algebra of n x n diagonal matrices are the maps 
Xm: a ~ amm , 1 ~ m ~ n; but the state a ~ (elae) over this algebra is not 
necessarily a character for an arbitrary unit vector e. 

2. The characters of the algebra C(K) of continuous functions on a compact 
set Keen are of the form Xz:f ~ fez), z E K. 

Remarks (2.2.27) 

1. Since the algebraic relationships are preserved by X, the existence of 
(a - z) -1 implies that of(x(a) - z) - I. Hence, for all X E X(d), x(a) E Sp(a), 
and thus I x(a) I ~ Ilall· 

2. Since x(a*a) = x(a)*x(a) = Ix(a)1 2 ~ 0 and XCI) = 1, every character 
is a state, which automatically makes the mapping X: d ~ C continuous. 
Indeed, every X is a pure state, since no convex combination a l Xl + 
a2X2'O < ai < 1, a1 + a2 = 1, can be multiplicative: (alXl + a2X2)(a2) 
is at the same time (aIXl(a) + a2xz<a))2 and a1XI(a2) + a2X2(a2). This 
can only be true for all a E d if one aiXi vanishes. This shows that X(d) 
does not have a linear structure, but consists of the extremal points of a 
convex set. The results of the following section will imply that X(d) 
contains all pure states; they provide irreducible representations of d, 
which are one-dimensional if the algebra is Abelian, and therefore 
characters. 

3. The kernel fa E .91: x(a) = O} is a closed, two-sided ideal of d. Since IC 
has no proper ideals, the kernel is maximal in the sense that there are no 
larger proper ideals containing it. The converse of this statement is also 
true: to every maximal ideal there corresponds a character. Thus charac­
ters, pure states, and maximal ideals are bijectively related. 

4. The set of characters X(d) has the weak-* topology as a subset of d'. 
Weak-* limits clearly preserve the algebraic characterization of X(d) 
(for instance, x.(a) ~ x(a) and X.(b) ~ X(b) ~ x.(ab) = x.(a)x.(b) ~ 
x(a)x(b )). Therefore X(d) is a weak-* closed subset of the unit ball of d' 
and thus, according to Remark (2.1.23; 2), weak-* compact. By definition 
the mappings X(d) ~ C: X ~ x(a) are weak-* continuous. 

Since d is a subset of d", the elements a E d can be considered as 
functions on X(d), by setting a(x) == x(a). There is in fact a complete 
correspondence: 

The Gel'Cand Isomorphism (2.2.28) 

Any Abelian C* algebra d is isomorphic to the C* algebra of the continuous 
functions C(X(d)): X(d) (with the weak-* topology) ~ C. 
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Proof 

The mapping d --+ C(X(d»: a --+ a(x) preserves all the algebraic properties 
such as ata2(X) = x(ata l ) = x(at)x(az) = at(x)az(X). Since X(d) contains 
the pure states, Remark (2.2.20; 3) states that Ilall = SUPXEX(dJia(x)l, so the 
norms of d and C(X(d» are the same. It also follows from this that a(x) = 0 
for all X ~ a = 0, and it only remains to show that d contains all the con­
tinuous functions on XCl4f): A theorem of Weierstrass states that the poly­
nomials in Z E any compact set c e are dense in the continuous functions in 
the supremum topology. Stone [1, 7.3] generalized this to the statement 
that the norm-closure of any algebra of complex-valued functions with a 
unit and such that for all Xt =j:. Xz there is an f with f(Xt) =j:. f(Xz) contains 
all continuous functions, and the a(x) satisfy this requirement. Consequently 
a --+ a(x) is a bijection, preserving the algebraic and topological structure. 

D 

Examples (2.2.29) 

1. In Example (2.2.26; 1), X(d) = {Xt, Xl'"'' Xn} (with the discrete 
topology), and C(X(,l4f» = {amm E e,m = 1,2, ... , n: Xm --+ ammXm} is the 
set of diagonal matrices. 

2. In Example (2.2.26; 2), we already have a bijection between K and 
X(C(K», Z --+ XZ' According to (2.2.28) the bijection is in fact a homeo­
morphism if X(C(K» is equipped with the weak-* topology. 

Remarks (2.2.30) 

1. The dual space of the continuous functions F is the space M(F) of (not 
necessarily positive) measures. The following collection of continuous 
mappings into e summarizes the various identifications: 

.r;(cr' ::J X(d) I e 

X(.l4f) C(X(.w')) ""er , e 

C(X(,l4f» M(C(X(.c1))} "" .cI', C. 

2. These results for Abelian C* algebras provide convenient representations 
of the normal elements a of any C* algebra, when one simply considers 
the algebra generated by 1, a, and a*. 

3. Theorem (2.2.28) holds a fortiori for Abelian W* algebras, which can 
also be represented as LOO functions on suitable measure spaces. 
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Since algebras of functions are easy to manipulate, (2.2.28) has a number of 

Corollaries (2.2.31) 

1. The power series of z --+ (a(x) - z) - 1 converges for all X E X(A) provided 
that Z > sUPxeX(A) la(x) I = lIall. As we see, if a is a normal element of a 
C* algebra, then the radius of convergence of the series for (a - z) -1 is 
exactly lIall. (This may be false if a is not normal: (~ !) is invertible for all 
z "# 0, but lI(gm = 1.) The spectrum of a is precisely the image of X(A) 
under a. 

2. Continuous functions f(a) are defined on the range of the Gel'fand 
isomorphism asf(a(x», and they exist for all normal a in any C* algebra. 
More specifically, a Hermitian element can be decomposed into a positive 
and a negative part, and unique square roots can be taken of positive 
elements. In a W* algebra, all the spectral projections O(a - a), a E IR, 
exist for every Hermitian element, since a step function is the supremum 
of continuous functions. It is always true that 1I f(a) 11 = sUPx I f(a(x))l = 
SUPae Sp(a) I f(a) I· 

3. Hermitian elements can be characterized by -1 ~ a/llall ~ l,andpositive 
elements by 111 - a/llallll ~ 1. 

4. According the Remark (2.2.30; 1), the Gel'fand isomorphism maps a state 
w to a probability measure d/lw on C(X(d»: w(a) = Ix(d) d/lw(x)a(x) for 
a normal. The pure states are the point measures d/lw(X) = b(X - Xo). 
XO E X(d), which => w(a) = a(xo). We again note that 

lIall = sup la(x)1 = sup Iw(a)l· 
xeX(d) wpure 

5. Since a maps the compact set X(d) continuously into the compact set 
Sp(a), a(x) can be introduced as a variable of integration as in Corol­
lary 4, the integral being over the image measure dw = a(d/lf ): 

C(X(d» ~ C(Sp(a» 

~/ 
(: 

g(a(x» ---..... g(a) 

I j 
f d/lw g(a(x» = f dw(a)g(a). J X(d) J a e Sp(a) 

Thus every state w furnishes a probability measure on the spectrum of a 
normal element a, such that f(a) = SaeSp(a) dw(a)a. For Hermitian or 
unitary elements this becomes a measure on the real axis or, respectively, 
the unit circle in C. 
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The mathematical framework that we have developed will now allow 
us to formulate the conceptual schema of quantum theory. 

The Basic Assumption of Quantum Theory (2.2.32) 

The observables and states of a system are described by Hermitian elements a 
of a C* algebra d and by states on d. The possible outcomes of a measure­
ment of a are E Sp(a), and their probability distribution in a state W is dw, 
the probability measure induced on Sp(a) by w. 

Remarks (2.2.33) 

1. Since physical measurements are always real numbers, observables are 
Hermitian operators, but they constitute a subalgebra (over the real 
numbers) only if d is Abelian. 

2. In classical mechanics the observables were a real function algebra, and 
the spectrum of a function was its range. Assumption (2.2.32) generalizes 
the classical schema only by not requiring commutativity. 

3. In this volume the C*-algebra of observables will usually be :18(.tf), 
and we will need to consider only the normal states over PJ(.tf). 

4. For Abelian algebras we learned that maximal ideal = character = 
pure state = point probability measure. These states are nondispersive 
for all observables, i.e., the mean-square deviation (~w(a))2 == w(a2)_ 

w(a)2 vanishes. If the algebra is noncommutative, nondispersive states 
do not normally exist, since the operator inequality 

(a - w(a) + i b - W(b))(a - w(a) _ i b - Web)) > 0 
~w(a) ~w(b) ~w(a) ~w(b)-

for an arbitrary state w implies the indeterminacy, or uncertainty, relation­
ship (by taking W of the inequality above): 

I w(ab ; b~) I ~ ~w(a) ~w(b). 
A state that had no dispersion on any observable would yield zero for any 
commutator [a, b] == ab - ba. The algebra of interest here will be d == 
:18(.tf), on which that is not possible for normal states; there are increasing 
sequences of projection operators having 1 for supremum, but for which 
each one can be written as the commutator of two Hermitian operators 
(Problem 9). 

5. Although it is obvious how a function of one observable is to be measured­
take the function of the measured value of the observable-it is less clear 
how to measure the sum or product of noncommuting observables. The 
spectrum is certainly not just the sum or product of the original spectra; 
we shall see that the spectra of XPy and YPx are both ~, while their difference, 
the angular momentum, has spectrum 7l.. That is, the only possible measured 
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values of the angular momentum are integers, whereas measurements 
of x, y, Px, and PY ' or ofthe products XPy and YPx can yield any real numbers 
whatsoever. This makes the algebraic structure of the observables rather 
problematic, for which reason there have been attempts to find alternative 
and more economically phrased axioms. Some of these will be discussed 
shortly, and we shall see that they eventually lead back to the schema of 
(2.2.32), which is our justification for imbedding the observables in a C* 
algebra. 

It will not be possible here to unfurl the whole subject of the theory of 
measurement, so we shall merely describe the bare mathematical structures 
that have been proposed for the formulation of quantum theory. 

Jordan Algebras (2.2.34) 

If one tries to invent an algebra containing nothing but observables, then 
one is confronted by the problem that, while sums of Hermitian elements are 
Hermitian, the same is not true of products. The symmetric product a ° b == 
(a + b)2 - aZ - bZ results in a new Hermitian element, and can be used as 
an alternative binary relationship on an algebra of observables over IR. 
Abstracting from that the commutative and distributive laws for 0, one can 
formulate the rules of a nonassociative algebra. It turns out that modulo a 
few topological assumptions, which are more or less convincing on physical 
grounds, these Jordan algebras can be imbedded in ~(Yf), whereby a ° b = 
ab + ba. 

Propositional Calculi (2.2.35) 

In a propositional calculus the only observables are known as the propositions 
Pi E [l}, which correspond to statements like "The particle is in region G," 
and can be tested by experiments having only yes and no as possible outcomes. 
The algebraic formulation represents the propositions as projection opera­
tors or, as above, the characteristic function of G for the statement just 
mentioned. Algebraic operations are avoided in favor of lattice-theoretical 
operations, which correspond to logical relationships and seem less burdened 
with the problematics of measurement. Next one postulates a partial order­
ing for (JJ with a maximal element 1 and a minimal element O. In addition, 
there are assumed to exist 

(i) inf{PI' Pz, ... ,Pn} == PI 1\ P2 1\ ... 1\ Pn' 
(ii) SUP{PI' P2,"·' Pn} == PI V PZ V ... V Pn' and 

(iii) a complementation' : f!J ---> f!I such that P 1\ p' = 0, p" = p', and PI ~ P2 <=> 

P'I S p~. 

From this it follows that (p I 1\ P2)' = P'I v p~, and thus P v pi = 1. The 
connection with logic is that a larger proposition makes a weaker statement, 



2.2 Algebras 35 

i.e., PI ~ pz means that PI ~ pz; and the proposition 1 is always true and 0 
always false. Thus PI 1\ pz (respectively PI v pz) is the weakest (strongest) 
proposition that implies (is implied by) both PI and pz. The proposition 
P 1\ P' = 0 means that there are no true propositions that imply both P and p'; 
a proposition can not be true at the same time as its complement. In 
classical logic P' is the negation of p, PI 1\ pz means both PI and Pz, and PI v pz 
means either PI or pz (or both). 

From the algebraic point of view, fY> is the set of projections with the 
ordering (2.2.16) and P' = 1 - p. Classically, Pi are the characteristic func­
tions of sets Gi in phase-space (in which case P'I corresponds to the comple­
mentary set CGI, PI 1\ pz to the intersection, and PI v pz to the union, 
of GI and Gz). These facts can, of course, also be expressed in terms of alge­
braic operations, and in the noncommutative case the product of character­
istic functions generalizes to PI 1\ pz = limn-+oo PI(PZPI)n. 

On Hilbert space £', the Pi are projections onto subspaces £'i' and p~ are 
projections onto the orthogonal subspaces £'t, PI 1\ pz onto £'1 n £' z, 
and PI v pz onto the subspaces spanned by £' I and £' z. 

Remarks (2.2.36) 

1. The algebraic realization of the propositional calculus will require the W* 
property to make the lattice-theoretical operators properly definable. 
All the projections then exist, as does the limit of the positive, decreasing 
sequence PI(PZPlt, n ~ 00. 

2. Characteristic functions XI: ~:J 1-+1, Cl -+0, of observables are pro­
jections. XI(A) corresponds to the statement that some spectral value a E I 
has been measured, and X/CA)' means that the measured value is in Cl. 

3. In the commutative case the Pi are realizable as characteristic functions Xi' 
and the distributive law PI 1\ (pz v P3) = (PI 1\ pz) V (PI 1\ P3)followsfrom 
the correspondence with the set-theoretical operations. They are alge­
braically realized as follows: PI 1\ pz <--+ Xl' Xz, PI V pz <--+ Xl + Xz -
Xl . Xz, and the distributive law states that Xl . (X2 + X3 - X2 . X3) = 
XIXZ + XIX3 - Xl' XZ' Xl' X3' If PI > pz for Pi E 86(£'), then PI and pz 
commute, and the distributive law holds on the propositional subca1culus 
constructed from PI' pz , P'l, and p~ . However, it does not hold in general. 

Example (2.2.37) 

With the Pauli spin matrices 

(ax ' ay, az ) = ((~ 1) (0 -i) (1 0)) 
0' i 0' ° -1 

on £' = CZ, we form the one-dimensional projections 

1+6'0 
Pn = 2 
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Their physical interpretation is the statement, "A measurement of 0' in 
the direction" definitely has the value 1." For all "I =F "2' Po! 1\ P02 = O. 
Hence for different ni' 

PO! 1\ (P02 V POl) = PO! 1\ 1 = PO!' 

but 

(PO! 1\ Po) v (PO! 1\ POl) = 0 v 0 = O. 

Hence, the classical conclusion: If the particle is in region Gland either in G 2 

or G3 then it is either in Gland G2 or in Gland G3 , is invalid for non­
commuting observables. The proposition "The spin points in the direction 
"2 as well as in "3" is certainly false (Po2 1\ POl = 0). The complementary 
statement is the tautology "The spin points in some direction," and is the 
most restrictive statement implied by both P02 and POl (Po2 V POl = 1). It 
does not imply that one of the measurements of 0' . "2 or er . "3 yields the 
value 1 with certainty, and thus PO! 1\ (Po2 V POl) is to be read neither as 
"The spin has the direction "I and "2 or "3" nor as "The spin has the direction 
"I and "2 or "I and "3'" Therefore the classical distributive law fails in 
quantum mechanics. 

It turns out that, up to technical assumptions, any propositional calculus 
in which the distributive law holds on (PI' P2, P'1' p~) for PI ~ P2 can be 
represented as a calculus of projections on Hilbert space, and for this reason 
the algebraic framework we have chosen seems to be the most appropriate 
one for quantum mechanics. 

Problems (2.2.38) 

1. Show that the statement of (2.2.15; 2) is true. 

2. Show that a *-homomorphism n of a C* algebra is continuous. 

3. Show that multiplication is continuous (in both factors simultaneously) in a C* 
algebra. 

4. Prove (2.2.12; 3). 

5. Show that the statement of (2.2.15; 3) is true. 

6. Consider a mixture of two states: Show that if w = exw 1 + (1 - ex)W2' 0 < ex < 1, 
then (~wa)2 ~ ex(~Wl a)2 + (1 - ex)(~w2a)2, and that equality holds iff w1(a) = 

w2(a). 

7. Show that the resolvent set is open and that the spectrum is not empty. 

8. Prove the inequality of (2.2.20; 1). 

9. Write the projection Pn onto the subspace of [2 spanned by the first n basis vectors as 
i times the commutator of two Hermitian elements of f!6«(2). 

10. Find an example of 2 x 2 matrices for which 0 ::::; a ::::; b #> a2 ::::; b2. (Hint: a ~ 0 
iff a = a*, Tr a ~ 0, and Det a ~ 0.) 
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11. Let ° ~ a ~ b. Show that (i) if a -1 exists, then b - 1 ~ a- 1; (ii) if In a exists, then 
In a ~ In b; and (iii) aY ~ bY for ° ~ y ~ 1. (Hint: Use 

It can even be shown that all functions f for which b ~ a ~ ° implies f(b) ~ f(a) 
are of this form.) 

Solutions (2.2.39) 

1. (a - Z)-I = -(1/z) L:=o (alz)", and the radius of convergence of this series is 
exactly I zl = limlla"lll/" == spr a (the spectral radius). It is always true that spr a ~ 
Ilall,andfornormala,spra = Ilall because IIa211 = IlaI1 2,etc.(cf.Corollaries(2.2.31; 1) 
and (2.2.31 : 2». 

2. If (a - z) -I exists, then so does (n(a) - Z)-I, and consequently, by Problem 1, 
Iln(a)11 ~ Ilall for Hermitian a, and in general Iln(a)11 2 = Iln(a*a)11 ~ Ila*all = 

Ila11 2. With the aid of Remark (2.2.17; 4), one can also argue as follows: 

a*a ~ Ila11 2·1 ~ n(a*a) ~ IlaI1 2n(l) ~ Iln(aW ~ Ila11 2. 

3. II(a + oa)(b + ob) - abll < c for 

Iloall and Ilobll < (c + ((IIall + Ilbll)/2)2)1/2 - (11all + Ilbll)/2. 

4. (a - 0)-1 = a-I(I - 6· a-I)-I = a-I L (0· a-I)"; this series converges for all 0 
with 11011 < Ila-III- I. The mappings a --+ a*a - aa*, a --+ a - a*, a --+ aa* - I, 
a --+ a*a - 1, and a --+ a2 - a are continuous, and hence the inverse image of 0 is 
closed in every case. The Gel'fand isomorphism allows positivity to be character­
ized by Ilall - 1111all- all ~ ° for Hermitian a (2.2.31; 3). This function is continuous 
and thus the inverse image of [0, CfJ) is likewise closed. 

5. It is trivial to see that Sp(a*) = Sp(a)*. Now suppose that pea) - A = IX ni (a - Ai) 
for A, Aj and IX E IC. Then A E Sp(a) _ (P(a) - ..1.)-1 does not exist-some Ai E Sp(a) 
- A = P(A j ) E P(Sp(a». 

aa* = a*a = I ~ Ilall = Ila-111 = 1 ~ Sp(a) C {ZE C: Izl = I}. 

a = a*: IX + if3 E Sp(a) _IX + i(f3 + A) E Sp(a + iA) ~ 1X2 + (f3 + W 

~ Ila + iAI12 = Ila*a + A211 ~ IIal1 2 + ..1. 2 for all A E IR ~ f3 = 0. 

a2 - a = 0, a = a*: Sp(a2 - a) = (Sp a)2 - (Sp a) = 0, Sp(a) C {a, I}. 

If a = b*b, then the proof of the positivity of the spectrum is a bit more involved, 
but it can be shown that it is possible to restrict to Hermitian b, for which positivity 
follows from Sp b2 = (Sp b)2. It follows from the GeI'fand isomorphism (2.2.28) that 
the spectral properties of normal operators satisfy the various operator relationships, 
since the corresponding facts for function algebras are obvious. 
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7. The resolvent set is open because of the convergence of 

n=O 

for Iz - zol < II(a - zo)-111- 1. 
If the resolvent set were all of IC, then (a - Z)-1 would be an operator-valued, 
entire, bounded function, which would have to be constant by Liouville's theorem 
(cf. [7], IX.II). 

8. With the method of (2.1.29; to) it can be shown that If(a*b)1 2 ::; f(a*a)f(b*b). 
If a ~ 0, then by (2.2.17; 2) and (2.2.31; 3) b*ab ::; Ilallb*b andf(b*ab) ::; Ilallf(b*b). 
For arbitrary a, I f(bab*W ::; f(baa*b*)f(bb*) ::; Ilaa* 11 f(bb*)2 = IlaI1 2f(bb*)2. 

9. Let 

(
0 0 

Sn = 0 0 

o 0 

n-th position 
~ 

o I 0 0 

000 

000 

Then Pn = [Sn, SJ] = (i/2)[Sn + S~, i(Sn - Sm. 

... ). 

... 

10. a ~ 0 <0> both eigenvalues ~ 0 <0> the sum and product of the two eigenvalues ~ 0, 
i.e., Tr a ~ 0 and Det a ~ O. Now let 

o ::; a = G ~)::; G ~) = b, A ~ 1. 

11. (i) 0 < a::; b =>0 < b- 1/2ab- 1/2 ::; 1 => 1::; bl/2a-lbl/2 =>b- 1 ::; a-I. 
(ii) In b -In a = It'dA[(A + a)-1 - (A + b)-I]. 

(iii) It' dA A -yea + y)-1 = const.· a- Y for 0 < y < 1 => a- Y ~ b- Y => aY ::; bY. 

2.3 Representations on Hilbert Space 

Algebras of matrices are typical C* algebras, because any C* algebra 
can be represented as an algebra of bounded operators on a Hi/bert 
space. 

The concepts of linear functional and character are generalized in 

Definition (2.3.1) 

A representation n of a C* algebra .s;1 is a *-homomorphism from .s;1 into 
PJ(.if), that is, n(Al a l + A2 a2) = Al n(al) + A2 n(a2)' n(al a2) = n(al)n(a2)' 
and n(a*) = n(a)* for all ai E.s;1 and Ai E C. If n(a) ¥- 0 whenever a ¥- 0, 
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then n is said to befaithful. Two representations n 1 and n2 on :if 1 and :if 2 are 
equivalent iff there exists an isomorphism U::if 1 -t :if 2 such that n2(a) = 

Un1(a)U-l for all a E /1/. 

Examples (2.3.2) 

1. Matrix algebras represent themselves. 
2. The continuous functions on a compact set K represent themselves as 

multiplication operators on L 2(K, dl1) if one defines (n(a)cp )(x) = 
a(x)cp(x) for all a E si, cp E L2, and x E K. (1In(a)cpll ~ Ilallllcpll). 

Remarks (2.3.3) 

1. It need not be required that n be continuous; it is automatically continuous 
because of positivity (2.2.17; 4): 0 ~ a*a ~ Ila11 2 .1 => 0 ~ n(a*)n(a) ~ 
Ila11 2 .1 => Iln(a)11 ~ Ilall· Note that Iln(I)11 = 0 or 1, since Iln(I)11 = 

Iln(I)*n(I)11 = Iln(I)112. 
2. The kernel X = n- 1(0) is a closed, two-sided ideal of d. Faithfulness 

of n means that X = {O}, i.e., n is injective. The positivity argument 
of Remark 1 then also works for n- 1 : n(d) -+ .91, and therefore n is 
faithful iff Iln(a)11 = Ilall for all a E d. If .91 has no proper two-sided 
ideals, it is said to be a simple algebra, and every non trivial representation 
is faithful. More generally, n is always a faithful representation of the 
quotient algebra slj.'ff. When topologized with the quotient norm, 
defined as inflla + bll for bE X, the representation of the quotient 
algebra is faithful and forms a C* algebra [Bratelli and Robinson]. At any 
rate, n(d) is itself a C* algebra, and hence it is a norm-closed sub algebra 
of ~(Yt'). 

Since n may fail to be either injective or surjective, the following termin­
ology for subalgebras of .c16(:if) is convenient: 

Definition (2.3.4) 

Let AI be a *-subalgebra of !?I(:if). Then the *-subalgebra 

,41' == {b E !?I(:if): ba = ab for all a E ,it} 

is its commutant. 

AI' (\ AI == :!Z is its center. 
If AI c AI', then AI is Abelian. 
If AI = AI', then AI is maximally Abelian. 
If AI = Al", then AI is a von Neumann algebra. 
If AI' = {A· I}, then AI is irreducible. 
If :!Z = {A· I}, then .A" is a factor. 
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If fT is a subspace of :If, then if .it . fT c fT, fT is an invariant subspace; 
if .it . !Y is dense in :If, !Y is a totalizer.lfthe totalizer!Y is one-dimensional, 
then its vectors are said to be cyclic (with respect to .it). 

Examples (2.3.5) 

1. Letting 0( and f3 take values in C or C3, some examples can be constructed 
with the Pauli spin matrices (2.2.37): 

(i) .it = {O( . 1 + p. a} = .it"; .it' = 1t = {O( . I}. This is irreducible, 
a factor, and non-Abelian. Every vector is cyclic, and there are no 
invariant proper subspaces. 

(ii) .it = {O( . 1 + f3a z} = .it", .it' = .it = 1t. This is reducible, not a 
factor, and maximally Abelian. (b) is cyclic only if a and b are both 
different from zero, while (0) and (g) are invariant subspaces. 

(iii) .it = {O( . I} = 1t = .it", .it' = {O( . 1 + p . a}. This is reducible, 
a factor, and Abelian. There are no cyclic vectors, and every subspace 
is invariant. 

2. L OO(IR, dx), considered as multiplication operators on L 2(1R, dx), is 
maxim ally Abelian. Every function in L 2 that is nonzero a.e. is a cyclic 
vector. Functions that vanish on some interval I c IR are invariant 
subspaces. LOO is reducible, and not a factor. 

Remarks (2.3.6) 

1. The following three conditions for irreducibility are equivalent 
(Problem 1): 

(i) A' = A' 1. 
(ii) Every nonzero vector is cyclic. 

(iii) There are no invariant proper subspaces. 
2. The direct sum 1t1 EB 1t2 and tensor product 1t1 ® 1t2 of two representa­

tions 1t1 and 1t2 are defined as for finite-dimensional spaces: If x == Xl EB 
X2 E :If 1 EB :If 2 == :If (respectively X I ® X2 E :If I ® :If 2 == :If), then 

1t(a)x = 1t1(a)xI EB 1tia)x2 (respectively 1t1(a)xI ® 1tia)x2)' 

Sums of representations are reducible, and the Yf; are invariant subspaces. 
3. The commutant obviously has the properties: 

(i) % ::> A => %' c A'; 
(ii) A" ::> A; 

(iii) (A n %)' ::> A' u %', (A u %)' ::> A' n %'. 

These imply that A'" = A', since (A")' c A' c (A')". It turns out that A" 
is the closure of A in both the strong and the weak topology (Problem 4). 
Strongly closed *-subalgebras of &I(:If) are the von Neumann algebras, and 
a theorem of Vigier (Problem 11) states that they have the properties of 
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Definition (2.2.22), i.e., they are W* algebras. Note that J( n J(' = 
A. . 1 =:. J(' U J(" = {A. . I}' =:. J(' n J(" = {A. . I}" = A. . 1, so that for a fac­
tor the center of J(" is trivial. 

4. For finite-dimensional spaces, J( = J(", and J( is 

irreducible iff = ~(C"); 

a factor iff = ~(C") ® 1; 

Abelian iff all a E .91 are simultaneously diagonal; and 

maximally Abelian iff to each pair of diagonal positions in the diagonal 
representation there exist elements with different eigenvalues. 

5. If J( contains a maxim ally Abelian subalgebra %, then J(' c %' = 
% c J(, so 11 = J('. In this case, being a factor is equivalent to being 
irreducible, though in general irreducibility implies being a factor but 
not vice versa. 

6. J( Abelian implies J( = 11, so Abelian factors have the trivial form 
A.. 1. 

7. If n(d) is reducible, then s = s* E n(d)', s =f:. A.·l is said to induce a 
superselection rule. The Hilbert space decomposes into subspaces that 
are not connected by observables, and there exists a Hermitian operator s 
that assigns different quantum numbers to the various invariant subspaces. 
If n(d) is a factor, then s does not belong to n(d), and it is consequently 
not an observable, but rather a kind of hidden variable. There is no 
maximally Abelian subalgebra of n(d), because s could always be added 
to any subalgebra. 

In any representation n, every vector x E :If, Ilxll = 1, produces a state 
a -+ (x I n(a)x), a E d. We shall next show that, conversely, for every state 
there is a representation in which it is of this form. Since algebras have a 
linear structure, any a E si can be represented as an operator on a linear 
space, namely the algebra itself, by b -+ ab, bEd. For a C* algebra, this 
linear space will only be a Banach space, but a state provides the scalar 
product needed to make the space a Hilbert space. 

Lemma (2.3.7) 

If w is a state, then % == {a E .91: w(a*a) = O} is a closed, left ideal. The 
scalar product (b I a) = w(b*a) makes the quotient spaced /% a pre-Hilbert 
space, and the canonical mapping .91 -+ .91/% is a continuous linear mapping 
ofd (as a Banach space) onto .91/% (as a pre-Hilbert space). 

Proof 

That % is a left ideal follows from (2.2.20; 1), as w(a*b*ba) ~ Ilb*bllw(a*a), 
and closure follows from continuity. The scalar product < I > on .91/% 
satisfies Postulates (2.1.7), and l(bla)1 = Iw(b*a)1 ~ IIbllllall guarantees 
that the mapping is continuous. D 
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Remarks (2.3.8) 

1. Since Iw(aW ~ w(a*a), the ideal JV c Ker w = {a E .91: w(a) = O}. Thus, 
in Example (2.3.5; 1) with wO = @(.)(~), JV = {(g iD) and Ker w = 
{(~ ~)}, a, /3, y E C-

2. Despite the norm-completeness of.sl, the quotient d/JV may fail to be a 
Hilbert space. For example, let .91 be the continuous functions in x E [0, 1J 
and w(a) = g dx a(x); then JV = {O}, but .91 is strictly smaller than its 
completion L 2([0, 1J, dx). 

3. Given the product of two algebras .91 and PJ, i.e., each element of the 
product algebra is a linear combination of aibj = bja;, ai E .91, bj E PJ, the 
Hilbert space constructed from a product state is the tensor product of 
the two Hilbert spaces gotten from .91 and PJ. 

Definition (2.3.9) 

The Gel'fand-Naimark-Segal (GNS) representation TC w ofd on PJ(Yf), where 
Yf is the completion of d/JV, corresponding to any state w is defined as the 
continuous extension of TCw(a): b -+ ab, a E .91, b E d/JV to all of Yf. 

Remarks (2.3.10) 

1. The elements of .91/ JV are equivalence classes of objects of the form 
b + n, n E JV, though the mapping TCw{a) is independent of the representa­
tive b, since JV is a left ideal (an E JV). 

2. The generalfact about continuity (2.2.20; l)can be seen directly: 11 TCw(a) 11 = 

SUpw(b*b) = 1 (w(b*a*ab»1/2 ::; lIa*a1l 1/2 = lIall. Hence TCw{a) is a continuous 
operator on d/JV, and has a unique extension to Yf. 

3. Ker TCw = {a E .91: w(b* ac) = 0 for all b, c E d} is a closed, two-sided ideal 
contained in JV. It reduces to {O} in the example of (2.3.8; 1), which shows 
that the GNS representation may be faithful even if JV ::p {O}. The 
logical interrelationships are depicted below: 

Ker w = linear space: w(a) = 0 

.AI = left ideal: w(a*a) = 0 

Ker trw = two-sided ideal: w(bac) = 0 
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4. The vector corresponding to 1 E .91/% is cyclic. 
5. nw is irreducible iff w is pure (Problem 2). 
6. If, conversely, we have a representation n with a cyclic vector 0, then it 

defines a state w(a) = (0 In(a)O), and nw is then equivalent to n. By the 
axiom of choice, every representation is a sum of representations with a 
cyclic vector. 

7. Since for all a E .91 there is a state such that w(a*a) = Ila11 2, it is always 
possible to construct a faithful representation of any C* algebra, by taking 
the sum of the representations for all possible w. 

8. As we have seen, each vector 0 in the Hilbert space corresponds to a pure 
state, which corresponds to a ray in Hilbert space, i.e., {iIO, rt. E IR}. In 
wave-mechanics, this fact shows up as the principle of superposition, 
which states that the vector 0 = rt. 10 1 + rt.2 O2, 1 rt.112 + 1 rt.212 = 1 
describes the quantum-mechanical superposition of the states 0 1 and O2, 
Yet 0 contains information not contained in 0 1 and O2 taken separately, 
namely the relative phase of the vectors 0 1 and O2, 

In order to study the form of the representation of Hermitian element a 
in more detail, consider the restriction to the C* algebra generated by a. 
By the axiom of choice, we can choose bi E Jr such that Jri == the comple­
tions of the sets of linear combinations of a"bi , n = 0, 1, ... span all of Jr. 
Each Jr i provides a representation of the (Abelian) C* algebra generated by 
a, and has bi as a cyclic vector. By Corollary (2.2.31; 5), to the state 

wi : wi(a") = <bi 1 a"bi) 

there corresponds a measure f.li on Sp(a) such that wl<p(a» = S df.llrt.)<p(rt.). 
Taking the norm-closure of the polynomials next extends this to all con­
tinuous functions <p E C(Sp(a»; then the completion with the Wi norm extends 
this to Yf'i = L 2(Sp(a), dj1), on which n(a) acts as the multiplication operator 
<p(rt.) --. rt.<p(rt.), r/. E Sp(a), <p E L 2(Sp(a), dj1). The use of this notation yields 

The Spectral Theorem (2.3.11) 

For any given Hermitian element a E .91, every representation ofd is equivalent 
to a representation Jr = Efl Jrj, for which Jri = L2(Sp(a), dj1i) and 
n(a) 1.11",: cp(r/.) --. r/.CP(r/.). In this representation, a acts as a multiplication 
operator. 

Remarks (2.3.12) 

1. Theorem (2.3.11) generalizes the statement that any finite-dimensional 
Hermitian matrix is diagonable with a unitary transformation. Of course, 
not all Hermitian elements of .91 are multiplication operators in this 
representation unless .91 is Abelian. 
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2. Although we made use of the GNS representation, by Remark (2.3.10; 6), 
the argument leading to (2.3.11) works just as well with any specified 
representation. 

3. Theorem (2.3.11) shows that any Hermitian operator of Pl(.if) can be 
transformed unitarily into a multiplication operator. 

4. The scaling <p --t 2n/2<p is an isomorphism L 2(Sp(a), dJ-ln) --t L 2(Sp(a), 
2-n dJ-ln); and hence .if is also isomorphic to E8:'=l L2(Sp(a), 2- n dJ-ln) 
(assuming .if is separable). Furthermore, since the J-ln are probability 
measures, .if is also isomorphic to L 2 of a finite measure space. Incident­
ally, this shows that the J-ln are not in any way fixed uniquely. 

5. The only fact that has been used so far is that the algebra generated by a and 
a* is commutative, so all the same statements can be made for normal 
operators, except that Sp(a) would not be real, but just some subset of C. 
If there are m mutually commuting operators aj = aj, then they can be 
represented simultaneously as multiplication operators on L 2(lRm, dJ-l). 

Examples (2.3.13) 

1. A Hermitian n x n matrix a with eigenvalues rxi' The space en is isometric 
to L2(1R, dJ-l) with dJ-l(rx) = If=l J(rx - rxi)drx, <wlv) = If=l w:jv"j' 

n 

<wlav) = I W:jrxiV"j' 
i= 1 

2. [2( - 00, (0) = {(vn): - 00 < n < oo}, where (av)n = Vn+ 1 + Vn-l is a 
Hermitian operator E PlW). In order to rewrite it as a multiplication 
operator, map [2( - 00, (0) onto L 2([ -n, n], dx) by (vn) --t I:,= _ 00 vneinx ; 
then a becomes multiplication by eix + e- ix = 2 cos x. Next write 

and introduce the new variable 1'/ = 2 cos x, to make this isomorphic to 
L2([ -2, 2], dl'//~) EB L2([ -2, 2J, dl'//~). On this space a 
has become the multiplication operator 1'/. 

We have found a representation on L 2(Sp(a), dJ-l) of the C* algebra 
generated by a, for which each element of the algebra corresponds to multi­
plication by a continuous function on Sp(a). The algebra does not, however, 
account for all multiplication operators on L 2(Sp(a), dJ-l), as they constitute 
the much larger space L oo(Sp(a), dJ-l) (Problem 5). Problem 4 shows that this 
space is obtained by strong closure and also has a purely algebraic character­
ization, as the bicommutant n(a)". By taking strong limits one obtains a 
representation in which it is possible to describe the operator f(a) for f E LOO 

more explicitly. 
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Once we know all the integrable functions of a Hermitian operator, and 
in particular the characteristic functions, the explicit form of the operator 
f(a) can be written down in terms of the 

Spectral Family (2.3.14) 

An element a = a* E si can be written as 

a = Loooo dPia)a, 

and given any f E Loo, 

Pia) = 0(a - a), 0(x) = {1' ifx > ° 
0, otherwise, 

f(a) = f:oo dPia)f(a). 

The set of projection operators Pa(a) is known as the spectralfamily of a. 

Remark (2.3.15) 

The construction of (2.3.14) is a generalization of the Stieltjes integral to the 
case of operators. Just as for functions, it is defined as the limit of the sums 

. 2N {j - 1 [( 11 a 11 .) ( 11 a 11. )] a = hm I Ilall -N- 0 a - -----w- ] - 0 a - -----w- (j - 1) 
N->oo )=1 2 2 2 

Vigier's theorem (Problem 11) guarantees the existence of the strong limit, 
since the sums are a bounded, increasing sequence of operators. 

There are many different ways to classify the spectra of Hermitian opera­
tors. The classification we shall make uses the Lebesgue decomposition of a 
measure on IR; any measure is the sum of a part dJlac = f(a)da,j ~ 0 and 
locally integrable, which is absolutely continuous with respect to Lebesgue 
measure da; a part dJlp concentrated on some separate points, dJlp = 
da Ln cn<>(a - an), an E IR; and a remainder dJls' the singular spectrum [2]. 
This last part is somewhat pathological (Problem 7) and will not occur in 
any of our applications (though there exist one-electron band models with 
dJls). Each of the three pieces of the measure is concentrated on null sets with 
respect to the others, and there is an orthogonal decomposition of L 2(1R, dJl) as 

L 2(1R, dJl) = L 2(1R, dJlp) EB L 2(1R, dJlac) EB L 2(1R, dJls) 

(Problem 6). By making the same decomposition of all the dJli of (2.3.11), 
one can decompose the space Yf according to the properties of any normal 
operator a into orthogonal subspaces invariant under a: 
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Definition (2.3.16) 

If the Hilbert space is decomposed as 

Jf = Jf p Ef) Jf ac Ef) Jfs' 

as in Remark (2.3.15) for some normal a, then the point spectrum, absolutely 
continuous spectrum, and singular spectrum of a are defined by the restrictions 
of a to the subspaces, 

and 

Examples (2.3.17) 

1. For the finite matrices (2.3.13; 1), dJl is a pure point measure, and Jfac = 
Jfs = {O}, Sp(a) = ap(a). 

2. Let a be multiplication by r:J. on L2([0, 1], dr:J.). Then Jfp = Jfs = {O}, 
and Sp(a) = aaia). 

Remarks (2.3.18) 

1. Jf p is the space spanned by the eigenvectors. To see this, consider 
t/ln E L2(1R, dJlp) as above, so that t/ln(r:J.n) = 1, but t/ln(rx) = 0 for other rx. 
In Jfp , III/Inll = 1, but single-point sets have measure zero with respect to 
dJlac and dJl., S dJlac 1 t/I n 12 = S dJls 1 t/I n 12 = O. Therefore t/I n E Jfp, and 
at/l n = r:J.n t/I n' The vectors t/I n form a basis for Jf p' 

2. It is a natural question whether the decomposition of (2.3.16) depends on 
the choice of Jli in (2.3.11). In fact the Jli are unique up to the equivalence 
relationJli --+ JlJ(r:J.), f > Oand locally integrable, and equivalent measures 
effect the same decomposition of Jf. 

3. The sets ap, aac' as are closed, though they need not be disjoint, nor does 
the Lebesgue measure of ap or of as have to be zero. Suppose, for example, 
that r:J.n is a numbering of the rational numbers between 0 and 1, and Jf = 
L 2([0, 1], dr:J. Ln c5(r:J. - r:J.n», and let a be the operator of multiplication by r:J.. 
Then Jf = Jf p and a p = [0, 1], because the spectrum is closed, but 
almost no point of a p is an eigenvalue. (I.e., the irrational points vastly 
outnumber the rationals.) Many authors define a p as just as the set of 
eigenvalues, which case ap u aac u as may be different from Sp(a). 

4. The essential spectrumaess comprises all points ofSp(a) other than isolated 
points of finite multiplicity, that is, having a finite-dimensional eigen­
space. There is no essential spectrum on a finite-dimensional space, but 
in the infinite case every bounded Hermitian element has an essential 
spectrum. 
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5. Although there may not exist eigenvectors for every point tX of (Tess, the 
spectral representation contains sequences of functions that are more 
and more spectrally concentrated near tx. This idea can be used to prove 
the following theorem: For all a = a* and tx E Sp(a), there exists a 
sequence {I/In},~)=l' 11 !/In 11 = 1, such that limn_ oo II(a - tX)!/Inll = O. tx E 

(TessCa) ~ there exists such a set of orthogonal vectors, or, equivalently, a set 
of !/In that -> O. 

The sum of the eigenvalues of a diagonable n x n matrix m is given by the 
trace 

n 

Tr m = L <edme), 
i= 1 

The trace is a unitary invariant, and hence independent of {he basis {eJ 
If one attempts to define the trace of an element a E d in some representation, 
the essential spectrum causes trouble. If the space is infinite-dimensional, 
then the question of whether Li converges must first be grappled with. One 
problem is that convergence in one basis does not necessarily imply con­
vergence in another, even if the eigenvalues tend to zero. For example, if 
a E ;lOZ) is 

o 
o 

o -i 
a = -i 0 

o t 
t 0 

then it has the absolutely convergent trace L~l laiil = O. Yet in a different 
basis a has the form 

a= 

1 0 

o -1 
1 
2 

o 
o 
1 

-2 
1 
"3 

o 
o 

and Li aii is only conditionally convergent, which means that it can be 
rearranged (equivalent to a change of basis) so as to sum to any value 
whatsoever, or to diverge. This lack of definition is avoided if the operator 
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is positive. In that case the worst possibility is divergence, but aside from that 
the sum has all the ordinary 

Properties of the Trace (2.3.l9) 

The mapping m -+ Tr m = Li (edme),for (edej> = bij' sends the positive 
operators to ~+, and for mi ~ 0, 

(i) Tr(alml + (X2 m2) = (Xl Tr ml + (X2 Tr m2, (Xi E ~+, 
(ii) Tr U-lmU = Tr m, U unitary, 
(iii) ml ~ m2 => Tr ml ~ Tr m2' 

Ifmi is not necessarily positive, but Tr Imil < 00, where Iml == (m*m)1/2, 
then (i) and (ii) are still true, and moreover 

(iv) Trlml + m21 ~ Trlmll + Trlm21, 
(v) (Trlmlm21)2 ~ Trlmll2Trlm212, 

(vi) Tr ma = Tr amfor all a E ~(.if). 

Proof 

Properties (i) and (iii) are trivial. For the others, see Problem 10. 0 

Remarks (2.3.20) 

1. The unitary invariance (ii) implies that the definition is independent of the 
choice of basis provided that Trlml < 00. 

2. On an infinite-dimensional space, the trace is an unbounded, positive 
linear functional. This does not contradict Remark (2.2.20; 1), since the 
trace is not finite on a whole C* algebra; for instance, Tr 1 = 00. 

3. For Property (iv) it was not necessary to assume that Tr I a I < 00, since 
ITr ami ~ IlallTr Iml. This can be shown most conveniently with a 
polar decomposition m = Vlml (see [3], VIII.9), where 

V*V = Iml- l lmI2Iml- l 

is the projection onto the space perpendicular to the null space of I m I, 
so 11 Vxll ~ IIxll for all x E .if, and 

ITr ami = I ~ (ImI 1/2edaVlml l/2ei> I 

~L lIalllllml l/2eill 2 = lIallTr Iml· 
i 

4. Most trace inequalities valid for finite-dimensional matrices can be 
carried over to general Hilbert spaces, as will be discussed in the fourth 
volume.t 

t Quantum Mechanics of Large Systems. 
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5. The trace has several technical advantages over the operator norm, 
which is only easy to work with in the spectral representation. Suppose 
K E L 2([Rn X [Rn, dnx dnx') is the kernel of a bounded integral operator on 
L 2([Rn, dnx), t/J(x) --+ J K(x, x')t/J(x')dnx'. Its norm is difficult to compute, 
while Tr K* K = J dnx dnx' K*(x, x')K(x', x), as can be seen by writing 
the operator in a basis, 

K(x, x') = L Kijet(x)ej(x'), 
ij 

Tr K*K = 2: KtKji = fdnx dnx' K*(x, x')K(x', x). 
'I 

Since Trlml has the properties of a norm (2.1.4) by Property (2.3.19(iv)), 
it is interesting to set the operators of finite trace aside in a separate category. 
They bear a close resemblance to finite matrices. 

Definition (2.3.21) 

Let tff c (j(.1t') be the space of operators of finite rank, i.e., which map.1t' to a 
finite-dimensional space. The completions of tff in the norms 11 alii == Tr I a I, 
Ilall~ == Tr a*a, and Ilall oo == Ilall are denoted ~b the trace class operators; 
~ 2, the Hilbert -Schmidt operators; and C(j, the compact, or completely con­
tinuous, operators. 

Examples (2.3.22) 

In [jOZ), the matrices with only finitely many nonzero rows or columns 
belong to tff. Diagonal matrices with eigenvalues Ili belong to ~ 1 provided that 
Li I (Xi I < 00; to '(;j 2 provided that Li 1 (Xi 12 < 00; and to '(;j provided that 
limi ~ 00 (Xi = O. 

Remarks (2.3.23) 

1. It follows from (2.3.19) that the II lip are norms. By Remark (2.3.18; 5), 
it is necessary to have (Tess = {O} for the trace to be finite, so the spectrum 
is purely discrete. If (Xi > 0 are the eigenvalues of (a*a)I/2, then we con­
clude from Li (X; < Li (Xi Lj (Xj that II lip ~ II Ilq for p ~ q, p, q = 1,2, 00. 

Hence a Cauchy sequence in II Ilq is also one in II lip for p ~ q, so we have 
the inclusions 

tff c ~ 1 C ~ 2 C ~ c 84( .1t'). 

2. Let a be an operator such that Ilall l < 00 (resp. IIal12 < 00) and (Xi are 
the eigenvalues of (a*a)I/2. The truncated operators aN == PNaPN, where 
PN is the projection onto the first N basis vectors, obviously belong to tff 
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and converge to a in the 11 111 (resp. 11 112) norm. Hence the sets rtJ 1 and 
rtJ 2 contain all operators with finite 11 111 and respectively 11 112 norm. 
However, rtJ is not all of gj(£): Ilall is equal to sup;ioc;i, and in this norm it 
does not generally suffice to have Ilall < 00 for aN to converge in norm 
to a. (A simple counterexample is a = 1.) The correspondence with the [P 
spaces is: [0 +-+ rtJ; [1 +-+ rtJ 1; [2 +-+ rtJ 2; [00 +-+ gj( £). 

3. $ is a two-sided ideal of gj( £), and this is also a property of its completions 
rtJp , since Ilabllp ~ min(llallllbll p, Ilbllllall p), p = 1,2,00. 

4. The essential spectrum of any operator of $ is {O}. This property carries 
over to all of rtJ, and is a distinguishing characteristic of self-adjoint, 
compact operators (Problem 9). 

5. An operator a E $ sends a bounded set i'§ E £ to a finite-dimensional, 
bounded set, which is necessarily relatively compact. The image of a 
bounded set remains relatively compact when one passes to the n·orm­
completion: any C E rtJ can be written as a + f>, where a E $ and for any 
e > 0, 11f>11 ~ e/SUPVE ~ 11 vii, and ci'§ is the relatively compact set ai'§ added to 
a set of diameter less than e. Relative compactness means that for any e 
there exists a finite convering with balls of diameter less than e, and this is 
also true of the image of i'§ under c E rtJ. This fact is the origin of the no­
menclature for rtJ: compact operators carry bounded sets into relatively 
compact sets. 

6. Completion of $ in the strong topology yields all of gj(£) (Problem 8), 
but the strong topology is not strong enough for Properties (iv) and (v) 
to car 'i over to gj(£). 

7. gj(Ytj ~~ not a separable topological space (see (2.1.29; 1)) while C(? is 
separable when £ is a separable Hilbert space. 

8. The sets C(? p can be defined for 

1 ~ p < 00 as {a E C(?: Ilall p = (Tr(a*a)p12)1 IP < (f)}. 

The rtJp are complete, normed algebras with 11 lip, but are not C* algebras 
(see (2.2.11; 2)). C(? is one, and gj(£) is even a W*-algebra. 

Problems (2.3.24) 

1. Show that the three conditions of Remark (2.3.6; I) are equivalent under the re­
striction that in Condition (iii) the word "subspace" should be understood as 
"closed subspace." 

2. Show that w is pure iff 7rw is irreducible. (Hints: (i) w is pure iff for every positive 
linear functional Wl such that Wl ::s; W, W1 = A.W for some A. E (0,1]; and (ii) if 
W 1 ::s; w, then there exists a positive operator to E 7rw(d)', with 0 ::s; to ::s; 1, such that 
w(b*a} = <7rw(b}Qlto7rw(a}Q).} 

3. Show that Ker 7rw = {a: w(b*a*ab) = 0 for all bEd}. 
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4. Let d(31) be a C* algebra of operators in ~(Jf'). Show that d" is both the weak 
and the strong closure of ,si. This is known as von Neumann's density theorem. 
(The argument for why dO is contained in the strong closure of ,si proceeds by the 
following steps: 

(i) Let x E Jf'. The projection P onto the closure of {ax: a E d} belongs to d'. 
(ii) Let bEd". Then P Jf' is stable under b, and thus for all 8 > 0 there exists an 

a E d such that Ilbx - axil < f.. 

(iii) It remains to be shown that finite intersections of neighborhoods of b of the 
kind considered in step (ii) with various Xi also contain elements of the strong 
closure of d. To do this, take n nonzero vectors Xl, Xl, ... , xn , and consider the 
representation n of don yt Efl Jf' Efl ... Efl Jf'; For any a, n(a) = a Efl a Efl ... 
Efl a, which is known as the amplification of a. n(b) E {n(a)}", and the same 
argument as before, with x = x 1 Efl Xl Efl ... Eflxn, shows that there exists an 
a E d such that D=l II(b - a)x;lil < Cl.) 

5. Show that the strong closure of the operators acting on L l(lRn, dnx) by multiplica­
tion by continuous functions is L'X). (Hint: If fELoo, consider the continuous 
functions (p*f)(x) == S dnx' p(x - x')f(x') for p continuous and S p dnx = 1, and 
then let p approach a delta function.) 

6. Show that the sum in (2.3.16) is orthogonal. 

7. Construct an operator with a purely singular continuous spectrum. 

8. Show that If is strongly dense in ~(Jf'). (U se the fact that every vector is cyclic for If.) 

9. Show that compactness of a Hermitian operator on an infinite-dimensional Hilbert 
space is equivalent to: (Jac = (Js = 0 and (Jess = {O}. 

10. Prove Properties (2.3.19). 

11. Prove Vigier's Theorem: Every bounded, increasing filter F of operators has a 
supremum s, i.e., there exists an operator s such that a :::; sfor all a E F, and a:::; s' for 
all a E F = s -<:; s'. The slIpremum s is unique and belongs to the strong closure of F. 

Solutions (2.3.25) 

I. (iii) = (ii): Suppose x i= O. The closed subspace spanned by n(a)x, for a E d, is 
stable for alln(a), and therefore identical to all of Jf'. 
(ii) = (iii): Let Jf" be a nontrivial, closed, invariant subspace of Jf' and let x E Jf". 
Since n(a)x E Jf" for all a E d, Jf" must be dense, so Jf" = Jf'. 
(i) = (iii): Let f(" c yt be stable and P be the projection onto Jf". Then Pn(a)P = 

n(a)P for all a Ec>J. so Pn(a*)P = n(a*)P for all a E d, which implies Pn(a) = 

n(a)P, since n(a*) = n(a)*. But then P = 0 or 1. 

(iii) = (i): If a E n(.c>J)', then a* E n(.i#)', and likewise for b = a + a* and c = 

i(a - a*). Hence all the spectral projections of band c also belong to n(d)'. This 
means that a is a multiple of the identity, since every projection in n(d)' defines a 
stable, closed subspaee. 
Remark: It is also possible to show that for C* algebras conditions (i)-(iii) are 
equivalent to algebraic irreducibility: The only invariant, closed or unclosed 
su bspaees are {O} and .Y/ . 
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2. Proof of Lemma (i): W is pure if! every W1 -i W is of the form Aw. 
~: w = (wdwl(l))wl(l) + «w - wl)J(l - w1(1)))(l - wl (l)) is a convex com­
bination of two states unless W1 = AW. 
<=: W is not pure iff W = IXWI + (1 - IX)W2' AW #- W1 S w. 
Proof of Lemma (ii): The mapping (nw(b), nw(a)) -+ wl(b*a) has a unique continuous 
extension to a positive bilinear form on Yf x Yf, bounded by 1. Hence there exists an 
operator to, 0 S to si, such that wl(b*a) = (nw(b)Qltonw(a)Q). (This is a direct 
corollary of the Riesz-Frechet theorem (2.1.17), and is often referred to as the 
Lax-Milgram theorem). The substitution a -+ ca yields 

(nw(b)Qltonw(c)nw(a)Q) = wl(b*ca) = wl«c*b)*a) 

= (nw(c)*nw(b)Qltonw(a)Q) = (nw(b)Qlnw(c)*tonw(a)Q) for all a, bEd 

~ [to, 7!w(c)] = 0 for all c E d ~ to E n(d)'. 

Proof of the theorem: 
~: Let P be a projection operator E nw(d)'. The mapping a -+ (PQ I nw(a)PQ) is a 
positive linear functional SW, so (PQlnw(a)pQ) = A(Qlnw(a)Q), and if a is 
replaced with b*a, then (Pnw(b)Qlnw(a)Q) = (Anw(b)Qlnw(a)Q), which implies 
that P = A' 1, since Q is cyclic, and thus P = 0 or 1. 
<=: Suppose 0 S WI sw. Then wl(a) = (Qltonw(a)Q) = A(Qlnw(a)Q), since 
nw{.sI)' consists only of scalars. 

3. w(b*ac) = 0 for all b, c E d ~ w(b*a*ab) = 0 for all b, using the substitution b* -+ 
b*a*, c -+ b. Conversely, w(b*a*ab) = 0 for all b ~ I w(b*acW s w(b*b)· w(c*a*ac), 
so w(b*ac) = O. 

4. Since multiplication is continuous in one factor in any topology, it is easy to see that 
the strong closure of d, which is contained in the weak closure of d, is contained in 
.s/". Thus it suffices to show that .91" c the strong closure of d. 

(i) Let % = {ax: a = a* E d}. a% c % ~ a.1t c .1t, where .1t is the closure 
of X. For any i E Yf, PaPi = aPi ~ aP = PaP = (PaP)* = Pa ~ [a, P] = O. 

(ii) bPb = bP = Pb ~ b.1t c % ~ bx E %. 
(iii) Operators t on Yf EB ... EB Yf can be considered as matrices (t ik ) the entries of 

which belong to @(Yf), in which case (n(a))ik = ac5ik . ([t, n(a)])ik = tika -
at ik , i.e., {n(a)}' consists of all t such that tik E d', and therefore n(b) E {n(a)}". 

5. Since f and p*f are bounded, it suffices to show that 1I(f - p*f)<p112 -+ 0 for the 
dense set of <p E LOO and of compact support K. On K,fis also EL 2, and 

1I(f - p*f)<p112 s 11<plloollf - p*fI12' 

In Fourier-transformed space, Ilf - p*fll~ = J dnkli(k)1 211- p(kW -+0 if j'J(k) 
tends monotonically to 1. 

6. Let a = J dPa(IX)IX. To each vector x we can associate a measure d/lx = d(xIPa(IX)X) 
and construct Yfac = {x: d/lx is absolutely continuous with respect to dlX} and 
Yf~ = {x: d/lx is singular with respect to dlX}. These two subspaces are orthogonal: 
Suppose x E Yfac and y E Yf~; then there is a set M of Lebesgue measure zero on 
which d/ly is concentrated. With the notation P(M) = JM dPa(IX), (1 - P(M))y = 0, 
andso(xly) = (xIP(M)y) = (P(M)xly) = O.Nowconsiderarbitraryx E Yf;d/l x 

can be decomposed into a singular and an absolutely continuous part: d/lx = 

d/l~ + d/l~'. (Lebesgue decomposition; see [1, 13.18.7].) Therefore there exists another 
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set M of Lebesgue measure zero, on which dJ1~ is concentrated, and thus P(M)x E Yf~ 

and (1 - P(M))x E YfaC' Since Yf; ~ Yfac and Yf; + Yfac = Yf, Yf = Yf; EB Yfac . 

It is obvious that Yfp c ff; and ft, c .Yf;. On the other hand, if x E Yf; 8 Yfp, 

then x E Yf s. and the same argument as before shows that .Yf; = Yf p EB Yfs. 

7. Let / be the Cantor function. defined as follows: The Cantor set C{j in [0, 1 J is the 
complement of (~, ~) u (~. ~) u a,~) u (fr, fr) u .... It is a closed set of Lebesgue 
measure zero. Now let! = ~ on d. ~), ~ on (~, ~), i on a, ~), etc. (see figure below). 
The function f increases monotonically and has a unique extension to a con­
tinuous function. Let a be the multiplication operator on Yf = L2([0, 1], d/) 
defined by q>(x) --> xq>(x). Then P.(rx).1t = {q>: q>(x) = 0 for x> rx}, and if Mc 
[0, 1J, then 

IIP(M)q>11 2 = L,q>(XW df 

In particular, IIP(Cf,)q>1I2 = 11q>1I2, and hence Yf ac = {O}. The point spectrum is 
empty, since/has no discontinuities, so b)Iq>(xW d/ = 0 when the integral is over 
anyone-point set {A}. 

3/4 

1/2 : 

1/4 

o 1/9 2/9 1/3 2/3 7/9 8/9 

8. Let x and y E Yf. The operator a: v --> <xlv)y, which maps x to y, is of finite rank 
and therefore compact. Thus every vector is cyclic for the compact operators. 
Consequently, the compact operators form an irreducible C* algebra and are strongly 
dense in .OJ(,1t) by von Neumann's density theorem. 

9. (Jac C (Jess and (J, c (Jess' It is not possible for each set to consist of one isolated 
point, so (Jess = {Of implies (Jac = (Js = 0. Now let a be compact and A E (Jess(a). There 
exists an orthonormal system {I/In} such that lI(a - A)I/Inll -+ O. The operator a 
sends the bounded set {I/In} to a compact set, and hence {al/ln} contains a strongly 
convergent subsequence {al/lnJ. This implies that A = 0, since no subsequence of 
{I/I n} is strongly convergent. 

(Jess(a) = {O}: Let Pc = PaCe) - Pa( -e). Then dime! - Pe) is finite for alle > 0, 
so an = f::~n dP.(rx)rx + mn dP.(rx)rx is of finite rank, and a fortiori compact. Since 
Ila - anll s; I/n, a is compact. 

10. (ii) Tra = I <eilae) = I lIa 1!2dj2 = II <Uekla 1/2eY = I II<Uek la 1/2e)1 2 

i k k i 

(since all summands are nonnegative), which = Ik lIa 1/2 Uek ll 2 = Tr U*aU. 
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(iv) With the polar decompositions, 

ml + m2 = Vlml + m21, 

Trlml + m21 = I (ekl V*(ml + m2)ek) ::; I (I (ek I V*Vlmllek) I 
k k 

+ l(ekIV*Wlmzlek)I)::; Trlmll + Trlm21· 

For the final step, choose the ek as the eigenvectors of I mll and I mzl, and observe 
that II V*Vekll ::; 1. 

(v) The trace is a positive linear functional on the n x n matrices, and (v) holds for 
matrices by (2.2.20; 1). Since each mi E ~ 2 can be written as a finite matrix 
plus something of arbitrarily small II 112 norm, (v) holds for all of~ 2 by Remark 
(2.3.20; 3): It can first be extended to ml E tff and m2 E ~2' and then to both 
ml.2E~2· 

(vi) This follows from (ii), because any a E gB(Yf) is a linear combination of two 
Hermitian elements, each of which is in turn a linear combination of the positive 
elements I a I ± a or of the unitary elements Ilall-l[a ± i(llal1 2 - a2)1/2]. 

11. F is weakly relatively compact, and hence the set naEF {b E F: b z a} weak is not 
empty, but must contain at least one element s. This s z a for all a E Fwea\ since 
the weak topology can be defined with the seminorm (x I· x), and thus the weak 
closure preserves the ordering. If the set na'" contained two elements SI #- S2' 

then there would exist some x E Yf such that I(xlslx) - (xlszx)1 = 8 > 0, as well 
as aI' a2 E F such that l(xlsiX) - (xlaix)1 < 8/2, i = 1,2. But then there would 
exist some c E F: c Z al and c Z a2, so that 8 = I(xlslx) - (XIS2X)1 ::; I(xlslx)­
(xlcx)1 + l(xls2X) - (xlcx)1 < 8/2 + 8/2 = 8, which leads to a contradiction. 
The f",: :f(:mum sE Fstrong by the inequality 

«b - a)xl(b - a)x) = «b - a)1/2xl(b - a)3/2x)::; (xl(b - a)x)1/2 '1IxllllbI1 3/ 2 , 

for all b z a z O. s' z a for all a E F => s' z a' for all a' E Fweak, which => s' z s. 

2.4 One-Parameter Groups 

Just as in classical mechanics, quantum-mechanical time-evolution is 
a one-parameter group. The group has a weaker sort of continuity than 
norm-continuity, which shows up in the unboundedness of the gener­
ators. 

The dynamics of a closed system can be described quantum-mechanically 
by an equation of the form 

d 
dt f = af, (2.4.1) 

where a is a time-independent operator. In this section we investigate the 
circumstances under which the formal solution, 

f(t) = Ut f(O), Ut = exp(at), (2.4.2) 
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can be made sense of. In the applications f will be an element of a Banach 
space on which a acts linearly. From (2.4.2) we can abstract certain de­
siderata for an actual solution: 

Definition (2.4.3) 

A mapping IR+ --t .1I(IE): t --t Up is a one-parameter semigroup of operators 
on the Banach space lE iff 

(i) Utl +f2 = Uti' Ut2 for all tl, t2 ~ 0, 
(ii) U 0 = 1. 

If II Utll ~ 1 (respectively II Utll = 1), then we speak of semigroups of 
contractions (respectively isometries). If (i) and (ii) hold for all t E IR for a 
mapping IR --t .1I(IE), then the semigroup is a group. 

Remarks (2.4.4) 

1. Since Uti Ut2 = Uti +t2 = Ut2 Uti' all operators of a semigroup commute. 
2. Groups of contractions are groups of isometries, since by definition 

II Utll ~ 1 for all t E IR, while 1 = II Ut U -tll ~ II Utll . II U -tll => II Utll ~ 1, 
so II Utll = 1. On a Hilbert space, isometric groups are unitary groups, 
since for all x E Yf, 

Ilxll = IIU-IUxll ~ IIUxl1 ~ Ilxll, 

so U and U- I are both isometric ~ U is unitary. 
3. It is advisable to impose some continuity requirement on the mapping 

IR+ --t .1I(IE), as some crazy functions IR --t IR are known which are linear 
but discontinuous. It only takes the weak topology on .@(IE) to guarantee 
that the norms are uniformly bounded on an interval (Problem 1): 
sUPO$t$~ II Utll = M <'XJ. It then follows from the group property that 

II Utll ~ Mt/~ for all t ~ 0, 

so we may restrict ourselves to the study of the contractions UtM-t/~. 

The strongest continuity property to require is that of the norm topology 
on .1I(IE). It in fact implies analyticity. 

Theorem (2.4.5) 

For a semigroup, the following are equivalent: 
(i) Ut is norm-continuous; 

(ii) limt->o II Ut - 111 = 0; 
(iii) 3a E .1I(IE), such that limt->o 11(1/t)(Ut - 1) - all = 0; 
(iv) Ut = 2::=0 an(tn/n!). 
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Because of (iv), we write Ut = exp(at). The semigroup can be extended to a 
group, in which case II Utll ~ exp(llalll tl)for all t E IR. 

Proof 

It is obvious that (iv) => (i) => (ii) ~ (iii) ~ (iv), so it only remains to show 
that (ii) => (iv). It follows from U(O) = 1 and norm-continuity at t = 0 that 

1 It - dt Ut 
r 0 

is close to the identity operator for small enough r, and hence invertible. 
Therefore 

Ut - 1 1 a = -- ----,:---
t r (l/r)H dt Ut 

is well defined for small enough r. This at does not actually depend on r, 
because 

U~ - 1 (U t - 1)( 1 + Ut + ... + U~ - 1) 
a = = = a ftt Jot dt Ut J~dt UrCl + Ut + ... + U~ 1) t· 

Consequently, at' = at whenever rf is a rational multiple of r and, by con­
tinuity, for all ,f. Since it is a constant, we may rename it a, and write 

Ut = 1 + a f~dS Us, 

which leads to (iv) by iteration. Property (iv) implies the estimate II Utll ~ 
exp(llallltl)· 0 

Remarks (2.4.6) 

1. The exponential boundedness is the quantum version of a classical state­
ment (I: 3.2.3; 6) for flows of bounded vector fields. Any faster growth, as 
for example for particles reaching infinity in a finite time, would violate the 
group structure. 

2. It is of course possible for Ut to grow more slowly (e.g., for a = (8 A), 
exp(at) = 1 + at) or even not at all (a = i(7 A), exp(at) = cos t + a sin t). 

We have seen that to each a E 81(IE) there corresponds a Ut and vice versa. 
Now let us apply the methods of perturbation theory (I: §3.5) to the situation 
confronting us to evaluate the change in Ut if ao -+ ao + al' 
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Theorem (2.4.7) 

Let Ut = exp(ao t), Vr = exp«ao + al)t), ai E &D(IE). Then 
(i) IIUt - Vrll ~ Itlllalllexp(ltl(21Iaoll + Ilalll»; 

and, on the other hand,for all A ~ Ilaoll + Ilatll, 
(ii) Ilalll ~ (1laoll + A)(llao + alii + A) SO' dt e-'<tll Ut - Vrll. 

Remarks (2.4.8) 

57 

1. Statement (i) is the precise analogue of the classical bound (I: 3.5.4), and 
(ii) says that any perturbation has a noticeable effect after a rather short 
time. 

2. Perturbation theory becomes quite inaccurate at large times, so it is not 
well suited as a tool for the study of the limit t -+ 00. 

Proof 

(i) If we integrate 

d 
dA exp(ao tA.)exp«ao + al)t(1 - A» 

= texp(ao tA)a t exp«ao + al)t(1 - A.» 

between 0 and 1, we obtain 

Ut - Vr = t fdA. U.<tal Vr(1-'<)· 

With Theorem (2.4.5) this gives the bound (i). 
(ii) This follows from the identity 

al = (ao - A) 100 dt e-.<t(Ut - Vr)(A - ao - al), 

in which we have assumed that A ~ Ilaoll + Ilalll ~ max{llaoll, Ilao + alii} 
so as to be certain that the integral exists. 0 

There are many ways to construct Vr from Ut and al' These constructions 
are subject to the complications typical of noncommuting operators. 

Theorem (2.4.9) 

Let al (t) == exp( - ao t)al exp(ao t). Then 
(i) exp«ao + al)t) = exp(ao t)(1 + I:,= I S~ dt I .. -s:r- 1 dtn al (t 1) .• ·al (tn» 

(the Dyson expansion). 

(ii) exp«ao + al)t) = limn~oo(exp(aot/n)exp(alt/n)t 
(the Trotter product formula). 
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Remarks (2.4.10) 

1. The sum and limit as n -+ 00 converge in the norm topology. 
2. The Dyson expansion is identical to the classical formula (I: 3.5.7), and 

(ii) also has a formulation for flows. 
3. With the time-ordering symbol T, defined by 

Proof 

(i) :t exp( -aot)exp«ao + al)t) = al(t)exp( -aot)exp«ao + al)t) 

=> exp«ao + al)t) = exp(aot{l + {dtl al(tl)exp( -aotl) 

x exp«ao + al)t l)} 

from which (i) follows by iteration. 
(ii) Let 

Tn = exp(ao/n)exp(at/n) 

n-l 
sn - T n = '\' sm(s _ T.)Tn - m- 1 

n 11 L.J 11 11 11 11 • 

m=O 

Since for all k ::::; n, both IIS!II and IIT~II ::::; exp(llaoll + Ilalll), 

IIS~ - T~II ::::; nllSn - T,.llexp(llaoll + Ilalll). 

However, 

so 

IISn - T,.II = L~o ~! (ao : al r -c~o~! (ano r) 
x c~o~! (a:r) 11::::; :2' 

IIS~ - T~II -+ o. o 
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Example (2.4.11) 

Perturbation of the Larmor precession of a spin. Let ao = ia x and a 1 = iga y' 
with the a's from (2.2.37). Since (b· CJ) = Ib12, it follows that 

This is an entire function of 9 for all t E IR, and (2.4.9(i)) is its Taylor series. 
The latter is rather cumbersome, because the t dependence is greatly affected 
by 9 as it varies in CH is oscillatory if 9 is real, linear if 9 = ± i, and otherwise 
it grows exponentially. 

We must next confront the physically important case where U, is only 
strongly continuous. The integral (l/r) So dt U, will not converge uniformly 
to the operator 1, and might not be invertible even for very small r. If we 
simply formally adopt the expression derived above for the generator 

Ut - 1 [1 It ]-1 a=-- - dtU, , 
r r 0 

we find that it is not an element of 81(IE), but at least it is still true that a is 
defined on a dense set of <P E lE: The inverse must certainly exist on vectors 
E lE of the form 

1 It If; = - dt Ut' <P, <P E lE, 
U - 1 

r > ° and alf; = _t - <po 
r r 0 

Since strong continuity means that (1/r) So dt Ut<p converges to <P as r --t 0, 
every vector <p of lE can be approximated arbitrarily well by such a tjI. On tjI 
it is also true that 

,I, I' U h - 1 ,I, 
a." = lm .", 

I!~O h 

because 

so 

U h - 1 _ Ut - 1 [It dt ] - 1 1 Ih 
h - -- - Ut -h ds Us· 

r 0 r 0 

Since the last factor converges strongly to 1 as h --t 0, we make 
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Definition (2.4.12) 

The generator a of a strongly continuous semigroup Ut is a linear mapping 
D(a) ---+ lE for which the domain of definition 

D(a) = {t/! E lE: 3 ~i~ U\- 1 t/! == at/!} 

is dense in lE. The image of D(a) is the range of a, Ran(a) == aD(a) c lE. 

Example (2.4.13) 

lE = [2, t/! = (VI' V2' ... , Vn, . .. ), Utt/! = (eitvb e2itv2" .. , enitVn, . .. ) is strongly 
but not uniformly (=norm) continuous, at/! = i(VI' 2V2,"" nvn, .. . ). 

D(a) = {t/! E [2: n~llnVnl2 < oo} 
is dense in [2 but not equal to all of [2. 

Remarks (2.4.14) 

1. The condition of strong continuity may be weakened to weak continuity; 
as for instance the strong and weak topologies are the same for unitary 
operators on Hilbert space. 

2. Furthermore, even weak measurability (i.e., t -+ < t/! I Ut cp) is measurable 
for all cp and t/! E Yt') is equivalent to strong continuity for unitary 
groups on separable Hilbert spaces Yt'. This is not true for nonseparable 
Hilbert spaces: Let Yt' = EBx Yt'x, Yt'x = C(J for all x E~, where the 
uncountable sum is to be understood in the sense that only countably 
many of the components t/! x of a vector t/! are nonzero, and 

x 

If (Utt/!)x = t/!x+t, then t -+ Ut is a unitary group that is weakly measurable 
but not weakly continuous: <t/!I Utt/!) = 11t/!112 for t = 0 and is otherwise 
nonzero for only countably many t's. In this example, there exists no 
generator of any kind. 

3. In order for t -+ Ut to be strongly differentiable, it is necessary for a to be 
E .?4(IE) and D(a) = lE. But then t -+ Ut is in fact analytic and strong dif­
ferentiability is equivalent to the conditions of Theorem (2.4.5). 

4. If a unitary group acts on a Hilbert space, ia must be Hermitian: 

<iat/!Icp) = <t/!Iiacp) for all t/!, cp E D(a). 
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This can be seen just as for finite matrices, 

<at/ll cp) = ~i~ (V h ; 1 t/l1 cP ) = ~i~ ( t/l1 V -~ - 1 cP ) = - < t/l1 acp), 

the only additional complication being to worry about the domains. 
Unitary semigroups can obviously be extended to unitary groups, even 
if only strongly continuous. 

If V t is only strongly continuous, then although D(a) is dense in Jt, it is 
not all of Jt, that is, there are sequences CPn E D(a) which converge, CPn -+ cP, 
but the limit cP ~ D(a). Yet if aCPn converges to some t/I E Jt, then cP E D(a) 
and t/I = acp (Problem 2). This property will be important later on, for which 
reason we make the 

Definition (2.4.15) 

The graph r of an operator a: D -+ lE is rea) == {(t/I, cp) E D x lE: cP = at/l}. 
If rea) is a closed subspace of lE x lE, a is said to be closed. 

Examples (2.4.16) 

1. lE = L 2([0, 1], da), (at/l)(a) = (l/a)t/I(a) with the domain 

Dl(a) = {t/I E lE: t/I = ° on some neighborhood ofO}. 

The operator a is not closed, for consider t/ln = a when a > 1/n and other­
wise t/ln = 0; then t/ln -+ t/I(a) = a and at/ln -+ 1, but t/I ~ D(a). 

2. Let a and lE be as in Example 1, but take 

Since D2 contains all t/I for which at/l E lE, a is closed on D2 . 
3. Let acp = 1· cp(!), D(a) = {cp E L2([0, 1] == Jt, da), cP continuous}. This 

operator is not closed, since CPn == exp( -(a - !)2n2) -+ ° because 
IICPnl1 = O(l/n), but acpn = 1 -1+ 0. 

Remarks (2.4.17) 

1. Note that r is required to be closed in lE x lE and not in D x lE. By this 
definition with lE = [0, CfJ), the mapping x -+ l/x, D = (0, CfJ), is closed, 
while x -+ x, D = (0, CfJ) is not. 

2. Since the graph of a continuous mapping is always closed (Problem 4) 
r is closed in D x lE whenever a is continuous. Hence a is closed iff D is 
closed (and therefore equal to lE). 
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3. Definition (2.4.15) is equivalent to the statement that D 3 t/I. -+ t/I, 
at/l. -+ qJ => t/I E D, qJ = at/l, and to the statement that D is complete in the 
norm 11t/llla = 11t/l11 + lIat/l11 (Problem 3). 

4. If aD(a) is dense in lE, then a-I is a densely defined operator, and it is 
closed whenever a is, since rea-I) = Jr(a), where J(x, y) = (y, x). 

5. It might be imagined that whenever an operator is not closed, the domain 
has merely been chosen too small, and that by taking the closure r of r 
in lE x lE one would get a closed operator. This does not always work, 
as r might not be the graph of an operator. The trouble can be under­
stood with O(x) = 1 for x > 0 and 0 for x < 0; the closure of the graph 
assigns the two values 0 and 1 to the point x = 0.1t is also clear in Example 
(2.4.16; 3) that making D(a) larger will not produce a closed operator. 

The operator a: D(a) -+ lE of (2.4.12) is a discontinuous mapping. Con­
tinuity of a linear operator is equivalent to continuity at any single point and 
to boundedness. All of these conditions imply that there exists an ME IR+ 
such that 11 at/l 11 $; MIIt/l11 for all t/I E D(a). The connection between the notion 
of continuity and the notions of closure and domain of definition is: 

Theorem (2.4.18) 

Any two of the three properties 
(i) D(a) = lE; 

(ii) a is continuous; and 
(iii) a is closed 
imply the third. 

Proof 

(i) /\ (ii) => (iii): Every graph of a continuous mapping is closed. 
(ii) /\ (iii) => (i): This was explained in (2.4.17; 2). 
(i) /\ (iii) => (ii): This follows from the closed-graph theorem [1, (12.16.1)], 
which is rather profound and cannot be proved here. 0 

Corollaries (2.4.19) 

1. If an operator is closed but not continuous, it can not be defined every­
where. 

2. If an operator is defined on all vectors and is discontinuous, then it is not 
closed (cf. (2.1.15; 2». 

3. If an operator is continuous, then it can be extended to all of lE, and it is thus 
closeab1e. 
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Since the difficulties attendant on the definition of a have to do with the 
inversion of an operator, a reasonable expectation would be that the re­
solvent Rz == (a - Z)-l of the operator a ought to belong to ~(IE).lfwe write 
formally that Vr = exp(at), then 

Rz = - Loo dt e-rzVr. 

In fact, for this formula there is a 

Theorem (2.4.20) 

Let Vr be a strongly continuous contractive semigroup, with generator a. 
Thenfor all z E ( with Re z > 0, 

Rz = - Loo dt e-rZVr 

maps lE into D(a). The resolvent satisfies (a - z)Rz = 1 and IIRzl1 :::; (Re Z)-l. 

Proof 

The statement about the norm follows from 11 Vrll :::; 1. If a operates after 
Rz , then 

The first term converges uniformly to zRz , and the second term converges 
strongly to 1. D 

The problems that arise in physics usually go the other way: a is given 
and one tries to find Ur. It might be supposed that Ur could be defined as 
I:=o (t"jn !)a", but this often leads to disasters. 

Example (2.4.21) 

Let lE = L2«0, 1), dx). Let us try to write the group of translations exp(itp) 
as a unitary family of operators by using the generator p = - i(djdx). So 
that all powers of idjdx will be well defined and Hermitian, we choose D(P) = 

CO'(O, 1). These functions are supported within (0, 1), so 

\~:" vi 14? ) = ( - 1 )"\ vi I ::" 4?) for all vi, 4? E D(~)' 
and I~o (t"jn !)(d"jdx") is formally unitary. Unfortunately, the analytic 
functions on a complex neighborhood of (0, 1) for which this sum has a 
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finite radius of convergence for all x E (0, 1) are not included in D( - i d/dx). 
Moreover, it is impossible to construct a unitary, finite translation this way, 
since it would have to translate part of the function out of (0, 1), and the 
missing part would affect the normalization integral: 

fdX1t/J(X + tW = fdX1t/J(XW + something unknown, 

since t/J(x) is not defined for 1 < x < 1 + t (see Figure 3). 
Likewise, the attempt to write Ut = limn .... oo (1 + at/n)n opens the question 

of what D(an) are for all nE 7L. However, the use of the resolvent integral 
works without such difficulties, because it involves bounded operators 
only. It turns out that the properties we have found of a characterize the 
generators of semi groups; every such a determines a unique Ut. 

The HilIe-Yosida Theorem (2.4.22) 

Let a be a densely defined operator such that (a - X)-I: lE -t D(a) is bounded 
in norm as II(a - x)-111 ~ Ix- 11 Jor all x > 0. Then there exists a unique 
contractive semigroup Ut satisJying 

Uh - 1 
lim h cP = acp for all cp E D(a). 
h .... O 

Remarks (2.4.23) 

1. It then follows from (2.4.20) that (a - Z)-1 exists for all z with Re z > 0, 
and is bounded in norm by (Re z) - 1. 

2. Since (a - X)-1 is defined on all of lE and bounded, it is closed by Theorem 
(2.4.18). According to Remark (2.4.17; 4), a - x and a are then also 
closed. 

3. If (a - X)-1 is defined only on a dense subspace, but is bounded there by 
I X-I I, then it has a unique extension to all of lE, and Theorem (2.4.22) 
is still valid. 

4. In the proof below we try to recover a from the resolvent by taking the 
limit limx .... oo (-x - x2(a - X)-I). It is also possible to work with 
exp(at) = limn .... oo (1 - at/n)-n. 

? ? 

o o 
Figure 3 Unitary representation of the translation on [0, 1]. 
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5. Vectors cp on which ancp is defined for all n and In tnllancpll/n! converges for 
I t I < to > 0 are called analytic vectors, or entire vectors if to = 00. The 
semi group exp(at) is uniquely defined if a has a dense set of analytic 
vectors. 

Proof 

Let ax = - x - x2(a - x) -1. For all cp E D(a), axcp ..... acp asx ..... 00 (Problem 
5). Consider the semigroup generated by ax E ~(IE). By Theorem (2.4.7), 
since the semigroups generated by aX1 and aX2 commute, for all Xl and X2 > 0 
and cp E D(a), 

Because the vectors axcp converge as x ..... 00, the vectors exp(tax)cp form a 
Cauchy sequence, which must always have a limit in a Banach space lE. Call 
the limit Ut cp. The operator Ut can be extended uniquely to lE, as the exp(tax) 
are uniformly bounded in x. To see that a is the generator of Up take the 
limit x ..... 00 of 

Uniqueness follows from 

and the fact that the Laplace transformation is injective on the continuous 
functions. 

Corollary (Stone's Theorem) (2.4.24) 

The operator ia is the generator of a unitary group on a Hilbert space Yf if! 
(i) <t/llacp) = <at/llcp) for all t/I, cp E D(a), and 
(ii) (a ± i)D(a) = Yf. 

Proof 

It only needs to be shown that (a - z)D(a) = Yf for all z with Im z "" 0 when 
this holds for z = ±i and that II(a - z)-lll ~ Ilm ZI-l. This is done in 
Problem 6. 0 
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Examples (2.4.25) 

1. The a of example (2.4.13) obviously satisfies (i). It also satisfies (ii), since 
for any t/I = (V1, V2"") E [2 and z ~ N, 

-1 (V1 V2 Vn ) cp = (a - z) t/I = -1-'-2-'"''--''' ED(a) -z -z n-z 

and (a - z)cp = t/I. 
2. In the troublesome Example (2.4.21), (i) is satisfied, as a never sends a 

vector out of D(a). Since CO'(O, 1) is not all of L 2«0, 1), dx), (ii) is violated. 
( - i(d/dx) - z)CO'(O, 1) is not even dense in L 2(0, 1), since t/I = eizx is 
orthogonal to it: J5 dx e- izx( -i(d/dx) - z)cp(x) = ° for all cp E CO'(O, 1). 

In later sections we shall consider under what circumstances formal 
expressions for a can be interpreted so that the Hille-Yosida Theorem (2.4.22) 
applies, and whether the perturbation-theoretic formulas (2.4.7) and (2.4.9) 
also make some sense for only strongly continuous semigroups. 

Problems (2.4.26) 

1. Show that the norms II Utll of a weakly continuous semigroup Ut are bounded for t in 
some interval [0, <5]. Hint: argue as with the uniform boundedness principle. 

2. Verify that if Ut is strongly continuous, then (cf. (2.4.12» 

dU 
a =Tt' 

is a closed operator. 

{ . Uh-l } D(a) = ep E lE: Hm -- ep exists , 
h~O h 

3. Show that an operator a on D is closed if D is complete in the norm 11t/l11. = 11t/l11 + 
lIat/lll· 

4. Why is the graph of a continuous mapping lE --+ lE closed in lE x lE? 

5. Investigate the convergence ofax from the proof of (2.4.22). 

6. Let a be a Hermitian operator. Show that the existence of (a ± 0- 1 implies that of 
(a - Z)-l for all z with Im z f:. 0, and that II(a - z)-lll ~ Ilm ZI-l. 

Solutions (2.4.27) 

1. Let peep) = sUPO,;,,;/i 1<t/l1 U,ep)l, fixing t/I for the moment. For any such t/I and 
ep E lE, peep) is the supremum of a continuous function on a compact set and conse­
quently finite, and the mapping ep --+ peep) is lower semicontinuous in the norm 
topology. Moreover, P(ep1 + ep2) ~ P(ep1) + P(ep2) and p(rxep) = Irxlp(ep)· If P is 
bounded on any closed ball, then it is bounded everywhere, because 

Ilepll (aep) p(epo) + M 
p(epo - ep) < M for allllepll ~ a=> peep) = -a-P M ~ Ilepll a . 
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Unboundedness of p on every ball would contradict lower semicontinuity: If p were 
unbounded on the ball Kn - I, then there would be epn E Kn - I with p(epn) > n. Since p 
is lower semicontinuous, there must exist a ball Kn c Kn- I containing epn and such 
that p( ep) > n for all ep E Kn. Since p must also be unbounded on the ball Kn, Kn must 
contain a epn+ I such that p(epn+ I) > n + 1 and another ball Kn+ I C Kn such that 
p( ep) > n + I for all ep E Kn + I. The closed balls K I ::::l K 2 ::::l ••• are weakly compact, 
so there must exist some ep E nn Kn. Then peep) would be greater than any n, which 
would contradict the finiteness of peep) for all ep. Thus we conclude that peep) < 
M Illepll, and, using the same argument for 1/1, that 

sup IIU,II = sup sup 1(1/11 U,ep) I s M. 
Os'sb 111/111 = I Os<sb 

11",11 = I 

3. A set (ep, 1/1) in Yf x Yf is closed provided that it is complete in the norm Ilepll + 111/111. 
For a graph this norm is Ileplla = Ilepll + Ilaepll. 

4. Since Ilaepll s Ilallllepll, the norm Ilepll + Ilaepll is equivalent to Ilepll, and the graph is 
closed if D(a) is closed. 

5. For all ep E D(a), 

lim(l + x(a - X)-I)ep = lim(a - X)-I aep = o. 

But if the bounded operators - x/Ca - x) converge on a dense set to 1, then they 
converge to 1 on the whole space, so 

hm (- x(a - x) -Iacp) = hm axcp = acp 

for all cp E D(a). 

6. If a is Hermitian and Ran(a + i) = Yf, then II(a + i)-Ill s I, since (a + i)-Ix = 

Y =? IIxl12 = IIayI12 + Ily112, and 

Hence 

(a + i + Z)-I = (a + i)-I I (z(a + i)-I)" 

has radius of convergence 1. The operators a ± 3i/2, a ± 2i, etc., have the same 
properties, and expansions around these points also converge up to the real axis, 
so the open half-planes can eventually be covered by such discs. For the second part, 
note that (a + u + iV)-I X = y, u, V E IR, =? IIxl12 = II(a + u)y112 + v211yl12 =? 

Ilyl12/llxf S 1/v2. 



68 2 The Mathematical Formulation of Quantum Mechanics 

2.5 Unbounded Operators and Quadratic Forms 

The generators of strongly continuous unitary groups are self-adjoint 
operators. Under the right circumstances, the domain of a formally 
Hermitian expression can be chosen so as to make it self-ad joint. 

Typically, a physicist is confronted with an unbounded Hermitian operator, 
and an important question is in what sense does such an operator generate 
a one-parameter group as the time-evolution. Since it is not always possible 
in classical mechanics to generate a satisfactory time-evolution-vector 
fields may fail to be complete, and a particle may reach infinity in a finite 
time-one must be prepared for trouble when doing quantum mechanics. 
Yet we shall discover later that the situation with l/r potentials is much 
better quantum-theoretically than classically, and that the rather annoying 
question of the existence of collision trajectories in the classical three-body 
problem will cause no difficulty in quantum mechanics. 

Our first task is to generalize the definition of the adjoint of an operator 
(2.1.26; 3) to cover unbounded operators, so as to ensure that all self-adjoint 
operators on Hilbert space generate unitary groups. 

Definition (2.S.l) 

The adjoint operator a* of an unbounded operator a having a dense domain 
D(a) in .tt is defined on the domain 

D(a*) = {CPE.tt: sup l<cplaifr>lllifrll- 1 < oo} 
t/leD(a) 

by the formula <cP I aifr> = <a*cpl ifr> for all ifr E D(a), cP E D(a*). 
If a = a*, then a is said to be self adjoint; 
if a* = a**, then a is essentially self adjoint; 
if a* ::J a, then a is Hermitian. 

The symbol b ::J a means thatb is an extension of a: D(b) ::J D(a)andbID(a)=a. 

Remarks (2.5.2) 

1. Since it is assumed that D(a) is dense, (2.5.1) defines a* uniquely. 
2. The choice of the domain D for a fixes the domain of a*; if a*cp E .tt, 

then ifr -+ (a*cp I ifr) is a continuous functional. D(a*) consists of all cp 
for which ifr -+ < cp I aifr > is a continuous functional D -+ C: it is thus the 
biggest possible domain. 

3. If D(a*) is dense, then a** is defined uniquely, and a** ::J a. This is the 
case for Hermitian operators, since D(a*) ::J D(a), but in general D(a*) 
need be no larger than {O}. 
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4. If a is continuous, then D(a*) = Yr. This accords with Remark (2.1.26; 3), 
by which a: D ~ Jf induces the mapping a*: Jf* = Jf ~ D* = Jf. If, in 
addition, D(a) = Jf, then the concepts of Hermitian and self-adjoint 
become synonymous. 

5. a cb=> a* ::> b*. In particular, a is Hermitian iff a* ::> a, which implies 
that a c a** c a*; and a* is Hermitian iff a** ::> a*. Therefore, if a and 
a* are Hermitian, then a* is self adjoint and a is essentially self-adjoint. 
Moreover, if b is a Hermitian extension of a, a cbe b* c a*; then b is 
determined by its domain, on which it must have the same action as a*. 

6. If a is essentially self-adjoint, then a* = a** ::> a is the unique self-adjoint 
extension of a. a c b = b* => a* ::> b* = b** ::> a** = a*. The advantage 
of speaking of essential self-adjointness is the flexibility it allows in the 
choice of D(a); a change in the domain D(a) can leave a essentially self­
adjoint, but it necessarily alters the statement that a = a*. 

7. The graph f(a*) (see (2.4.15)) can be described as follows: Let J be the 
unitary operator (x, y) ~ (y, -x) on Jf $ Jf. Then [(a*) = (J[(a)).l 
(Problem 3). Any subspace defined by orthogonality is closed, so a* is 
always a closed operator. If a is Hermitian, then its closure is a**, since 
J2 = -1 and (J(J[.l)).l = r. Hence Hermitian operators are always 
closeable, and we may assume them closed without loss of generality. 

Examples (2.5.3) 

1. Let us recall Examples (2.4.16; 1) and (2.4.16; 2). Define a I, 2 == a with the 
domains D 1 and D 2' The operator a 1 is not self-adjoint, since it is not closed. 
What is aT? Its domain consists of all cp such that 

sup f1drx~CP*(rx)I/1(rx)1 r1drx I I/1(rxW 1- 1/2 < 00, 
l/IeDt 0 rx Jo 

so (1/rx)cp*(rx) must belong to L 2([0, 1], drx). Consequently D«a1)*) = 
D2, aT = a2 ::> at, and we see that at is Hermitian. It is also easy to see 
that a2 is Hermitian and thus, according to (2.5.2; 5), self-adjoint: 
a2 c a! c at = a2' This means that a1 is essentially self-adjoint. 

2. In Example (2.4.16; 3), D(a*) would be 

{ cp E L2([0, 1], dx): s~p fdX cp(x) I/111'~~I)1 < oo}. 
1/1 contmuous 'I' 

Since I/1(t)!ll 1/1 11 can be arbitrarily large, D(a*) is the subspace orthogonal to 
the constant function, and is not dense. 

3. Let at :I/1(rx) -+ i(d/drx)I/1(rx) = il/1', with D(a1) = {1/1 E Jf = L2([0, 1], drx): 1/1 
is absolutely continuous, 1/1' E Jf, and 1/1(0) = 1/1(1) = O}. Absolutely 
continuous functions are of the form 

1/1 ( rx) = I: drx' g( rx') + 1/1(0), with g integrable. 
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For such functions, t/I' = 9 a.e., so 

t/I(rt) - t/I(O) = I:drt' t/I'(rt'); 

they are the functions for which integration by parts is justified. It is not 
restrictive enough to have merely functions that are continuous and have 
derivatives a.e. which are in L 2 ; there are continuous, strictly monotonic 
functions t/I for which t/I' vanishes almost everywhere (cr. (2.3.25; 7». The 
boundary conditions ensure that a is Hermitian, for 

< cp 1 at/l) = i f drt cp*(rt) :rt t/I(rt) 

= i Icp*(rt)t/I(rt) /: + f drt(i ~ cp(rt) r t/I(rt) = <acp 1 t/I) 

for allcp, t/I E D. (2.5.4) 

They are too strong for self-adjointness, however, since (2.5.4) is also valid 
without the requirement that t/I(O) = t/I(l) = O. The other conditions are 
clearly necessary, so D(a*) = {cp E Jr: cp is absolutely continuous and 
cp' E Jr}. If we now calculate a**, we are again led to (2.5.4), though this 
time it is necessary to reimpose the condition t/I(O) = t/I(1) = 0 to make 
I ... I~ vanish. Therefore a** = a, so a must be closed. The adjoint a* 
is a proper extension of a and thus definitely not Hermitian, as a** c a*. 

4. Consider again a: t/I(rt) -t i(d/drt)t/I(rt), D(a) = {t/I E Jr = L2([0, 1], drt): t/I 
is absolutely continuous, 1jJ' E Yf, and 1jJ(0) = 1jJ(1)eiY, Y E IR}. It follows as in 
(2.5.4) that a is again Hermitian, but now Icp*(rt)cp(rt)l~ = 0 requires that 
cp(O) = cp(1)eiY• Therefore D(a) = D(a*), and a is self-adjoint. This a is an 
extension of the a of Example 3 for any y E IR, so there is a one-parameter 
family of extensions of that a, and in fact it contains all possible self­
adjoint extensions. (See (2.5.12).) 

5. a: ljJ(rt) -t i(d/drt)ljJ(rt), D(a) = {1jJ E Jr = L2([0, (0), drt): IjJ is absolutely 
continuous, 1jJ' E Jr, and 1jJ(0) = O}. This operator is also Hermitian, 
as it is easy to see that the upper limit contributes nothing upon integration 
by parts (Problem 4), and the equation 

< cp 1 at/l) = Loo drt icp*t/I' = icp*(O)t/I(O) + Loo drt(icp')*t/I :!: <acp 1 t/I) 

will hold provided that either cp*(O) = 0 or t/I(O) = O. This means that 
D(a*) lacks the condition t/I(O) = 0, and that a** = a. It is not possible 
in this case to weaken the boundary condition to make a* = a. 

6. a: ljJ(rt) -t i(d/drt)ljJ(rt),D(a) = {1jJ E Jr = L2« -00, (0) drt): ljJisabsolutely 
continuous, and 1jJ' E Jr}. The operator is Hermitian since, as in Example 5, 
there is no contribution from ± 00 to the boundary term of the partial 
integration. In fact the operator is self-adjoint; there is no way to weaken 
the boundary conditions for D(a*). It is clear on reflection that the 
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difficulties in Example (2.4.21) or with a unitary translation on L 2(0, 00) 
can not arise on L 2( - 00, 00), and nothing prevents i(d/drx) from being self­
adjoint. Moreover, an is self-adjoint in this case on 

{ 
dn-l dn- l } 

D(an) = t/J E Jt': t/J, ... , dn-Irx t/J absolutely continuous, dn-1rx t/J E D(a) . 

If a is Hermitian but not self-adjoint, then it may have any finite number 
of self-adjoint extensions, or an infinite number, or none at all. The adjoint a* 
will not be Hermitian, and indeed it has complex eigenvalues. Returning to 
Example 3 (respectively 5), exp( - irxz), z E C (resp. Im z < 0), is an eigen­
function of a* with eigenvalue z. In these cases every point of C (resp. the 
lower half-plane) belongs to the point spectrum of a*. This behavior is 
typical, as is shown by: 

Theorem (2.5.5) 

Let a be a closed, Hermitian operator. Then 

(i) Fz = (a - z)D(a) = (Ker(a* - z*)).L(z = X + iy, y #- 0) is a closed 
subspace of Jt', and (a - Z)-I: Fz -+ D(a) is a continuous bijection; 

(ii) V: F _; -+ F;: t/J -+ (a - i)(a + i)-lt/J is unitary, and t - V = 2i(a + i)-I: 
F _; -+ D(a) is bijective, so that at/J = i(t + V)(t - V)-It/Jforallt/JED(a); 

(iii) D(a*) = D(a) + F~ + F~.for all z E C, Im z #- 0; 
(iv) if a is self-adjoint, then Fz = Jt' for all z E C, Im z #- 0; and a is se!f­

adjoint if F z = Jt' for some z E C with Im z > 0 and for some z with 
Im z < O. 

Remarks (2.5.6) 

1. Since all Hermitian operators are closeable, we have considered only 
closed operators a. If the assumption of closure were dropped, then 
Propositions (i)-(iv) would hold for the closure a**. As a consequence, the 
resolvent (a - Z)-I of an essentially self-adjoint operator a is densely 
defined, and, since it is bounded, it has a unique extension (a** - Z)-I 
as a bounded operator defined on all of Jt'. (Recall Remarks (2.4.23).) 

2. V is known as the CayJey transform of a. 
3. These propositions are depicted schematically in Figure 4. 

Proof 

(i) Because II(a - x - iy)t/J11 2 = II(a - x)t/J11 2 + Ilyt/J11 2 ~ lllt/J112, the re­
solvent (a - Z)-I is bounded, and by assumption rea - z) and thus also 
r«a - Z)-I) are closed, so it follows from Theorem (2.4.18) that 
D«a - Z)-I) = Fz is a Hilbert space, and thus a closed subspace of Jt'. 
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(a + 0- 1 = (1 - V)(2i)-1 
• 

FO'{ F: i FO'{ F: i 

D(a){ 
F-i 

D(a) { 
F~i 

Ft{ Ft{ , 

~ .. 
a+i a* + i 

(a + i)-I = (1 - V$ V')(2i)-1 
• 

F: i (I - V')Fo, { 1 F~. 
-I 

Fi 

D(a){ 
F-i F-i 

Ff-
I 

• • V= (a - i)(a + i)-I a+i 

Figure 4 In the top two figures, the decomposition on the left is not assumed orthogonal. 
Although D(a) (') Fii = {O}, D(a) ~ F ±i' The extension a, a c a c a* and V' are 
defined in (2.5.11). 

Since <<pl(a - z)l/I) = «a* - z*)<pll/l) for all <p ED(a*),l/I E D(a),Fz is 
orthogonal to the eigenvectors of a* of eigenvalue z*. As a Hermitian 
operator, a can not have any complex eigenvalues. Hence a - z is 
injective and, by definition, surjective as a mapping D(a) -+ Fz • 

(ii) l/IEF -i<=>l/I = (a + i)<p, <pED(a), and because II(a + i)<p11 = lI(a - i)<pII, 
the operators V and V-I = (a + i)(a - i)-I are isometric. From 
<p = (l/I - Vl/I)/2ianda<p = (l/I + Vl/I)/2, we conclude that (1 - V)l/I =0, 
and so (1 + V)l/I = 0 and l/I = O. Therefore 1 - V is invertible on F -i, 
and a = i(1 + V)(1 - V)-l. 
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(iii) Let ljJ E D(a*) and write (a* + i)ljJ as a sum of vectors of F -i and F:' i : 

(a* + i)ljJ = (a + i)'1 + 2iX, '1 E D(a), X E F:' i = Ker(a* - i). Hence 
2iX = (a* + i)x => (a* + i)(ljJ - IJ - X) = 0, because a*::l a => alJ = 
a*lJ. Therefore ljJ = IJ + X + cp, cp E Ff is the required decomposition of 
any vector ljJ of D(a*). 

(iv) This follows from (iii), because if (2.4.27; 6) is generalized to unbounded 
operators, we see that Fzo = :It => Fz = :It for all z with Im z/Im Zo > 0. 

o 

Example (2.5.7) 

a = i(d/dlJ.), D(a) as in (2.5.3; 3):3 cp; F -i :3ljJ(lJ.) = i(d/dlJ. + l)cp(lJ.) is or­
thogonal to Ker(a* - i) = {cea}, since 

f dlJ. ea(d~ + 1 )cp(lJ.) = ecp(1) - cp(o) = 0, 

cp( IJ.) = - i f dlJ.' ea' - aljJ( IJ.'), 

so ljJ -+ (a + i)-lljJ is continuous, and 

(VljJ)(IJ.) = (i(:1J. - 1 )cp(lJ.) = f dlJ.'[D(1J. - IJ.') - 20(1J. - 1J.')ea' -a]IjI(IJ.') 

== f dlJ.' V (IJ., 1J.')IjI( IJ.') ). 

V is isometric on F -i' since S6 dlJ.' V*(IJ., IJ.')V(IJ.', IJ.") = D(IJ. - IJ.") - 2ea+a". 

Remarks (2.5.8) 

1. If a is not self-adjoint, then a - z: D(a) --+ :It with Im z =f. 0 is still in­
jective, but it is not surjective, while a* - z: D(a*) --+ :It is surjective but 
not injective. Consequently, Sp(a) and Sp(a*) each contain at least a 
half-plane, if Definition (2.2.13) is carried over for the spectrum of un­
bounded operators. 

2. If a is self-adjoint, then V::It -+ :It is unitary, so the spectral theorem 
extends to cover a. If dJ1(8), 0 s 8 < 2n, is one of the spectral measures 
(2.3.14) for V: Sp(V) = {eiB }, (VIjI)(8) = eiBIjI(8), then the multiplication 
operator equivalent to a is a: 1jI(8) -+ i(1 + eiB)/(1 - eiB)IjI(8). We saw 
earlier that V does not have the eigenvalue 1, so the measure of the point 
8 = 0 is zero, and a is multiplication by an a.e. finite function. This form 
of the spectral theorem for unbounded self-adjoint operators is as general 
as possible. If A = cot 8/2 is introduced as a new variable, then L 2([0, 2n], 
dJ1(8» is mapped to L 2« - 00,(0), dJ1(A», and a becomes multiplication by 
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,),=0 
exp(iat)!/t 

')'=11: 
exp(iat)!/t 

Figure 5 Two unitary representations of the translation on [0, 1]. 

l In analogy with (2.3.14), a may then be written as J~<Xl A dP;., which ex­
tends Theorem (2.3.14) to unbounded self-adjoint operators. 

3. We shall understand convergence of a sequence of self-adjoint operators 
an --+ a to mean that all sequences of bounded functions f of the an con­
verge: f(an) --+ f(a). It suffices to have convergence for either of the two 
classes of functions f(a) = exp(iat) for all t E ~ and f(a) = (a - Z)-l for 
all z with Im z :j::. o. 

4. By Stone's Theorem (2.4.24), the self-adjoint operators are exactly the 
class of Hermitian operators that generate unitary groups. For instance, 
the a of Example (2.5.3; 4) generates the group of translations 

(exp(iat)I/!)(x) = I/!(x - t) 

and answers the question that arose in (2.4.21) about the effect of the 
periodic boundary conditions: whatever is pushed past one end of the 
interval reappears at the other end with some constant change of phase 
(see Figure 5): 

5. A converse of Theorem (2.5.5) can also be proved (Problem 7): If V is an 
isomorphism of a closed subspace F _ onto a subspace, such that 1 - V 
is a bijection of F _ onto a dense subspace of Yr, then i(l + V)(l - V)-l 
is a Hermitian operator. 

6. The part of D(a*) not contained in D(a) consists only of eigenvectors of 
a* with complex eigenvalues. The sum in (iii) of (2.5.5) is of course not 
orthogonal. 

Because of these facts, the most important criterion for self-adjointness 
is the absence of complex eigenvalues of a*. To pursue this subject further, 
we make 

Definition (2.5.9) 

(rn, n) == dim(Ker(a* + 0) = dim(F da»J. are the deficiency indices of a. 
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Examples (2.5 .10) 

1. a is essentially self-adjoint iff (m, n) = (0,0). 
2. In Example (2.5.3; 3), (m, ) = (1, 1). 
3. In Example (2.5.3; 5), (m, n) = (0, 1). 

If one wishes to extend a Hermitian operator a = i(1 + V)(1 - V) - 1 to a 
self-adjoint operator Cl = i(1 + V)(1 - V) - 1 :::l a, then V must be a unitary 
extension of V: F _ i -. F + i' It is clear that the extension must map the 
orthogonal complements Ker(a* =+= i) unitarily onto each other, so V has 
to be an orthogonal sum V Efl V' for some V' acting on the orthogonal com­
plements. This is possible only if Ft have the same dimension: 

Theorem (2.5.11) 

A Hermitian operator a can be extended to a self-adjoint operator Cl iff the 
deficiency indices are equal. In that case, for every unitary mapping V': 
Ker(a* - i) -. Ker(a* + i) there exists a distinct extension 

Cl = i(1 + V Efl V')(1 - V Efl V')-l. 

Example (2.5.12) 

Let us return to (2.5.7), which has (m, n) = (1, 1): U(1, C) is multiplication by 
a phase factor, so there exists a one-parameter family {ap} of self-adjoint 
extensions of a. If V'ea = el-aeifJ, then V = V Efl V' is defined on all of Yf. 
With the procedure we have described above, cP E D(a) is written in the form 

cp(ar:) = «U - l)t/I)(ar:) 

= (V - 1)(t/I(ar:) - eac fdar:' ea't/I(ar:') + eac fdar:' ea't/I(ar:')) 

= -2 I:dar:' ea,-a(t/I(ar:') - ea'c fdar:1/ ea"t/I(ar:II )) 

+ (e 1 - a eiP - ea)c f dar:' ea' t/I( ar:'), 

where c J6 dar: e2a = 1, so cp satisfies the boundary conditions 

cp(O) = eifJ + 1 - 1 = (e l -.iP - 1)* = ( e _ ~ifJ )* 
cp(1 ) elP - e e - IfJ - e 1 - e1fJ + 1 

= (:~~~r ~ I cp(O) I = Icp(l)l, 

which makes ap identical to the a of (2.5.3; 4). 
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Remarks (2.5.13) 

1. Theorem (2.5.11) reveals why it was not possible to weaken the boundary 
conditions in (2.5.3; 5) to make a self-adjoint. In that example, m =f. n. 

2. Although the deficiency indices and extensions were defined with the 
special valuesz = ± i, any other pair of complex conjugates z, z*, Im z =f. 0, 
would have produced an equivalent definition. 

3. If either m or n is zero, then the operator is maximal, i.e., it has no 
Hermitian extensions. If m = n < 00, then every maximal Hermitian 
extension is self-adjoint, and if m = n = 00, then there are maximal 
Hermitian extensions that are not self-adjoint. 

4. If a Hermitian operator is real (see (3.3.19; 5)), that is, invariant under 
i --+ - i, then m = n, and it always has a self-adjoint extension. 

The delicate attribute of self-adjointness is not even preserved by the 
formation of linear combinations of operators. If a and bare self-adjoint, 
then a + b (and ab + ba) may fail to be self-adjoint. The sum a + b is a 
priori defined only on D(a) n D(b), and ab + ba only on D(a) n D(b) n 
aD(a) n bD(b), and these sets might not be dense. Even if the intersection of 
the domains is dense in .1f, it might be too small for the sum to be self­
adjoint. 

Example (2.5.14) 

A 1/r2 potential. Let H = K + V, K: ljI(r) --+ -(d2/dr2)IjI(r): D(K) = 
{1jI E.1f: 1jI' is absolutely continuous, 1jI" E.1f, and 1jI(0) = O}, where .1f = 
L2([0, (0), dr); V: ljI(r) --+ (y/r2)IjI(r), yE IR: D(V) = {1jI E.1f: (l/r2)1jI E .1f}. 
With the a of Example (2.5.3; 5), K = a*a, which is always self-adjoint. As in 
Example (2.5.3; 1), V is likewise self-adjoint. However, D(H) = D(K) n D(V) 
= {1jI E .1f: 1jI' is absolutely continuous and E.1f, 1jI" E .1f, and 1jI(0) = 1jI'(0) 
= O}, and as in (2.5.4) the boundary condition does not show up in D(H*): 
D(H*) = {1jI E .1f: 1jI' is absolutely continuous and E .1f, and ( -1jI" + yljl /r2) 
E .1f}. It is possible for D(H) to be a proper subset of D(H*), provided that 
neither 1jI" nor yljl /r2 is in .1f, but that their difference is, because of a cancel­
lation of the singularities at 0. In order to understand when this happens, 
let us examine the solutions of the equation ljI'i = (y/r2 ± i)1jI ± . The solutions 
that decrease when r --+ 00 as 1jI± '" exp( -r(l ± i)/fi) are linear combina­
tions of r± v+ 1/2, V = J y + 1/4, in the limit r --+ 0. These functions are square­
integrable only if v < 1 <=>y <!, so if y;::: t then the deficiency indices 
are (0, 0), and if y < i, then they are (1, 1). In the latter case there is a one­
parameter family of self-adjoint extensions, which append IjI + - exp(2ib)1jI _ , 
bE IR, to D(H) so that H(IjI+ - exp(2ib)IjI_) = i(ljI+ + exp(2ib)IjI_). Even 
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if y = 0, D(H) gets expanded by the inclusion of exp( -r(1 + i)//2) -
exp(2ib - r(1 - 0//2), i.e., it can be characterized by the boundary con­

dition I/J(O)N'(O) = /2/( cot( b) - 1). Since cp == I/J /r in three-dimensional 
polar coordinates, -Ilcp becomes b3(x)I/J(0)/4n, so this extension corresponds 
physically to the addition of a delta-function potential at the origin. 

However, if b is small in comparison with a in a certain sense, then the 
addition of b to a does not affect its self-adjointness. 

The Kato-Rellich Theorem (2.5.15) 

Let a* = a, b* ::::> b, and D(b) ::::> D(a), and suppose that there exist constants 
0::; D! < 1 and f3 ~ ° such that Ilbl/Jll ::; D!llal/Jll + f3lll/Jllfor alll/J E D(a). Then 
a + b is self-adjoint on D(a). If a is essentially self-adjoint on D c D(a), then 
so is a + b. 

Proof 

In the spectral representation of a (see (2.5.8; 2» we discover that 

II(a ± il1)-111 ::; 11- 1 and Ila(a ± il1)-111 ::; 1. 

If 11 is large enough, then it follows that II b(a ± il1) - III ::; D! + f311- 1 < 1, so 
1 + b(a + il1)-1 is a bijection of Jf. Consequently (a + b ± il1)D(a) = 
(1 + b(a ± il1)-I)(a ± il1)D(a) is either all ofJf or dense in Jf,dependingon 
whether (a ± il1)D(a) is all of Jf or only dense. 0 

Remarks (2.5.16) 

1. If b is bounded, then it is a fortiori relatively bounded, and a + b is self­
adjoint or essentially self-adjoint on D(a) whenever a is. 

2. Since JD!2(1 + e) + f32(1 + lie) ~ D! + f3 for all D!, f3, e > 0, Criterion 
(2.5.15) is equivalentto IIbI/JI12 ::; D!211a1/J112 + f32111/J11 2,ortob2 ::; D!2a2 + f32. 

3. For the statement about essential self-adjointness, D! may be allowed 
to be 1. 

4. For the physical systems that will concern us, b = a Coulomb potential 
is bounded relative to a = the kinetic energy. The Kato-Rellich Theorem 
is thus sufficient for our purposes to guarantee existence and uniqueness 
of the time-evolution. 

It sometimes happens that formal Hamiltonians are not even strictly 
speaking operators, because they send every vector of Jf out of Jf. However, 
knowledge of enough matrix elements is frequently sufficient to determine 
the time evolution, even in the absence of a well-defined operator. 
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Definition (2.5.17) 

A quadratic form q is a mapping Q(q) x Q(q) --+ C: (cp, 1/1) --+ <cplqll/l>, 
where Q(q) is a dense subspace of .Jl' known as the form domain, such that 
<cplqll/l> is linear in 1/1 and conjugate-linear in cp. If <I/Ilqlcp>* = <cplqll/l>, 
then q is said to be Hermitian, and if < cp I q I cp > ~ 0, it is positive. A positive 
quadratic form q is said to be closed iff Q(q) is complete in the form norm 
Ilcpll; = <cp I q I cp> + IIcp1l2. 

Gloss 

Conjugate-linearity means that (A.cplqll/l> = A*<cplqll/l>. If <cplqlcp> ~ 
-MllcpIl2, then q is semibounded; equivalently, the form <CPlqll1/1> == 
<cplqll/l> + M<cp I 1/1> is positive. 

Examples (2.5.18) 

1. Let a be a (densely defined, linear) operator. Then (cp, 1/1) --+ <cplal/l> is a 
quadratic form, and is Hermitian or positive iff a is. 

2. Suppose a self-adjoint operator a has been written in a spectral representa­
tion on EBn L2(1R, dtln)· Then <cplqll/l> = Ln J~ro dtln(rx)rxcp:(rx)I/InCrx) for 
cp, I/IEQ(a)={'E.Jl':LnJ~rod,un(rx)llXll(n(rxW<oo} is a Hermitian 
form, which is closed if a ~ O. Observe that Q(a) is different from D(a) = 

{' E .Jl': Ln J~ ro dtln(rx) I rx 12I(n(rx) 12 < a)}, butt hat rather Q(a) = D( JraT). 
3. For.Jl' = L2(1R, drx) ::J Q(q) = {I/I E.Jl': 1/1 is continuous at O}, the "delta 

operator" < cp I q I 1/1 > = cp*(O)I/I(O) is positive but not closed. The sequence 
I/In = exp( -nrx2 ) --+ 0 in .Jl' is also a Cauchy sequence in the form norm, 
but without a limit in Q(q): since the topology coming from 11 Ilq is 
finer than the one coming from 11 11, and the sequence tends to 0 in the 
latter topology, the only possible limit in Q(q) would be O. However, 
because <I/Inlqll/ln> = 1, the sequence does not tend to 0 in the 11 Ilq 
topology, and this fact is not changed by an enlargement of Q(q). Hence 
q is not closed, and in fact not even closeable. 

Thus Hermitian forms, in contradistinction to Hermitian operators, 
need not be closeable. However, if they are closeable, then they are always 
the quadratic form of some self-adjoint operator. 

Theorem (2.5.19) 

If the form q is positive and closed, then it is the form of a unique self-ad joint, 
positive operator. 
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Proof 

Consider Q(q) c ,jf as a Hilbert space with the scalar product <q>I"'\ 
== < q> I "') + < q> I q I ",). The resulting topology is finer than that coming 
from <I), so the mapping Q(q)--+ (.:"'-+ <q>I"') is continuous for all 
q> E,jf. As in (2.1.17), there exists a unique X E Q(q) such that < q> I "') = 

<xl"'\. This defines an injection e:,jf --+ Q(q): q> -+ X == eq>. If we con­
sider e as a mapping ,jf --+ ,jf, then it is Hermitian and bounded: 

<q>le"') = (eq>le"'\ = <e"'leq»: = <"'lcq»* = <e<pl"'), 

IleII = sup lie'" 11 s sup 11c"'llq = sup l<e"'Iq»ql = sup 1<"'Iq»lsl. 
11"'11=1 11"'11=1 11"'11=1 11"'11=1 

11'1'11.=1 11'1'11.=1 

Note that e,jf is dense in Q(q) in the 11 Ilq norm (i.e., <eq>I"')q = <q>I"') 
= 0 for all q> E ,jf => '" = 0), and hence it is also dense in ,jf in the norm 

11 11· Therefore e - 1 is densely defined, and since e, being a bounded, Hermitian 
operator, is self-adjoint, e - 1 is also self-adjoint on e,jf (Problem 10). The 
operator e- 1 - 1 has the required property «e- 1 - 1)q>1"') = <q>lql"') 
on the domain e,jf c Q(q). For uniqueness, see Problem 8. D 

Example (2.5.20) 

We attempt to make sense of d2/dx 2 + Vex) with Vex) = AD(x) by extending 
the operator H = -d2 /dx 2 on D(H) = {",EL2«-00, oo),dx):IjI' is abso­
lutely continuous, "'''(0) E L 2, and "'(0) = O}. The Fourier transformation 
makes H a multiplication operator: 

(HI/I)(k) = el/l(k), D(H) = {I/I E L2( - 00, (0), ;~): f:oo dklk21/1(k) 12 < 00, 

f:oodkl/l(k) = o}. 
It is closed since the graph norm (2.4.17; 3) is equivalent to 111/1 11 ~ == <1/1 I I/I)r == 
J~ 00 (dk/2n) I I/I(kW(l + k4 ), and 

D(H) = {I/I E,jf: 11I/Illr < 00, \'" 11: e) = o} 
and 111/(1 + k4)llr < 00. Clearly, 

(Fz)1- = k2 ~ Z => D(H*) = D(H) + {k 2 ~ z}. ZE(.-IR+, 

* 1 _ 1 
H -k2 -z-k2 . 

- Z - Z 
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Therefore the deficiency indices are (1, 1), and there is a one-parameter 
family of self-adjoint extensions. The domain D(H) is not complete in the 
appropriate q-norm 

its completion contains tj/s which decrease only like I k 1- 1 - t as k -+ 00: 

Q(q) = {t/l EL2 : 11t/lllq < 00, f:oodkt/l(k) = a}. 
This is a subspace of {t/I: 11t/lllq < oo} closed in the norm 11 Il q, because 

1 

)2' 

therefore J~oo dkt/l(k) is a continuous linear functional on Q(q) with the 11 Ilq 
norm (unlike the 11 11 norm). The injection c for the form q = k2 with domain 
Q(q) is determined by 

LOO 00 dk q>*(k)t/I(k) = f:oo dk(cq>(k»*t/I(k)(1 + k2) 

for all t/I E Q(q), q> E .tt, cq> E Q(q), which implies that 

q>(k) 1 foo dk' q>(k') 
c: cp(k) -+ 1 + k2 - 1 + k2 -00 ----;- 1 + k,2 ' 

Hence c sends (1/(1 + k2».L = {q>: < q> 11/(1 + k2» = O} to D(H) and 
1/(1 + k2) to 1/(1 + k2)2 - 1/2(1 + k2) == X(k) ~ D(H), which means that 
CiD~H) = 1 + k2 and c- 1X = 1/(1 + k2 ). The domain of H is enlarged by 
the inclusion of X, on which the extension does not act as k2 (see Figure 6). 

Q(q) 

c 

Figure 6 The domains involved in the extension of a quadratic form. 



2.5 Unbounded Operators and Quadratic Forms 81 

Since the deficiency indices are (1, 1), the domain of any self-adjoint extension 
is D(H) + some one-dimensional space, so D(H) + {X} is large enough to 
be D(c- 1). The operator c- 1 - 1 is called the Friedrichs extension of H. 

Remarks (2.5.21) 

1. If we choose Q( 4) = {t/J: 11 t/J 11 q < oo} => Q( q), then 

D(c- 1) = {t/J: fdklt/J(k)(1 + k2W < oo} C Q(4) 

and c- 1 is just multiplication by 1 + k2 , and thus different from c- 1, even 
though 4IQ(q) = q and both q and 4 are closed. In contrast, for self-adjoint 
operators, a c a necessarily implies a = a. 

2. If q arises from a positive operator a, < <P I q I t/J> = <<pI at/J >, then q is always 
closeable to some 4 with Q(4) the completion of D(a) in the norm 11 Ilq: 
If {t/Jn} is a Cauchy sequence with 11 Ilq, then it is also one with 11 11 and 
converges to some t/J E Yf. To show that t/J E Q(4) and t/Jn ~ t/J, note that 
<<Plt/Jn>q = «a + l)<PIt/Jn> --+ <Ca + 1)<p1t/J> = ~<plt/J\ for all <pED(a). 
Since Q(4) is complete, it must follow that t/Jn ~ some t/J' E Q(q), and we 
see that <<pI t/J - t/J'\ = ° for all <p E D(a). Since D(a) is dense in Q(q), 
t/J must be the same as t/J'. This shows that every semibounded operator 
has such a self-adjoint extension, known as the Friedrichs extension. 

3. In x-space the functions (F ± i).L are of the form exp( - I x I (1 ± i)/ fi) 
The self-adjoint extensions append the functions t/J = exp( -lxl(1 + i)/fi) 
-exp(2ib - Ixl(1 - i)/ J2) to D(H) (Problem 5). The functions t/J 
satisfy limd 0 t/J' (t;) - t/J' ( - t;) = At/J(O), A = (cot( b) - 1) fi, and so at x = 0, 

( -::2 + Ab(x) )t/J(X) = o. 

The form q defines the extension with A = 00, since X has a discontinuous 
derivative at x = 0, but it vanishes at that point (J dk X(k) = 0). 

4. Since the norm on Q(q) is weaker than the graph norm (2.4.17; 3) of H, 
the closure in Q(q) produces an extension of the operator H, which is 
closed in its graph norm. 

5. Q(q) is closed with 11 Il q , but it is not all of {t/J E Yf: 11 t/Jllq < oo}. 
6. Whereas b(x) of Example (2.5.18; 3) is not an operator, since its quadratic 

form is not closeable, -d2/dx 2 + Ab(x) is an operator. 

Problems (2.5.22) 

1. Show that QID2 of (2.4.16; 2) is closed. 

2. Find an example of an operator on [2 with D(a*) = {qJ: 1< qJ I a1/l> I < c for all 
1/IED(a), 111/111 = J} = O. 
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3. Show that f(a*) = (Jf(a)/. 

4. Show that a c a* for the a of (2.5.3; 5). 

5. What are the other self-adjoint extensions of H in (2.5.20)? 

6. Determine the Friedrichs extension of H in (2.5.14). 

7. Prove the claim made in (2.5.8; 5). 

8. Show that the operator defined in (2.5.19) is unique. 

9. Carry out the intermediate steps in the calculations of Examples (2.5.7) and (2.5.12). 

10. Use the graph f(a) to show that the inverse of a self-adjoint operator is self-adjoint 
whenever it exists. 

Solutions (2.5.23) 

1. 

1 fill 12 IjIn -+ 1jI, ~ IjIn -+ cP ~ e ~ IjI - cP drt. = 0, 

since it is 

fill 1 12 fill 12 ~ e ~ IjI - ~ IjIn drt. + e ~ IjIn - cP drt. 

for all n ~ S: (1/rt.2) 1 IjI 12 drt. ~ Ilcp112, i.e., IjI ED2 and 1I(1/rt.)1jI - cpll = O. Remark: 
The same argument works for any multiplication operator 1jI(rt.) -+ J(rt.)IjI(rt.), which 
is closed on the domain 

2. Let a be given in a matrix representation as a;n = (l/n)i, and let D(a) be 

{IjJ = {1jI1, 1j12," .): only finitely many 1jI; are nonzero}. 

Then 

1 
supl(cplaljl)l= sup LCPn-Liljl;=oo forall cpEI2~D(a*)=0. 

111/1 11" I 111/111" Inn ; 

3. y is contained in the domain of a* if there exists a y* E ;Y( such that (y I ax) = 
(y* I x) for all x E D(a), and if there is such a y*, then a*y = y*. The equation 
(ylax) = (Y*lx) can be rewritten as «y, Y*)I(ax, -x) = «y, y*)IJ(x, ax) = 0, 
i.e., f(a*) = (Jf(a)).l. 

4. It only needs to be shown that the upper limit contributes nothing to the integration 
by parts, that is, cp*(rt.)IjI(rt.) -+ 0 as rt. -+ 00. Since 

cp*(fJ)ljI(fJ) - cp*(rt.)IjI(rt.) = r [cp*(rt.')IjI'(rt.') + cp*'(rt.')IjI(rt.')]drt.' 
a 
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and because [ ... ] ELl, it follows first that q>*«(J.)I/!«(J.) is a Cauchy sequence and hence 
convergent, and secondly, because S~ '" d(J.1 q>*«(J.)I/!«(J.) I < 00, that the limit is O. 

5. Theorems (2.5.5) and (2.5.11) imply that every self-adjoint extension is of the form 
H: D(H) = {I/! = IJ + q> - V'q>, IJ E D(H), q> E Ft, V' an isometry Ft ~ F:' i}, HI/! = 
HIJ - iq> + iV'q>. In our case, cp = 1/(k2 + i), and the most general V' acts by 
V'q> = e2i~/(k2 - i). 

6. The form domain Q(H) of < q> I H Iq» = SO' dr( q>'2 + yq>2/r2) contains the operator 
domain DF(H) of the Friedrichs extension. The functions q> of Q(H) must go to 0 
faster than rl/2 as r~O, so that ]O'drlcpI2/r2 < 00. Since functions of D(H*)::::l 
DF(H) approach linear combinations of r± v+ 1/2 in this limit, only r+v+ 1/2 is possible, 
and that only if v is real, i.e., y > - 1/4. Thus the Friedrichs extension amounts to 
appending the linear combination I/! + - e2i~I/! _, which behaves like rV+ 1/2 as r ~ O. 
H is in fact a positive form only until the point y = -1/4, since, by integration by 
parts, 

1 foo q>2 f'" q>' q> [f'" '2] 1/2 [f'" q>2] 1/2 - dr 2 = dr - :::; dr q> dr 2 
20 r 0 r 0 0 r 

Equality holds for cp' = constant, which means cp = (const.)r, though at large r, q> 
must somehow go to O. The large-r dependence can be arranged so that when 
y < -i, the form H is no longer positive. For the other extension Hb with D(Hb) et 
Q(H) we have <q> I Hbq> > #- <q> I HI q> > = 00 for all cp E D(Hb), q> ~ Q(H). 

7. V sends F _ to the dense subspace D, and the association given by 

a: f = i(1 - V)g ~ (I + V)g 

is linear. As to whether the operator is Hermitian: It is necessary to show that 
<!'la!> = <a!'lf> forfandj'E D,i.e., 

<+iCI - V)g'ICI + V)g> = «I + V)g'li(1 - V)g>. 

This is true because V is an isometry. 

8. «c- 1 - 1)cpll/!> = <cplqll/!> = <acpll/!> for all cp, I/! E Q(q) => a::::l c- 1 - I=> 
a = c -1 - I, since the latter operator is self-adjoint, and consequently can not have 
any proper, Hermitian extensions. 

9. Simple integration by parts. 

10. Let it = ye Et! ye ::::l rea) = (Jr(a»\ and let U: it ~ it, (x, y) ~ (y, x). 

r(a- 1) = Urea) => re(a- 1)*) = (JrCa-1».L = (Jur(a».L = u(Jr(a».L = Urea), 

I.e., 



3 Quantum Dynamics 

3.1 The WeyJ System 

Phase space is the arena of classical mechanics. The algebra of 
observables in quantum mechanics is likewise constructed with 
position and momentum, so this section covers the properties of those 
operators. 

In classical mechanics, every function F on phase space generates a one­
parameter group of diffeomorphisms exp(tLXF) (t E IR and LXF is the Lie 
derivative with respect to the Hamiltonian vector field corresponding to F). 
Similarly, we learned in §2.4 that in quantum theory every observable a is 
associated with a one-parameter group of automorphisms b -+ exp(iat)b 
exp( - iat). One of the basic postulates of quantum theory is that, in units with 
h = 1, the groups generated by the Cartesian position and momentum co­
ordinates Xj and Pj of n particles U = 1, ... , n) are the same as classically, i.e., 
displacements respectively in the momenta and positions. Since Xj and Pj do 
not have bounded spectra, and hence can not be repres~nted by bounded 
operators, it is convenient to consider instead the bounded functions 

so as not to have domain questions to worry about. The group of automor­
phisms can be written in terms of them as follows: 

84 
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The Weyl Algebra (3.1.1) 

The operators 

generate the Weyl algebra "fII with the multiplication law 

exp(i t Pr rj)exp(i t xj · Sj)exp(- i t rj · pj) 
J=1 J=1 J=1 

Remarks (3.1.2) 

1. To simplify the notation, we consider Zj == rj + iS j as a single vector in the 
Hilbert space C3n, with scalar product (z 1 z') == Ll= 1 zj . zj and volume 
element dz = d3rl ... d3rn d3s1 ... d3sn. Then we define the Weyl operators 
by 

W(z) == exp( - Lt/j · Sj )exp(ijt rj · Pj )exp(i ~ Sj· Xj) 

= W*(-z) = W-1(-z). 

The multiplication law (3.Ll) can then be written compactly as 

W(z)W(z') = expG Im(ZIZ'»)W(Z + z'). 

This shows that products of W(z) can be written linearly in W(z), so the 
algebra "fII consists oflinear combinations of the W(z). 

2. We shall only be interested in representations for which z --+ W(z) is 
strongly continuous, so that we can recover x and P from knowledge of 
W(z). In the representations we shall use, 11 W(z) - W(z')11 = 2 whenever 
z =1= z'. Norm continuity is impossible, as x and P are always unbounded. 

3. The C* algebra gotten by taking the norm closure of "fII is too small for 
many purposes. In order to include all Loo functions ofx and p, it is necessary 
to take the strong closure "fII. The question then arises whether the iso­
morphism mentioned above, of the canonical and unitary transformations, 
can be extended to other coordinate systems involving LOO functions of x 
and p. One cause for concern is that because of the noncommutativity of 
observables, a classical function f(P, x )does not have a uniquely determined 
quantum mechanical version: Is the classical function p2X3 to be px3p or 
(p2X3 + X3p2), which by formal manipulation of (Ll.1) equals - 3x + 
px3p? It can even happen that the product of operators simply fails to be 
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defined because of the lack of a domain of definition (cf. (3.1.10; 5)). We 
shall not generally be able to settle the question of the proper quantum 
mechanical operators associated with all classical observables and find 
what groups they generate but shall instead consider successively more 
complicated special cases. 

For a better understanding of the possible representations of jI/', we con­
sider the 

Mapping of L 1(C3n) into jI/' (3.1.3) 

Given a strongly continuous representation of jI/', 

Wf == f dz f(z)W(z) E jI/' 

is well-defined for all f E L 1(C3n), and: 

(i) Wf +g = Wf + Wy; 
(ii) Wj = Wl, f(z) = f*( - z); 
(iii) Wf*g = Wf · Wg,(j * g)(z) = J dz' f(z - z')g(z')exp((i/2)Im(zlz')); 
(iv) WfoW(z)Wfo = Wfo exp(-¥zlz))forallzEC3n, 

fo(z) = (2n)-3n exp( -«zlz)/4)); 
(v) The mapping L 1 -+ ~(£): f -+ Wf is injective; 

(vi) IIWfl1 ~ IIfll1. 

Proof 

Since W(z) is strongly continuous, the integral is defined as a strong limit, but 
will not necessarily be in the norm closure of jI/'. 

(i) and (ii) are obvious. 
(iii) follows from (3.1.2; 1). 
(iv) follows from (3.1.2; 1) and a Gaussian integral (Problem 5). 
(v) If Wf = 0, then for all z' E C3n and g, hE £, 

° = f dz f(z)<gl W( -z')W(z)W(z')h) 

= f dz f(z)exp(i Im(zlz'))<gl W(z)h). 

Now choose h = W(Z)-l g and observe that the Fourier transform of f 
vanishes, and therefore so does f itself as an element of L 1. 
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(vi) Since W(z) is unitary, 11 W(z)11 = 1 for all z E (}n, and 

iifdZf(Z)W(Z)ii s fdz1f(z)IIIW(z)ll. o 

Consequences (3.1.4) 

Property (iv) implies that WIo = Wio is a projection, and that "if"WIoJ'l' is 
all of J'l': The space orthogonal to it would be invariant under "if" and such 
that WIo would vanish on it, as <yl WIox) = <WIoylx) = ° for all x E J'l' ~ 
WIoY = 0. Thus in this subspace we would have a representation of 1i1 with 
WIo = 0, which is impossible by Property (v). Therefore the subspace 
WIoJ'l' is a totalizer for "'fr, and in an orthogonal basis {Uj} of WIoJ'l' with 
WIoUj = Uj' the representation has the form: 

This argument proves 

The Uniqueness Theorem of Representations of W (3.1.5) 

Every strongly continuous representation of "if" is eqCtivalent to a sum of cyclic 
representations with 

( (Zlz)) <u 1 W(z)u) = exp - -4- . 

Remarks (3.1.6) 

1. If J'l' is separable, then the sum is countable. 
2. In the spectral representation of x, the operator WIo projects onto 

( X2) 
u(x) = n- 3n/4 exp - ~ l ' 

and 

(Problem 2). 
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3. If the assumption of strong continuity is left out, then there are more 
representations. Suppose Yr is as in (2.4.14; 2), and that, as before, 
(W(z)t/I)x = exp(is(x + r/2))t/I x+r' This constitutes another representation 
of "If", on a nonseparable Yr. It is definitely not equivalent to (3.1.5), since 
exp(ixs) has a purely discrete spectrum, every z E C: Izl = 1 is an eigen­
value. In this example the operator p does not even exist. 

4. There are in equivalent representations of "If" for infinite systems (n = 00), 
in fact un count ably many of them, even on separable Hilbert spaces. (See 
volume IV.) 

5. If x-space is not infinite, but rather a torus (I: 2.1.7; 2), then there are 
infinitely many in equivalent representations of the Weyl relations. In that 
case exp(i D= 1 Xj ' s) is an observable only if Sj E (2nZ)3, and (3.1.1) is 
valid only for these Sj' The operator p is again formally the derivative 
- i(d/dx), but, according to (2.5.3; 4) this has a one-parameter family of 
self-adjoint extensions corresponding to the boundary conditions 
t/I(l) = e-ijt/l(O),O ~j ~ 2n,fort/lEL2(O, 1) ~ L 2(T 1). Then -(d/dx) has 
the eigenfunctions eikx with eigenvalues k = 2nJ.l - j, J.l E Z. The representa­
tions are clearly inequivalent for different j and inequivalent to the rep­
resentation (3.1.5), where the spectrum is absolutely continuous rather than 
pure point. 

6. Theorem (3.1.5) gives what is known as a ray representation of 1R6n, which 
means that W(z)W(z') equals W(z + z') up to a phase factor. It may seem 
peculiar that the representation of "If" is essentially unique, even though 
every subgroup of 1R6 n is an invariant subgroup (a normal divisor), and a 
representation of any factor group is also a representation of 1R6n. The state 
of affairs can be understood as follows: for any r E IR, the integral multiples 
{nr}, nE Z, constitute a normal divisor of IR, and t --+ exp(2nit/r) is the 
unique faithful representation of the factor group IR/ {nr}. Hence there exists 
a one-parameter family of unfaithful representations of IR, and every 
(strongly continuous) representation is a sum or integral ofthem. However, 
the Weyl algebra is simple-it contains no nontrivial subideal-so that 
only the trivial representation fails to be faithful, and the irreducible 
faithful representations are all equivalent. 

The self-adjoint generators Xj and Pj can be recovered from W(z) by 
differentiation. Yet the problem remains of being precise about the com­
mutation relations (1.1.1), since unbounded operators do not form an algebra. 
However, the fact that two operators commute can easily be interpreted in a 
mathematically reasonable way: 

Definition (3.1.7) 

The statement that two unbounded, self-adjoint operators a and b commute 
will mean that f(a)g(b) - g(b)f(a) == [J(a), g(b)] = ° for all f and gEL 00. 

We shall write this for simplicity as [a, b] = 0. 
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Remarks (3.1.8) 

1. For [a, b] to equal 0, it suffices that [exp(iat), exp(ibs)] = 0 for all t, s E IR, 
or that [(a - Z)-l, (b - Z')-l] = 0 for all Z,Z'EC\IR (Problem 6). A 

consequence of (3.1.1) is thus that [xk , Xj] = [Pk> pJ = 0 for all k,j, and 
[xk , pJ = 0 for k #- j. 

2. The Gel'fand isomorphism (2.2.28) is still applicable to the C* algebra 
generated by the bounded, continuous functions of such a and b, and it 
provides a spectral representation in which both a and b are multiplication 
operators. This is a generalization of the simultaneous diagonability of 
commuting Hermitian matrices. 

3. It is tempting to conjecture that [a, b] = 0 whenever 

(i) there exists a dense domain D invariant under a and b; 
(ii) a and b are essentially self-adjoint on D; and 

(iii) abt/l = bat/l for all t/I E D. 

This is false; see the counterexample of Problem 4. 

To make sense of [Xb pJ for k = j, we need to find a D c D(Xk) n D(Pi) 
such that xkD c D(p) and pjD c D(Xk)' One such domain consists of the 
vectors that belong to [I' in the x-representation, where [I' is the space of COO 
functions that decrease at infinity along with all their derivatives faster than 
any negative power of x. This space equals its Fourier transform :J, and on [1', 

x:f(x) ~ xf(x), p:f(x) ~ -i(%x)f(x), while on .cJ, x:f(p) ~ i(%p)f(p) 
and p: f(P) ~ pf(p). On [I' we can write 

The Heisenberg Commutation Relations (3.1.9) 

Remarks (3.1.10) 

1. The operators x and p are clearly Hermitian on [I' with deficiency indices 
(0,0), and thus essentially self-adjoint. 

2. It is a natural question whether all representations of [Xk' Pj] = iOkj on 
dense domains D of essential self-adjointness lead to the Weyl relations 
(3.1.1). The answer is no. Additional assumptions are needed, such as that 
Il~ 1 xf + L~~ 1 pf be essentially self-adjoint on D. Otherwise, a variant of 
Problem 4 would provide a counterexample. Another possible condition 
is that Ok (Xk + i)(Pk + i)D be dense in Yf. 

3. It has already been noted that finite matrices can not satisfy (3.1.9). It is 
likewise impossible to represent p and x with bounded operators of any 
kind. Equation (3.1.9) also requires that xnp - pxn = inxn-t, so nllxn-111 
= Ilxnp - pxnll ::=:;; 211xnll . Ilpll, and thus Ilxll ·llpll ~ n/2 for all n. 
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4. There are many inequivalent representations of x and p if we allow 
matrices that satisfy xp - px = i on some dense domain by formal 
manipulation; for instance, 

0 
0 -1 1 1 

-2 -3 
1 

1 0 -1 1 
-2 

x= 2 p = -i 1 1 0 -1 
3 2 

1 1 1 0 
4 3 2 

0 1 1 1 1 1 
1 0 1 1 1 1 

[x, p] = -i 1 1 0 1 1 1 
1 1 1 0 1 1 
1 1 1 1 0 1 

On D = {(v) E [2: Li Vi = 0, with only finitely many Vi =I- O}, with these 
matrices, [x, p] = i. This representation is not equivalent to the Weyl 
representation: Sp(x) = 7L+. The eigenvectors ek of x do not belong 
to D, as otherwise there would be a contradiction, (ek I [x, p ]ek) = 0 = 
i(ek I ek)· 

5. One might hope that the Poisson bracket { } of classical mechanics 
goes over to the commutator in quantum mechanics not just for the 
Cartesian coordinates p and x, but also for generalized coordinates 
(cf. (3.1.2; 3». Unfortunately, it does not. Consider p and x on the one­
dimensional torus (circle) Tl; while x, 0 ::=:; x < 1, is not a global co­
ordinate, the equation {x, p} = 1 holds locally. Suppose that the quantum­
mechanical Hilbert space is Yf = L 2(Tl, dx). Then the formal equation 
[x, p] = i makes no sense as an operator equation, since p is defined only 
on· the absolutely continuous functions on Tl (which implies that 1/1(0) = 
1/1(1 », while x maps functions out of this subspace. If the matrix elements 
are calculated with respect to the eigenfunctions I/In = exp(2ninx), nE 7L, 
then 

and if these matrices are multiplied, one finds (Problem 8) that [x, p] =I- i. 
Hence (3.1.9) is not even valid in the sense of quadratic forms, so the 
representations (3.1.6; 5) can not strictly speaking be characterized by 
(3.1.9). 

Following Remark (2.2.33; 3), the commutation relations (3.1.9) have as a 
consequence the 
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Indeterminacy Relations (3.1.11) 

Remarks (3.1.12) 

1. There are, of course, some domain questions to answer when Remark 
(2.2.33; 3) is extended to unbounded operators; but assuming that there is 
no real difficulty, (3.1.4) applies equally to all states, so there is no need for 
an index on ~. 

2. A natural question is whether there can be equality in (3.1.11), and, ifso, for 
which states. The inequality of (2.2.33; 4) is of the form «a* - oc*) 
(a - oc) ~ 0 for pure states, where we have let a = x + 2ip(~X)2 and 
oc = <x) + 2i<p)(~X)2. Equality would require that the state I) be an 
eigenvector of the (nonnormal) operator a with complex eigenvalue oc. The 
operators a are the annihilation operators that are so important in the 
theory of many-particle physics. 

In an x-representation (p = (1/i)(%x, I ) = t/I(x) E L 2(1R, dx)), the a's can 
be used according to (3.1.12; 2) to construct 

States of Minimal Uncertainty, or Coherent States (3.1.13) 

The equation 

holds only for the states 

1 
~p=~ 

2~x 

.1,( ) _ [_ (x - <x) - 2i<P)(~X)2)2J 
'I' x - exp 4(~X)2 . 

Remarks (3.1.14) 

1. If ~x = !-, then we get the states W(z) I u) of(3.1.6; 2) with z = <x) + i<p), 
which appeared in the GNS construction for the Weyl algebra. It follows 
that linear combinations of states of minimal uncertainty are dense in Yf. 
The additional parameter ~x occurring here provides a standard of 
comparison between x and p, and was fixed earlier in the choice of 10' States 
with different z are not orthogonal, even with the same ~x. There is, how­
ever, an analogue of the representation of the identity operator in an 
orthonormal system: 

f dz 1= -W(z)I)<IW(-z) 
2n 
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This equation in fact holds for any normalized vector I ) EL l n Loo 
(Problem 7). The states W(z) I ) are thus not only total, but moreover 
every vector can be written as an integral over them. 

2. There is a strict inequality (AX)2(Ap)2 > * for impure states. Problem 
(2.2.38; 6) showed that (AX)2 and (Ap)2 for a convex combination of two 
states are greater than or equal to the convex combinations of the two 
(AX)2 and the two (Ap)2 of the constituent states, and equality holds only if 
the expectation values are the same in the two states. Since <p), <x), and 
Ax = 1/2Ap determine a unique coherent state, any genuine mixture of 
states will have Ax Ap > t: If states are averaged with a weight peA) 2 0, 

fdAP(A) = 1, W(a) = fdAP(A)<a);., 

then 

(AW X )2(Awp)2 2 f dA(A;.x)2 p(A) f dk(A;.' p)2p(X) 

2 (f dA p(A)A;.xA;.p r 2 !. 

The last inequality is an equality only if A;. x A;.p = t, and the second one 
is an equality only if A;.x = c A;.p, so A;.x = 1/2A;.p is independent of A. 
But the first one is an equality only if all <x);. and <p);. are the same; so no 
genuine mixture makes all three equalities. 

The Classical Limit (3.1.15) 

Until now, we have taken the microscopic standpoint and set h = 1. In order 
to see how the operators turn into ordinary numbers in the classical limit 
h -+ 0, let 

XII = xjh, PI! = pjh, 

If we used W(z/jh) to cause a displacement by r/jh (respectively s/jh) 
on L 2(1R, dx) (resp. L 2(1R, dp» at the same time as we let h -+ 0, then we would 
expect x,,(resp. p,,) to converge to r·1 (resp. s ·1). Indeed, the equation 

W(zh- 1/2)exp(is(x" - r»W( - Zh- 1/ 2 ) = exp(isx,,) 

can be derived from (3.1.2; 1). As h -+ 0, exp(isx,,) = (exp(isx»j; -+ 1, so 

W(zh- 1/2)exp(isx,,)W( _Zh- 1/2) -+ exp(isr), 

and analogouslyforexp(itp1i)' In the sense of(2.5.8; 3), the operators Wx" W- 1 

and WPIi W - 1 converge strongly to r and respectively s; the dilatation by h 
suppresses the fluctuations, and W translates the operators back to the proper 
positions. 

If the particles are indistinguishable, then only the algebra ';vs of sym­
metric functions of the Xi and Pi is observable. This algebra has a reducible 
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representation on 'If'". u: the unitary operator IT, permuting the indices 
(1, 2, ... , n) to (1tl' 1tz, ... , 1tn), ITxi IT- 1 = X"i' ITPiIT-1 = P"i' then com­
mutes with all observables. The set of permutations forms a representation of 
the symmetric group Sn' If it is decomposed into its irreducible parts, then % s 

maps each part into itself, and there is a superselection rule (cf. (2.3.6; 7)). 
Unless we restrict ourselves to the identical or alternating representation of 
Sn' the algebra %s contains no maximal Abelian subalgebra, and the IT 
become the hidden parameters mentioned in (2.3.6; 7). By definition they can 
never be observed, but they decompose the Hilbert space since they do not 
simply multiply by ± 1. These superselection rules apparently do not exist in 
Nature. 

The identical (respectively alternating) representation of Sn is obtained by 
restricting the tensor product of the Hilbert spaces belonging to individual 
particles to the symmetric (anti symmetric) subspace (cf. (I: 2.4.28)). As is well 
known, the symmetrization or antisymmetrization of t/I in the particle co­
ordinates leads to Bose-Einstein or respectively Fermi-Dirac statistics. 
Relativistic quantum theory correlates these statistics with the spin of the 
particle, but in the framework of nonrelativistic quantum mechanics it 
appears as a special postulate: 

The Connection between Spin and Statistics (3.1.16) 

For a system of indistinguishable particles with integral (respectively half-odd 
integral) spin, the representation must be restricted to the subspace of the 
identical (resp. alternating) representation of Sn. 

Problems (3.1.17) 

1. Let s# = .16'((2) ® ,~((2) = {al ® a2Y' Construct a P such that PalP = a2 and 
P = P* = p- 1, 

2, Verify the x-representation of u (3.1.6; 2), 

3. According to (2.4.23; 5), a dense set of analytic vectors determines exp(iat) uniquely, 
and thus a Hermitian operator a defined on such a set is essentially self-adjoint. 
Show that the analytic vectors for a = - i d/dx on the space L 2« - 00, 00), dx) are 
(complex-valued) real-analytic functions. 

4. Let M be the Riemann surface of Jz and .tf = L 2(M, dz = dx dy). Moreover, let the 
operators a = -i C/ax and b = -i a/ay be defined on D = {C" functions with 
compact support not including O}. Show that 

(i) a and b are essentially self-adjoint; 
(ii) D is mapped into itself by a and b; 

(iii) abt/! = bat/! for all t/! E D; 

but for the closures a = a** and 0 = b**, 

(iv) exp(iat)exp(iDt) i= exp(ibt)exp(iat). 
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5. Verify (3.l.3(iv». 

6. Show that a sufficient condition for two operators to commute is that their ex­
ponentials or resolvents commute. 

7. Verify (3.1.14; 1). 

Solutions (3.1.18) 

2. Wfo U = f d~?n~::S exp( - ~ (I rl + ISj 12)/4 )exp(i ~ Sj . (x j + rp ») 

x exp( - ~ IXj + rj12/2 )n- 3n/4 = u. 
3. If IjJ E L 2 is an analytic vector, then IjJ E nn D(an) cC"'. 

. (it)n 
elQ'ljJ(x) = ljJ(x + t) = L ~ anljJ(x). 

n! 

The sum converges iff IjJ is analytic. 

4. Propositions (ii) and (iii) are obvious, as are a c a* and b c b*. As for essential self­
adjointness: Let Dx c D be the set of all functions the support of which never contains 
the x-axis on any sheet of the Riemann surface of Jz. Dx is dense. The operators 
U(t): ljJ(x, y) --> ljJ(x + t, y) are isometric and have dense ranges, so they have unique 
unitary extensions, which are strongly continuous in t. U(t) is differentiable on Dx, 
and dU(t)/dt = ialDx' so al Dx is essentially self-adjoint (cf. Problem 3), and therefore 
so is a. The argument for b is similar; ib l Dy = dV(t)/dt, Vet): ljJ(x, y) --> ljJ(x, Y + t), 
and Dy c D is the set of functions the support of which never contains the y-axis on 
any sheet. 
(iv): Let IjJ be a function supported in the circle centered at (-t, -t) on the first 
sheet and having some radius less than t. Then U(l) V(I)1jJ has its support on the first 
sheet and V(I)U{l)1jJ has its support on the second sheet, so U{l)V(I) # V{l)U(I). 

5. This calculation of a Gaussian integral will be entrusted to the reader. 

6. The von Neumann algebra si = {f(a):! E U)} is generated by 

(i) the exponential functions exp{iat): If! ELl, then the Fourier transform 

f !(t)exp(iat)dt E si. 

Bu t the F ourier transformation is a bijection L 1 n L'" --> L 1 n L "', and L 1 n L '" 
is weakly dense in L "'. 

(ii) the resolvents (a + x + iy)-l: 

(a + x + iy)-l + (a + x - iy)-l = 2(a + x)«a + x)2 + i)-l 

and 
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and by the Stone-Weierstrass theorem, these functions generate all continuous 
functions vanishing at infinity, which is also a weakly dense set in Loo. If there are 
two algebras si 0 and fIBo such that sl~ = si and fIB~ = fIB, and for which [si 0, fIBo] 
= 0, then [.~, .91] also = O. 

7. Let I/I(x) be I) in the x-representation. Then W(z) I) becomes eixsl/I(x + r) and 
J (dz/2rr)W(z) I ) < I W*(z)<p is 

f ds dr . . . , f 2 
~ elXSl/I(x + r)I/I*(x' + r)e-'xs<p(x')dx' = drll/l(x + r)1 <p(x) = <p(x), 

This formal manipulation can easily be justified for instance if 1/1 ELl n Loo. 

3.2 Angular Momentum 

In quantum physics,just as in classical physics, the angular momentum 
L is the generator of the group of rotations. This group is compact, so 
all of its irreducible representations are finite-dimensional. It is 
possible, however,for L to be unbounded in a reducible representation. 

In the earlier sections it was postulated that the group of canonical trans­
formations in classical mechanics generated by p and x was represented in 
quantum theory by exp(irp) and respectively exp(isx). The next most simple 
group of transformations to study is the one generated by the angular 
momentum L = [x x p]. Classically, L generates the point transformations 

x ..... Mx, MM' = 1. (3.2.1 ) 

We consider here a single particle and use matrix notation; everything 
factorizes for systems of many particles. In quantum theory it is more 
convenient to work with the bounded Weyl operators, so we wish to find a 
unitary transformation U for which 

U-1W(z)U = W(Mz) (3.2.2) 

(cf. (3.1.2; 1)). Such a transformation must exist, since the operators W(Mz) 
also satisfy (3.1.2; 1), and all irreducible representations of those relationships 
are equivalent. Following (3.1.6; 2) we can write (3.2.2) in the 

Schrooinger Representation for the Rotations (3.2.3) 

The unitary transformation 

(Ut/!)(x) = t/!(Mx) 

produces the automorphism (3.2.2) of the Weyl algebra. 
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Remark (3.2.4) 

The operator U is not fixed uniquely by (3.2.3); eiaU would do just as well for 
any ('I.. E Ilit This, however, is the extent of the arbitrariness in an irreducible 
representation of W(z), as U is determined up to a unitary element of the 
commutant. Hence at this stage the U's only constitute a ray representation of 
0(3) [cf. (3.1.6; 5)]. Yet it is possible to show that every strongly continuous 
ray representation of a compact group is derived from a representation of the 
universal covering group (see Problem 5). The universal covering group of 
0(3) is SU(2), which will be discussed in more detail later. The compactness is 
essential: The Weyl system (3.1.1) provides a ray representation of ~6n, 
which is its universal covering group, but it is not a representation in the 
ordinary sense. 

The generators of the one-parameter subgroups of rotations about the 
coordinate axes will be denoted L, as a vector operator. We begin the study of 
the generators by determining a 

Domain of Essential Self-Adjointness for L (3.2.5) 

The operator L is essentially self-adjoint on the linear hull D of the vectors 

ki = 0, 1,2, .... 

Proof 

D is dense (Problem 2) and obviously invariant under rotations. It is con­
venient to change to polar coordinates about the z-axis = the axis of rotation 
to check the differentiability of U on D. It is then a question of showing that 

lim 15- 2f21< dcp I P(sin(cp + (5), cos(cp + (5» 
0->0 0 

- P(sin cp, cos cp) - JP'(cos cp, -sin cp)12 = 0, 

where P is a polynomial and P' is its derivative. Since the integral is over a 
compact set, its existence poses no difficulties. Taylor's formula allows the 
difference to be estimated with P", which remains bounded in [0, 2n]. Since 
the integrand converges pointwise, differentiability follows from Lebesgue's 
dominated convergence theorem. Thus D is contained in the domain of the 
generators. It remains to be shown that it is large enough for essential self­
adjointness. To this end, consider the finite-dimensional subspace Dk 
generated by {I/Ik E D: kl + k2 + k3 ~ k}, which is invariant under rotations 
and therefore represents the L's by finite matrices. All vectors are entire for 
finite matrices, so D is a dense set of entire vectors. According to (2.4.23; 5), it 
determines U uniquely, which means that L is essentially self-adjoint on D. 
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The connection between V and L can be written explicitly as 

V M = exp(ic5L . e), 

where e is a unit vector in the direction of the axis of rotation. In polar co­
ordinates it is apparent that - i(x a/ay - ya/ax) = - i a/acp has the same 
action as Lz on I/Ik' so on D, 

L = [x x p]. D 

Remarks (3.2.6) 

1. V is not strongly differentiable on all of L 2(1R 3)_e.g., not on exp( - 1 x 12/2) 
8(lcpl - ex),O < ex < n.HenceLisunboundedintherepresentation(3.2.3). 

2. Furthermore, D is invariant under Xj and Pj' which are essentially self­
adjoint on it (Problem 3). It is contained in the intersection of the three 
distinct domains on which x, p, and L are self-adjoint. 

3. The sets Dk also consist of entire vectors for the operator 1 L 12 = Li + 
L~ + L~, since there is no question that 

converges for all t E C. According to (2.4.23; 5), this means that 1 L 12 is 
essentially self-adjoint on D. 

The Commutation Relations of L (3.2.7) 

Since L is the generator of the rotations, its commutators with other operators 
tell how much they change under infinitesimal rotations. Thus, on D, 

[Lm , VrJ = ismrs Y,., for V = L, x, or p. (3.2.8) 

These relations can be derived by differentiating (3.2.2) or directly from (3.1.9). 
The operator ILI2, as a scalar, commutes with L: 

m = 1,2,3. (3.2.9) 

These relationships are all initially valid on vectors of D, and can then be 
extended to exponential functions in the sense of(3.1.7), since the vectors of D 
are entire for L, ILl l , x, and p. In this extended sense, it is also true that 
[L, Ix12] = [L, Ipll] = O. 

Parity (3.2.10) 

The group 0(3) has two separate parts, depending on whether Det M = ± 1. 
The matrix M = -1 belongs to the component not connected with 1, and 
can not be attained by letting one-parameter, continuous subgroups act on 1. 
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The division of the group in two parts corresponds to the parity operator P 
such that 

P-1W(z)P = W( -z). 

The phase factor is fixed by the condition that 

(Pt/J)(x) = t/J( - x), t/J E L 2(1R3), 

so that we have p2 = 1 and p- 1 = P* = P. The parity operator changes the 
sign of both x and p, and thus commutes with L: 

PLP- 1 = L. 

Remark (3.2.11) 

Just as with L, P can be constructed out ofx and p(Problem 1). This is different 
from classical mechanics, where although everyone-parameter group of 
canonical transformations has a function of x and p as its generator, the finite 
canonical transformation x ~ - x, p ~ - p, has no infinitesimal generator; 
it can not be reached by a continuous path from the identity. 

The Spectrum of L (3.2.12) 

Let us consider one of the components of L, say L 3 , and the Abelian C* 
algebra !l' 3 generated by exp(ic5L3). Because of the Gel'fand isomorphism 
(2.2.28), every point of the spectrum corresponds to a character on !l' 3' Since, 
from (3.2.3), exp(2niL3) = 1, every character is of the form exp(ibL3) ~ 
exp(imc5), m E 7L, and so the only possible spectral values of L3 (or the com­
ponent of L in any other direction) are whole numbers. The construction 
given below will show that all these possible values actually occur. 

The Eigenvectors of L (3.2.13) 

Different components of L do not commute with one another, so their only 
common eigenvectors t/J must be eigenvectors of their commutators with 
eigenvalue O. Since the commutator of any two orthogonal components ofL is 
always the third component, Lt/J must equal 0, and t/J is invariant under 
rotations (t/J(x) = t/J(r». 

However, [I L12, L] = o when acting on any vector, so it is possible to have 
common vectors 1/, m) of I L 12 and L3: 

IL121/, m) = 1(1 + 1)1/, m). 

(letting the eigenvalues of ILI2 be 1(1 + 1), with the benefit of hindsight). 
In order to discover the possible values of the new eigenvalue I ~ 0 and its 
relationship to m, note that 1(1 + 1) must always be ~m2, because 
<I, m11L121/, m) = m2 + <I, mlLiI/, m) + <I, mIL~II, m) = 1(1 + 1) ~ m2 • 
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As already remarked, equality can only hold for LII, m) = 0, i.e., 1 = m = O. 
Now, (3.2.7) may be rewritten as 

so 

[L3, L±J = ±L±, L± = Ll ± iL2' 

L3L±II,m) = (m ± I)L±II, m), 

ILI2L± 1/, m) = 1(1 + I)L± 11, m). 

Consequently L± 11, m) is a simultaneous eigenvector of L3 and ILI2 when­
ever 11, m) is, and we may write 

L ± 11, m) = ell, m ± 1), c E C. 

Supposing that 11, m) have been normalized, the normalization constants c 
can be calculated from the equation 

ILI2 = L~ += L3 + L±L+ 

(Problem 4). The result is that 

L± 11, m) = JI(l + 1) - m(m ± 1)11, m ± I). 

In order not to violate the condition that m2 ::; l(l + 1), repeated applications 
of L± must eventually yield 0, which can happen only if 1 E 7L+. It follows that 
L + 11, I) = L _11, -I) = O. A classical description of the action of L_ 
(respectively L+) is that the direction of the angular momentum vector is 
changed while its length is held constant, and L3 varies from a maximum 
value I to a minimum -I (respectively from the minimum to the maximum). 
The eigenfunctions 11, m) constitute a 21 + I-dimensional representation of 
the algebra generated by L. The representation is irreducible, since every 
vector is cyclic (2.3.6; 1). The operator L+ can be used to construct 11, I), and 
all the other eigenvectors of a given representation can be gotten by applying 
L_ to it. 

The Eigenfunctions in the x-Representation (3.2.14) 

To construct 1/, I) algebraically by applying operators to 10,0), which 
corresponds to a radially symmetric "'(r), we rely on the equations 

[L3' Xl ± iX2J = ±(Xl ± ix 2 ), 

[L±, Xl ± iX2J = 0, 

[ILI2 - L~ - L3, Xl + iX2J = [L_, Xl + iX2JL+ 

(Problem 4), which imply that (Xl + iX2) sends 11, I) to 1I + 1, 1 + I), up to 
normalization. Hence, 
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In the SchrOdinger representation (3.2.3), which gives the probability 
measure d3xlr/l(xW on Sp(x), the vector 10,0) depends only on the radius r, 
and 1/, m) will have the form Yi(e, qJ )f(r). 

Simple Special Cases (3.2.15) 

1. 1 = m = 0. This state is rotationally invariant, and the probability distri­
bution I r/I(r) 12 it corresponds to is spheric ally symmetric. 

2. I = ± m = 1. I r/I(x) 12 '" I x ± iy 12 '" sin2 e, and the 1-2-plane takes on the 
characteristics of an orbital plane. 

3. I = 1, m = 0. I r/I(x) 12 '" cos2 e, corresponds to a superposition of orbits in 
the 1-3 and 2-3-planes. 

4. 1= ±m.Ir/I(xW '" sin21e, and the particle is strongly concentrated in the 
1-2-plane for large I. 

Remarks (3.2.16) 

1. It seems paradoxical that L3 has a discrete spectrum while its constituents 
XlP2 and X2Pl each have continuous spectrum. However, since they do not 
commute, they can not possess precise values at the same time, and the sum 
of separate measurements of the summands is not acceptable as a measure­
ment of an eigenvalue of the sum L 3 • By the axiom of linearity, it is 
nonetheless possible to determine the average value of L3 by making 
separate measurements of XlP2 and X2Pl on several identical copies of the 
system. 

2. The commutation relations (3.2.7) require a state that is nondispersive for 
L3 and p to satisfy (Ipl) = 0. 

3. Note that (I, mIL l • 211, m) = 0,(8L l ,2)2 = (1(1 + 1) - m2)/2.ltisbecause 
of the quantum fluctuations of L l ,2 that 1(1 + 1) always exceeds m2 unless 
1 = m = 0. There are nonzero quantum fluctuations even when m = 
± 1 "" 0, though their value in that case is the least possible according to 
(2.2.33;4) because [Ll' L 2 ] = iL3 • 

4. As in (3.1.13), it is possible to characterize the states of minimal indeter­
minacy of Ll and L2 as theeigenvectors of Ll - i(8Lt/8L2)L2, because of 
Remark (2.2.33; 3). 

Spin (3.2.17) 

Many particles, including electrons and protons, have an intrinsic angular 
momentum S, known as the spin, in addition to their orbital angular momen­
tum L. The spin operators satisfy the commutation rules 

[Sj' Sk] = iejklSl 
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and commute with x and p. The algebra of observables for particles with spin 
is the product ofthe Weyl algebra and the spin algebra: According to (2.3.8; 3), 
the Hilbert space of any representation is the tensor product of the Hilbert 
space for the dynamical variables x and p and the Hilbert space for the spin 
variables. More interestingly, the unitary operators exp(iS . e(j) for electrons 
and protons (or any particles of half-odd integer spin) are simply ray repre­
sentations of SO(3), i.e., according to (3.2.4), representations of the universal 
covermg group, 

Gloss (3.2.18) 

SO(3), that is, the real 3 x 3 matrices M such that MM' = 1, Det M = 1, 
is connected as a topological space, but it is not simply connected. In other 
words, there are paths in SO(3) that can not be contracted to a point without 
breaking. To see why it is not simply connected, map the group space into a 
ball in 1R3 by associating a vector e(j with any rotation, e specifying the axis of 
rotation and (j the angle. The angle may be restricted to the values ° :::;; (j :::;; n, 
but then diametrically opposed points must be identified. For example, to 
rotate from 0 to 2n radians about the axis in the direction of e, first go from ° 
to ne, which is equivalent to -ne, and then return from there to the origin. 
There is no way to shrink this path down to the point 0, though a path that 
passed through the ball twice could be shrunk down. (See Figure 7.) 
If the group space is doubled up like a two-sheeted Riemann surface, then it 
becomes simply connected and homeomorphic to the group SU(2). This new 
group comes into consideration as follows: For the spin matrices a of 

ne 

-ne 

Figure 7 Homotopy of paths in SO(3). 
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(2.2.37), -lvl2 = Det V· (f for any v E 1R3, and since any 2 x 2 matrix with 
trace 0 can be written as v . (f, 

U ESU(2), ME SO(3). 

The homomorphism thereby set up from SU(2) to SO(3) is surjective but not 
injective, and indeed Schur's lemma shows that the identity in SO(3) cor­
responds to both U = ± 1. If M is the rotation ec5, then it corresponds 
to U = exp(ic5( (f. e )/2) (Problem 5), and letting c5 increase from 0 to 2n brings 
one from 1 to U = -1. Problem 5 also shows that SU(2) is simply connected, 
and is thus precisely the desired twp-sheeted universal covering group, so 
SO(3) is isomorphic to SU(2)/{1, -I}. 

The Spectrum of S (3.2.19) 

The globa1 properties are reflected in the spectrum. For SU(2) we only know 
that 

exp(4ni(S, e» = 1 

(4n rather than 2n), so the spectrum of any component may consist of both 
whole and half-odd integer values. This statement is consistent with our 
earlier construction of the representations, in which only 21 + 1 was required 
to be integral. 

Representation of S (3.2.20) 

Since 1 S 12 commutes with p and x, as do all the components of S, it is a 
multiple of 1 in any irreducible representation. The experimental value found 
for electrons and protons is t<t + 1) = l The appropriate construction of 
a representation yields the matrices of (2.2.37): 

S = t<r 
(Problem 6). Thus for n electrons, the overall Hilbert space is the anti­
symmetric tensor product of the Hilbert spaces for the individual electrons, 
each of which is a copy of L2(1R3, d3x) ® C2. 

Problems (3.2.21) 

1. Construct an explicit representation of the parity operator (3.2.10). (Hint: write p in 
the x-representation, decompose L 2«(R3., d3·x) as ®~= 1 L 2«(R3, d3x), introduce 
polar coordinates on (R3, and see how P acts on the total set {f(r)Yi"(O, (,O)}.) 

2. Show that the I/Ik of (3.2.S) are total in L2«(R3, d3x). 

3. Show that x and p are essentially self-adjoint on D (3.2.6; 3). 
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4. Verify the facts stated in (3.2.13) and (3.2.14). 

5, Show that 

(i) SU(2) is simply connected; and 
(ii) every n-dimensional, continuous, unitary ray representation can be turned into 

an ordinary representation by an appropriate choice of phase. It is nontrivial, 
since there are irreducible ray representations of dimension greater than 1 for 
Abelian groups: see (3.1.6; 6). 

(iii) Find an irreducible ray representation of the (Abelian) Klein group of four, 
using spin matrices. 

6. Show that the construction carried out in (3.2.13) produces S = (1/2 on a two­
dimensional Hilbert space. 

Solutions (3.2.22) 

1. x -> - x: r -> r, e -> n - e, qJ -> n + qJ, 

so 

f(r)yt(e, qJ) -> f(r)yt(n - e, n + qJ) = (-l)1"(r)r;m(e, qJ) = exp(inl)f(r)1T(e, qJ); 

which implies 

P = exp(in(JL2 + t - t)). 

2. It suffices to consider the one-dimensional case. exp( - X2 /2 + itx) is the strong limit 
(s-lim) of exp( _x2 /2) D= I (itX)k/k!. Hence it follows from J qJ(x)exp( - x 2 /2)P(x)dx 
= 0 that f qJ(x)exp( - x2/2 + itx)dx = 0 for all t, and therefore qJ(x)exp( - x2/2) = 0 
a.e., so qJ = O. 

3. All vectors of D are entire vectors for Xi and Pi' 

4. This merely requires some differentiation. 

5. (i) Any matrix U E SU(2) is of the form 

( 
ZI 

-z! 
Z2) 
* ' ZI 

The latter condition can be written as Ii=1 IXkl2 = 1 with ZI = XI + iX2, 
Z2 = X3 + iX4, Xk E IR, which shows that SU(2) is homeomorphic (and diffeo­
morphic) to the 3-sphere S3. All n-spheres other than SI, however, are simply 
connected, as can be seen with the following argument: Let 

be a continuous, closed curve in S3. By the Weierstrass approximation theorem 
there exist polynomials Pk(t) such that IXk(t) - Pk(t) I < e for all k, t, Pk(O) = 
Pk(l) = xk(O), and the curve Cl: t -> Pk(t)/JI pf(t) is homotopic to the given 
curve C for e small enough. By a theorem of Sard the set of all points of the curve 
Cl, as a differentiable mapping, has measure O. Hence it is not possible for it to 
cover the whole 3-sphere. Therefore there exists a point p E S3 not on the curve. 
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Since S3\ {p} is homeomorphic to 1R3, which is simply connected, Clean be 
continuously contracted to a point. 

(ii) Let u --+ U(u) be a unitary, n-dimensional ray representation of SU(2), so 
U(u)U(v) = D(u, v)U(uv) with 1151 = 1. The associativity property implies that 
D(u, V)D(uv, w) = D(u, VW)D(V, w), and it is obvious that D(U, 1) = 15(1, u) = 1. 

Since SU(2) is simply connected, yfDet U(u) is a well-defined number once 

yfDet U(l) has been fixed. By scaling U(u) --+ U'(u) = U(u)/yfDet U(u) one 
obtains another ray representation with U'(u)U'(v) = D'(U, v)U'(uv). However, 
since Det U'(u) = 1, this means that D'"(u, v) = 1 for all u and v, so D'(u, v) = 1 
due to the simple connectedness of SU(2). 

(iii) Klein's group of four contains four elements, e, a, b, and c, having the multiplica­
tion table 

e a b c 

a e c b 
bee a 
c b a e 

A ray representation can be obtained by setting e --+ 1,a --+ (Jx,b --+ (Jy,andc --+ (Jz 

(cf. (2.2.37)). 

6. The two vectors 1 i> and 1 D such that S + 1 i> = S _I D = 0 span the whole Hilbert 
space, and the matrix elements can be calculated as in (3.2.13). 

3.3 Time-Evolution 

As in classical mechanics the quantum-mechanical Hamiltonian 
generates the time-evolution, which is similar to its classical analogue, 
except that the influence of the noncommutativity must now be taken 
into account. 

In the last two sections we have seen how to carry over the generation of the 
groups of translations and rotations from classical mechanics to quantum 
mechanics. We now attempt the same feat for the time-evolution with a 
Hamiltonian H, and postulate a 

Group of Automorphisms of the Time-Evolution (3.3.1) 

The algebra of observables evolves in time according to 

00 (it)n 
aCt) = exp(iHt)a exp( -iHt) = I -, ad'H(a), 

n=O n. 

ad~(a) == a, ad'H(a) == [H, ad'H- 1(a)], aed. 
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Remarks (3.3.2) 

1. Not every automorphism of a C* algebra has this kind of representation. 
However, for our purposes, d = PJ(Jf), for which every continuous, 
one-parameter group of automorphisms of the Jordan algebra (2.2.34) (i.e., 
it must be linear and preserve the symmetric product 0) can be represented 
unitarily. 

2. At this stage H is the classical Hamiltonian with p and q replaced by the 
operators ofthe Weyl system. However, because they do not commute, H is 
not uniquely defined, and in general even the question of a domain of 
essential self-adjointness is open. The systems we shall consider will not be 
so problematic, and self-adjointness will be taken care of by the Kato­
Rellich theorem (2.5.15). 

3. If a and H are bounded, then the series given in (3.3.1) converges because 
11 adiI(a) 11 :::; 2n llHlnall for all t, and t -+ aCt) is continuous in norm. If His 
unbounded, then the time-automorphism is still strongly continuous when 
exp(iH t) is, because 

II(exp(iHt)a exp( -iHt) - a)t/l11 = II(a exp(iHt) - exp( -iHt)a)t/l11 

:::; Ila(exp( -iHt) - 1)t/l11 + 11 (exp( -iHt) - I)at/lll. 

However, da(t)/dt is not necessarily a bounded operator, and thus may not 
belong to d. It is initially defined as the quadratic form i[H, a] with D(H) 
for its form domain. If a is itself unbounded, then the question of domain 
becomes more serious; under certain circumstances the Hermitian form 
i[H, a] is not closeable, and can certainly not be the quadratic form of a 
self-adjoint operator. 

Let us next investigate in some detail the time-evolution that will later 
serve as a standard of comparison. 

Free Motion in Three Dimensions (3.3.3) 

The Hamiltonian for a free particle is 

Ipl2 
H=-

2m' 

so in the spectral representation of the momentum H and its resolvent are 

(Ht/I)(p) = I~~ t/I(p), 

1 
(R(z)t/I)(p) = (lpI2/2m) - z t/I(p), (U(t)t/I)(p) = exp( _ i ~~2 t )t/I(P). 
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It is often desirable to have expressions for these quantities in the spectral 
representation of x, in which p is written as - i %x and the two representa­
tions are related by the Fourier-Plancherel formula: The Fourier transforma­
tion maps L 2(~3, d3p) n L 1(~3, d3p) isometrically onto L 2(~3, d3x) n 
L oo(~3, d3x). Since both sets are dense in L 2, the Fourier transformation can 
be extended to a unitary transformation L 2 --t L 2. A calculation of the 
appropriate Fourier integral shows that 

~ 
(HIjJ)(x) = - 2m ljJ(x), 

(R(z)ljJ)(x) = ~ f d3 x' eXPi: I~ :, r I) ljJ(x'), k = j2mz, 

(U(t)ljJ)(x) = (2;itY/2 f d3x' exp(imlx 2~ x'1
2
)IjJ(x') 

(Problem 1). 

Remarks (3.3.4) 

1. The Hamiltonian H is self-adjoint on the set of Fourier transforms ~ of the 
vectors IjJ of Dp(H), and essentially self-adjoint on the Fourier transforms 
of the vectors of any set D that is dense in D iH) in the graph norm. Examples 
of such states are the vectors of [1', the coherent states, and the domain of 
(3.2.5). 

2. The vectors ljJ(x) E DiH) have some continuity properties because the 
integral kernel of the resolvent in x-space is so nice. Furthermore, variants 
of Sobolev's inequality show that functions whose derivatives have finite 
L 2-norms are bounded: Using the kernel for the resolvent we see that if 
Z = - rJ.2, rJ. E ~ + , then 

I ljJ(x) I = I(R(lpI2 + rJ.2)IjJ(X) I 

= fd3X' exp( -rJ.lx - x'l) [2m(HIjJ)(x') + rJ.21jJ(x')] 
4nlx - x'1 

~ (2m11HIjJII + rJ.2111jJ11)(8nrJ.)-1/2, 

by using the Cauchy-Schwarz inequality and the fact that Ilexp( -exr)j4nrI1 2 

= 1/8nrJ.. One can also argue without using the kernel of the resolvent as 
follows: By the Cauchy-Schwarz inequality, 

(fl~(P)ld3p r ~ f(,P/? ex2)2 f(IPI2 + rJ.2)21~(p)12 d3p 
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which implies 

I I/I(x) I S (2n)-3/2 fd3p,~(P)' S 11 (2mjin:2)I/I 11 
8mx 

(a2111/111 + 2mIIHI/III) 
< ro:::. . 
- v' 8na 
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Thus the functions I/I(x) are bounded. Moreover, since I exp(ip· x) -
exp(ip·x')1 s min{2, Ipllx - x'l} s 2l - YlplYlx - xT for all YE(O, 1), 

II/I(x) - I/I(x') I s ftI3;i2P~2~:)? (lpl2 + a2)~(p)lx - xT 

s C(y)lx - x'IY(a(Y-l/2)2mIlHI/I1I + a(y+3/2)1II/I1I) 

for all y E (0, t) .. 
So 1/1 E DiH) is in fact Holder continuous with any exponent < l Stronger 
properties such as Cl can not be hoped for (in three dimensions), since if 
1/1 = ri, y > t, then 1/1" E L 2 at small r but 1/1'(0) = 00. But at any rate, 
D(lpI2) c Loo([R3). 

3. The operator U(t) also has a continuous integral kernel, and its effect is 
frequently to smooth functions. It describes how wave-packets damp out; 
the fact that they damp out is expressed by the weak convergence of U(t) 
to 0 as t -+ ± 00. For example, on the dense set of L 1 functions, I (U(t)I/I) (x) I 
s (2m/m)-3/2111/1l1l. However, since U(t) is invertible, the time-reversed 
motion is always possible. 

4. The easiest way to see that H generates the classical time-automorphism 
x -+ x + pt for m = 1 is to use the Weyl operators: 

( ip2t) ( i(p - S)2t) exp(ixs)exp - 2 exp( - ixs) = exp - 2 

( ip2t) (( S2)) (ip2t) ( ip2 t) = exp - 2 exp it ps - 2 = exp 2 exp(ixs)exp - 2 

= exp(it(ps - sD )exP(ixs) = exp(is(x + pt)). 

This one-dimensional formula generalizes easily to vectors. 

Most of the problems solved in introductory classical mechanics are also 
pretty easy in quantum theory: 

Examples (3.3.5) 

1. Free fall. H = p2/2 + gx, L 2« - 00, 00), dx) => D == the linear hull of 
{xn exp( - x 2 )}. In the spectral representation of p, in which x = i d/dp, H 
can be defined as a self-adjoint operator on D(H) == {I/I(P) E L 2« - 00, 00), 
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dp): t/! is absolutely continuous and (P2/2 + igd/dp)t/!EL2}. On D, 
i[H, x] = p and i[H, p] = -g, so x(t) == x + pt - gt2/2 and pet) == 
p - gt satisfy the same differential equations as x(t) and pet). Since they 
agree at t = ° and the vectors of D are entire for them, it follows that 
x(t) = x(t) and pet) = pet). The quantum fluctuations of these observables 
satisfy 

(AX(t))2 = Ax2 + t2(Ap)2 + t«xp + px) - 2<x) <p»), 

(Ap(t))2 = Ap2. 

The damping out of the wave-packet does not depend on g; the un­
certainty in p is constant while that of x grows linearly with Apt. The 
spectrum of H is purely continuous, since on D(H) Ht/! = Et/! reads 

which 

~t/!(p) ='cexp ( - i(Ep ~ p3/6))~L2((_00, oo),dp). 

2. The harmonic oscillator. H = (p2 + W 2X2)/2; DeL 2(( - 00, (0), dx) as in 
Example 1 is invariant under H, and by the same argument the classical 
solution 

x(t) = x cos wt + !!.. sin wt, 
w 

pet) = p cos wt - wx sin wt 

again reproduces the correct quantum-mechanical time-evolution. The 
mean-square deviations are easily shown to satisfy 

(AX(t))2 = (AX)2 cos2 wt + (Ap)2 -; sin2 wt + ..!.. cos wt sin wt 
w w 

x «xp + px) - 2<x)<p»). 

Wave-packets oscillate rather than decaying away. The last contribution 
cancels out for coherent states (3.1.13); moreover, ifAx2 = Ap2 /w2, then 
(AX(t))2 and (Ap(t))2 are constant. H = w(a*a + 1/2), where 

a = (wx + ip)(2w)-1/2 

(cf. (3.1.12; 2)), has a pure point spectrum, since [a, a*] = 1 and [H, a] = 
-aw(allactingonD),soHt/! = Et/!~Hat/! = (E - w)at/!.SinceH ~ w/2, 
there is a vector t/!o such that at/!o = 0, Ht/!o = (w/2)t/!o, and Hl/ln = 

w(n + t)t/!n' where I/In = (a*)n(n!)-1/21/10· In the spectral representation 
of x, a(2w)1/2 = (d/dx) + wx, 1/10 = exp( -x2w/2) (cf. (3.1.6; 2) and 
(3.1.12; 2)), and the I/In span D completely. Because D is dense in :!'t, H 
is self-adjoint on D and aacCH) = a.(H) = 0. Yet a(H) is not determined 
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by the motion in configuration space alone; H = PIP2 + XIX2 produces 
the same motion of the Xi as H = (pi + p~ + xi + xD/2, but a{H) = 71. 
and u(H) = 71.+. 

3. A particle in a homogeneous magnetic field. The nonrelativistic version of 
the Hamiltonian (I: 5.1.9) with the magnetic field in the z-direction is 

Ip - eAI2 mlxlz 1 (eR eR) 
H = 2m = -2-' x =;;; PI + 2: X2, P2 - 2: Xl' P3 

= i[H, x], (A = ~ (-X2' Xl' 0»)-

Now the variables (Xl' X2) and (Xl' X2) = (xd2 + P2/eR, X2/2 - pdeR) 
are canonically conjugate pairs like (Xl' PI) and (X2' P2), since on D x D 
as before, [Xl' X2] = ieR, [Xl' X2] = 1/ieR, and [Xl' Xk] = 0 for all k and {. 

Writing a = (Xl + iXz)jm/2w, w = eR/m, we find that 

pZ 
H = 2~ + (a*a + t)w, [a, a*] = 1. 

The Hilbert space is a tensor product .Yf x ® .Yf x ® .Yf X3 corresponding 
to the new pairs of conjugate observables, and H is the sum of the H of 
Example 1 with g = 0, acting on the last factor, and the H of Example 2 
acting on the second factor. The time-evolution is accordingly 

1 
xz(t) = x2 + - (Xl cos wt + X2 sin wt), 

w 

Thus the constants x function as the center of the orbit, and H, of course, 
is independent of them. The operator xi + x~ therefore has an infinitely 
degenerate point spectrum, as it involves only one pair of conjugate 
variables. The operator H as a whole has continuous spectrum from w/2 to 
00, since it includes the kinetic energy in the 3-direction. As with the 
harmonic oscillator, the zero-point energy wl2 arises from the inde­
terminacy relation (3.1.11), according to which 

1 Z 2 2 1[ 1 2 2J H", "2 [(Ap ) + w (Ax )] "'"2 4(Ax2) + w (Ax ) 

has its minimum w/2 when Ax = (2W)-1/2. As in the classical case (see 
(I: §5.1» it is important to distinguish between the canonical angular 
momentum L = [x x p] and the physical L = [x x mx]. The former 
depends on the gauge, and is constant in the gauge chosen here. The 
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physical angular momentum is independent of the gauge, but depends on 
time. In a magnetic field the ground state has (OILzIO) = -1 (Problem 4), 
and for its orbit, Ax '" (Ap)-1 '" 0]-1/2. As in the classical case H is 
invariant under translation combined with certain gauge transformations. 

4. Radial motion in S states. Let H = -¥,d2/dr2) + VCr), where V and 
V'EL oo, and D(H) = {t/JEL2([0, oo),dr):t/JEC1, t/J' is absolutely con­
tinuous, t/J" E L2, and t/J(O) = O}, making H self-adjoint according to 
(2.5.14) and (2.5.15). The operator r: t/J(r) ~ rt/J(r) is self-adjoint on 
D(r) = {t/J E L 2 : rt/J E L 2}. Its rate of change f = i[H, r] is at first defined 
as a quadratic form with the domain D(H) n D(r), and is a restriction of 
the quadratic form associated with the Hermitian operator Pr = - i d/dr. 
D(Pr) = {t/J E L 2 : t/J is absolutely continuous, t/J' E L 2, and t/J(O) = a}. 
This is the operator studied in (2.5.3; 5). Thus Remark (2.5.13; 1) shows 
that the time-derivative of a self-adjoint operator need not have any self­
adjoint extensions. An integration by parts reveals that the time-derivative 
of the form Pr is 

~ P (t/J t/J) = foo dr{(- ! t/J"* + Vt/J*)t/J' - t/J* i (- ! t/J" + Vt/J)} dt r' 0 2 or 2 

= - Loodr t/J*(r)t/J(r) ~~ + ~It/J'(OW. (a) 

This contains a noncloseable form in addition to the classical force, so 
Pr is not even an operator. Incidentally, (a) implies a relationship for the 
eigenvectors t/J of H that will be important later, 

(t/JI d: t/J) = ~ 1 t/J'(O) 12. Cb) 

In applications we shall require 

The Unitary Time-Evolution of a Time-Dependent Hamiltonian (3.3.6) 

The solution of 

:t U(t, to) = - iH(t)U(t, to), 

is 

(see (2.4.10; 3». 
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Remarks (3.3.7) 

1. The operators V are not a one-parameter group, but it is still true that 

V(tz, tl)V(tb to) = V(tz, to) 

(Problem 7). 
2. If H(t) is a step function, H(t) = H j for tj - 1 ~ t ~ tj , then 

V(tn' to) = exp(-iHn(tn - tn-d)·····exp(-iHl(tl - to))· 
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The sum (3.3.6) converges strongly in this case if there is a domain of 
entire vectors for all H j , which is invariant under exp( - itH). Hence, 
passing to the continuous case, a sufficient condition for the series (3.3.6) 
to converge strongly would be the existence of a domain consisting of 
entire vectors for all H(s), invariant under exp( - itH(s», and on which H(s) 
is continuous enough so that the integrals applied in (3.3.6) to vectors of 
the domain can be strongly approximated by sums. 

Examples (3.3.8) 

1. An oscillator with a spatially constant but time-varying force / E C°(lR). 
H(t) = (pz + wZx 2)/2 + x/et). Since the equations of motion are linear, 

Vet) = T[exp ( -i Ldt' H(t l ») ] 

produces the classical solution 

V-1(t)xV(t) = x cos wt + I sin wt + ~(t), 
w 

U- 1(t)pU(t) = P cos wt - wx sin wt + net), 

1 It ~(t) = - - dt' sin wet - t')f(t'), 
w ° 

net) = ~(t). 

Therefore the time-ordered product factorizes as 

( it(p2 + W2X2») Vet) = exp( - ip~(t»exp(ixn(t»exp - 2 x a phase factor. 

Once again, the sum in (3.3.6) converges for all t on entire vectors for x, p, 
and p2 + WZx2, such as the coherent states. 

2. An oscillator with a changing frequency. H(t) = (p2 + W(t)2X2)/2, and the 
solution of the linear equation of motion x = p, p = -w2(t)x is the linear 
relationship 

x(t) = 0l1(t)X + ° 12 (t)p, 

pet) = 021(t)X + 022(t)P, 
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where in our notation the symplectic matrix n E SP2 equals 

The unitary transformation U(t) = T[exp( - i f~ dt'H(t'»] that describes 
this time-evolution can be decomposed into factors as before: n E SP2 <=> 

Det n = 1, so n has three free parameters and can be written as the 
product of the symplectic matrices 

Since by Problem 8, 

exp(if3(PX 2+ XP»)(X, p)exp( - if3(P\+ XP») = (exp(f3)x, exp( - f3)p), 

up to a phase factor exp(iIX), 

U( ) (.) ( is(p2 + V2X2») (iP(XP + PX») t = exp IIX exp - 2 exp 2 . 

It is not possible to write down the classical net) for an arbitrary wet), so 
the functions vet), set), and pet) are also unknown. For some wet) a miracle 
happens and net) is an elementary function; for instance for W, t E ~, 

w(t) = (t + t)w 1 - 4[ro(t ~ t)2]2' 

n(t) = 

s 
c + ....: 2 

~ 
Wt 

-- t+t 1 1 t + t (-2 --)c - ((t + t)w + 2 )s 
t t + t Wt (t + t) 

Remark (3.3.9) 

s 

rot 

t+t S 
--c----

t Wt(t + t) 

The linear transformations of x and P leave the set K of states 

(
i(X _ ')')2) 

'" exp 21X ' IX, ')' E C, Im IX < 0, 

invariant: A transformation 

x - n11 x + n12 P + ~, 
P - n21 X + n22 P + n, 
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changes (x - ap - y) I) = 0 into (x - a'p - y') I) = 0 with 

and 

and hence vI> can be written as ",exp(i(x - y')2/2a'). Although Im a 
remains negative, Re a does not remain equal to O. Since the latter fact 
characterizes coherent states (3.1.13), linear transformations can affect the 
degree of indeterminacy (cf. (3.3.5; 1», and Gaussian wave-packets may 
spread out. 

If H is perturbed time-dependently to HI (t) = H + H'(t), then the eigen­
values of HI vary in time, since 

As time passes, the family of projections PI (t) onto the eigenvectors of HI is 
more nearly transformed by V(t) into itself the more slowly H' varies in 
comparison with the differences between energy levels. In other words, the 
transition probabilities approach zero in the limit of slow variation of H, 
even if the eigenvalues themselves change significantly. 

Example (3.3.10) 

Recall Example (3.3.8; 1) and suppose that 

The question is now whether the time-evolution according to H(t/r), 0 :s;; 
t :s;; r, transforms the projection onto the ground state of H(O) into that of 
H(l) as r ~ 00. The two ground-state eigenvalues are different, as the ground 
states satisfy 

H(s)IEo(s» = Eo(s)IEo(s», 

a(t) = V- 1(t)aV(t). 

As we saw earlier, the time-evolution of a is then 

a(t) = a exp( -iwt) - i f~dt' exp( -iw(t - t'»f(~), 



114 3 Quantum Dynamics 

or, after integration by parts, 

f(l) exp(-iwr) 
a(r) = a exp( -iwr) - - + f(O) 

w w 

exp( - iwr) 11 , + ds f (s)exp(iwrs). 
w 0 

If the Fourier transform off', which occurs in the last term, is denotedl'(wr), 
then 

f(l) (f(O) P(wr») a(r) + - = exp(-iwr) a + - + -- , 
w w w 

and, with (3.1.4), 

1 <E(O)IE(1» 1 = exp( -I P;:r) n· 
Iff E C, thenl'(wr) = O(r-n) as r --t 00; the smoother the perturbation, the 
smaller the transition probability (cf. (3.3.7; 2». 

This behavior can be shown to occur more generally. Let R(s), 0 ~ s ~ 1, 
be a family of self-adjoint operators with a common domain D. An isolated 
eigenvalue E(s) will be called regular iff pes), the projection onto its eigen­
vector, is finite-dimensional and continuously differentiable in s, as is 
(R(s) - E(S»-1(1 - pes»~. Under these circumstances, there is an 

Adiabatic Theorem (3.3.11) 

The probability of transition from a regular eigenvalue with the transformation 

goes as 0(r- 1) in the limit r --t 00. 

Remarks (3.3.12) 

1. By assumption E(s) is separated from all other eigenvalues by a nonzero 
distance for all s, so there is no question of crossing of eigenvalues. It is 
possible to show that the theorem remains valid when only a finite number 
of crossings can take place. 

2. The whole purpose of the domain assumptions is to ensure that Ut is 
defined; they could be weakened in many ways. 

3. Roughly speaking, the theorem states that in the limit, 

R( ~) --t ~ Ei( ~) U- 1(t)Pi U(t). 
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Proof 

Let 

pi = ~ pes): p2 = P => pi = pp' + pip => pp'P = 0, => pi = [[Pi, P], P]. 

Now write pes) = W(s)W*(s), P(O) = W*(s)W(s) = W(O), where W(s) is an 
isometry of the space of eigenvectors belonging to E(O) onto that belonging 
to E(s). Then W(s) = P(s)W(s) = W(s)P(O), so W' = P'W + PW' and 
pi = W'W* + WW*' = [Pi, P]WW* - WW*[PI

, P] <::> W' = [Pi, P]W, 
which, because PP'W = PP'PW = 0 from the result above, implies that 
P(S)W'(S) = O. The isometry W(s) describes how the eigenvectors of H(s) 
twist around as functions of s, and this must be compared with the time­
evolution according to 

~(s) = T[exp( -ir {dS'(H(S') - E(S'») 1 (a) 

where a convenient phase factor has been included. From vt = ir V~(H - E), 
(H - E)P = 0, and the foregoing argument it follows that 

(V:W), = irV~(H - E)PW + V~W' = (ir)-1 V;'(H - E)-I(1 - P)W' 
(b) 

(writing H for H(s), etc.). If Equation (b) is integrated by parts, then 

V~(l)W(I) - P(O) 

= (ir)-I{V~(H - E)-I(I- p)W'I~ - fdS V~ ~ «H - E)-I(I- P)W')} 

(c) 

Since it has been assumed that the eigenvectors remain at least some positive 
distance apart, the operators (H - E)-I(I- P) and (d/ds)«H - E)-I(I- P» 
are uniformly bounded in s. The operator { ... } is then also bounded, and (c) 
implies the adiabatic theorem 

11 W(1) - ~(l)P(O)11 = 0(r- 1). D 

The Classical Limit (3.3.l3) 

We saw in Examples (3.3.5; 1) through (3.3.5; 3) that the quantum-theoretical 
time-automorphism for linear equations of motion is the same as the classical 
one. The connection between classical and quantum dynamics is not so easy 
in general, since it is possible that <p) = -<V'(x» i= - V'«x». Yet there 
is hope that as n --+ 0 the fluctuations can be neglected, leaving the classical 
time-evolution. In (3.1.15) we began with 

W*(h- I /2Z)(X, p)W(h- I /2Z) = (x, p) + h-I/2(~, n), Z = ~ + in, 
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in order to make the heuristic correspondence principle more precise. We 
ought to be able to show that quantum time-evolution converts this to 

W*(h- 1/2Z)(X(t), p(t))W(h- 1/2Z) ~ ui 1 (t)(X, p)U I(t) 

+ h-l/2(~(t), n(t)), Z = ~(O) + in(O), 

where (~(t), n(t)) are the solutions of the classical equations of motion with 
initial data (~(O), n(O)), and U I gives the time-evolution of the equations of 
motion as linearized about the classical path (cf. (3.3.8; 2)): 

UI = T[exp( -i f~dt'(f~ + x; V"(~(t'))))J (3.3.14) 

In the classical limit (3.1.15) this indeed reproduces the classical trajectory 
(~(t), n(t)): 

lim W*(h -1/2Z)(xit), PII(t)) W(h- 1/2Z) = (~(t), n(t)). 
jj .... O 

In other words, the diagram 

limW 
ft-O 

x ~ ~ 

"p( -iHt) 1 j "p(tLx.) 

x(t) ------------- ~(t) 

limW 
Ii-O 

commutes. The mathematically precise statement of this fact uses the Weyl 
operators: 

Theorem (3.3.15) 

Let V E C3(1R) and suppose that D(V) and D(lx3 V"'1) contain K, the set of 
states 10: IJ n/ - Im 0: exp(i(x - y)2 /20:), 0:, yE C, and Im 0: < O. Then for all ( 
for which the classical trajectory (~(t), n(t)) continues to exist, 

li~ W*(h- 1/2z)exP(i ~ H jj ) exp(i[r(x - fz -1/2~(t)) + s(p - fz -1/2n(t))]) 

x exp( -i ~ HIi )W(h- 1/2Z) = Ui1(t)exp(i(rx + sp))UI(t) 

in the strong operator topology. The U I in this formula is defined as in (3.3.14), 
Z = ~(O) + in(O), and HIi = H(XIi' Pjj) is any self-ad joint extension of the 
Hermitian operator (h/2)p2 + V(h 1/2X) on K. 
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Remarks (3.3.}( ) 

1. Since Hh is :l real, Hermitian operator (see (3.3.19; 5», its deficiency 
indices are equal, and thus it has self-adjoint extensions. Any of these 
extensions serves to define exp(itH,jh); in the limit they are all equivalent. 

2. If H,jh is expanded around the classical trajectory in powers of Xh - ~(t), 

Ph - net): ~~ + h- lV(h l/2X) = h_l[n~)2 + V(w»J 

+ h- l/2[n(t)(p - h- l/2n(t) 

+ V'(~(t»)(X - h-l/2~(t»] + ... 
== h-lHo + h- l/2Hl + H2 + O(hl/2), 

then, in addition to Ho(t), which is a multiple of 1, there arises a linear 
term H let) = h- l/2(n(t)p + V'(W»x). This is precisely the generator of a 
displacement by h-l/2(~(t) - ~(o» and, in the momenta, h- l/2(n(t) 
-n(O». The left side of (3.3.15) can therefore be written 

where 

Vh(t)* exp(i(rx + sp»Vh(t), 

Vh(t) = W*(h- l/2Z)( T[exp( -i {dtl(Hl(t') + HO(tl») J)* 
. exp( - it:h)W(h- l /2Z). 

The theorem thus states that in the limit h -+ 0, the time-evolution ac­
cording to Hh/h differs from that according to H 1 by a factor 

V J(t) = T exp( - i {dtl H 2(t')), 

where W has been used to translate the starting point back to the origin. 

Proof 

In order to show that limh-+o Vh(t) = Vit) on K, consider the operator 

Vh(t l, to) == W(h- l/2Z)*( T[exp( -i {ldtIHl(tl») J)* 
.exp ( - i(tl -hto)Hh)T[exp( -i LOdtIH1(t l»)] 

. W(h- l /2z)exP(i i>t l Ho(t')) 
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as in (3.3.6), and compare it with 

[ ( . It I ,(p2 VII(~(t'»X2))J 
U(tt' to) == T exp -I to dt 2 + 2 . 

The set K is invariant under all the unitary factors that arise except possibly 
for exp( - itH,Jh); however, since D(Hh) => D(P2) n D(V) => K, the derivative 
by to in the identity 

is justified on K. We find that 

d~o Uh(tt, to)U(to, 0) = iUh(tt, to){h-IV(Wo) + hl /2X) 

- h-IV(~(tO» - h- I/2V'(Wo» 

- VII(~;»X2}U(to, 0). 

Now, with Taylor's formula, 11 {-. '}I/III, 1/1 E K, is bounded by hl / 2 1Ix3 VIIII/III, and 
since the Uh are unitary this goes to 0 as hl/2 -. O. 0 

Remarks (3.3.17) 

1. The examples looked at earlier show that when V" > 0 the mean-square 
deviations oscillate about the classical trajectory, when V" < 0 they are 
exponential functions of time, and when V" = 0 they are linear in time. 
This corresponds exactly to the behavior of densities of finite spread ac­
cording to classical stability theory. 

2. Since h makes its original appearance only in (h2/2m)!1, the limit h -. 0 
can be reformulated as the limit m -. 00. 

3. We have shown only that Uh converges. The conjugation U -. U* is not 
strongly continuous but only weakly so, which implies only the weak 
convergence of ut. However, since the limit is unitary and the weak 
and strong topologies are equivalent on the unitary operators, ut also 
converges strongly. Finally, although the operator product is not strongly 
continuous, it is strongly sequentially continuous, so the proof of (3.3.15) 
goes through. 

Classical trajectories generated by a Hamiltonian H(x, p) = H(x, - p) 
satisfy x( - t; x(O), p(O» = x(t; x(O), - p(O». Of course, x -. x, p -. -pis not 
a canonical transformation, and it can not be generated by a unitary trans-
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formation in quantum theory either; such a transformation would contradict 
[x, p] = i. The Weyl relations (3.1.2; 1) are nevertheless invariant under the 

Antiautomorphism 0 of Reversal ofthe Motion (3.3 .18) 

0(IXA + {3B) = 1X0(A) + {30(B), IX, {3 E IC and A, BE W, 

0(AB) = 0(B)0(A), 0(W(z» = W( -z*). 

Remarks (3.3.19) 

1. 0 preserves the structure of the Jordan algebra, i.e., 0(A 0 B) = 0(A) 0 

0(B), and causes the transformation 0(x) = x,0(p) = - p. If 0(H) = H 
and 0(A) = A, then 0(A(t» = 0(exp(iHt)A exp( -iHt» = exp( -iHt)A 
x exp(iHt) = A( -t)o 

2. In the representation (3.1.4) for the W's, 0 is equivalent with complex 
conjugation to an operation 0' such that 

0'(IXA + {3B) = 1X*0'(A) + {3*0'(B), 

0'(AB) = 0'(A)0'(B), 0'(W(z» = W(z*). 

The operator 0' also leaves the Weyl relations invariant, and it is easy 
to check that <zI10(W(z»lzz) = <zzI0'(W(z»lzl)*' where Iz;) == 
W(zi)lu). Hence the matrix elements of Hermitian operators and con­
sequently of observables are the same with ®' as with 0. A bijection 
K: Jf -+ Jf is usually defined by 

K I 1X;lz;) == 0'(~ lXi W(Z;») lu) = ~>t /zt) 
, , I 

and is known as time-reversal. Note that 

<zzl(Klzl» = <ul W( -Zz)W(zT)lu) = <ul W( -z!)W(zl)lu)* 

= <CKlzz»lzl)*' 

Since <z210'(W(z»lzl) = <z2IKW(z)Klzl), the operator 0' is equiva­
lent to this antilinear transformation of vectors. 

3. Since 0(L) = - L, it would be reasonable to require that 0( a) = - a. 
We see incidentally that time-reversible operators H = 0(H) must have 
at least doubly degenerate eigenvalues in the presence of spin. If w is the 
state associated with a certain eigenvalue of H, then the time-reversed 
state Wr defined by w,(a) = w(0(a» is different from w, since for pure 
states w(a) = -w,(<J) * 0, although w(H) = w,(H). 

4. It was possible to produce a spatial reflection with an element fYJ of 1/1 
that commutes with H if H(x, p) = H( -x, -p), and thus f1J furnishes a 
constant of the motion (see (3.2.10) and (3.2.11». However, reversal of 
the motion is not connected with a constant operator. 
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5. Hamiltonians that can be time-reversed in the sense of Remark 2 are real 
differential operators, which always have equal deficiency indices (recall 
(2.5.13; 4». Hence, by Theorem (2.5.11), there are self-adjoint extensions, 
which can be used to define a time-evolution. This is particularly interest­
ing, since classically the existence of collision trajectories can destroy the 
one-parameter group of the time-evolution (cf. I: §4.5). 

Problems (3.3.20) 

1. Verify (3.3.3). 

2. How do the coherent states (3.1.13) evolve in time with the motions of (3.3.3) and 
(3.3.5; 2)? 

3. (i) Calculate the resolvent (H - Z)-1 for the H of (3.3.5; 1) as a Fourier integral, and 
(ii) show that (J,(H) is empty and (Jac = III 

(Hints: For (i) make the ansatz that 

f OO d 'foo dA. 
(H - Z)-ll/1(P) = 2P ~K(A.,p,p')l/I(P) 

-00 n -0011. Z 

and determine K so that 

( d p2 ) foo dA. 
ig d + 2 - Z I-=- K(A., p, p') = 2nb(p - p'). 

P -00 Z 

For (ii) use the formula 

fb dz 
P(a, b) = s-lim -. [(H - z - ie)-1 - (H - z + ie)-I], 

,~O a 2111 

where P(a, b) = S: dPH(rx), and PH(rx) is the spectral projection for H.) 

4. Show that in (3.3.5; 3), 

(i) the canonical angular momentum £3 = [x X P]3 is constant, but that the 
physical L3 = [x x mi]3 is not; and 

(ii) (OIL3 10) = -1 ifalO) = 0. 

5. Show that the addition of any vector potential, even one depending on the position, 
always causes an increase in the ground-state energy of a Hamiltonian given just an 
ordinary potential. This accounts for diamagnetism in hydrogen and helium atoms. 
(Actually, the statement can be generalized if the exclusion principle is taken into 
account.) 

6. Show that even if l/I is an entire vector for a and b, it need not be an entire vector for 
a + b. 

7. Prove the formula of (3.3.7; 1). 

8. Prove that in (3.3.8; 2), U(t) = exp(irx)exp( -is(p2 + v2x2)/2)exp(i{3(xp + px». 

9. Interpret the adiabatic theorem for the soluble example (3.3.8; 2). 
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Solutions (3.3.21) 

1. 
d 

(HI/I)(x) = - - I/I(x): this part is trivial. 
2m 

I/I(p) 
R(z)I/I: (R(z)I/I)(p) = 2m Ipl1 _ k1 k1 = 2mz. 

2m feXP(ip· x) 
(R(z)I/I)(x) = 8n3 I pl1 _ k1 exp( - ip· XI)I/I(XI)dx' dp 

= ~ f exp(ik I x - xii) I/I(x')dx'. 
2n Ix - xii 

(U(t)I/I): (U(t)I/I)(p) = exp( _ it~~12)I/I(p) ~ (U(t)I/I)(x) 

= -. d3x' exp I/I(x'). ( m )3/1 f (imlx - X111) 
2nzt 2t 

2. For the free time-evolution, in (3.1.13), (xp + px) = 2(x)(p). Thus d(X(t»l = 
dx1 + t2 dp2 #- 1/4d(p(t»2, and 

i (X-(X)_(p)t)l( it) ) I/It(x) = (dx2 + (2 dp2)-14 exp - 2 2 2 1 - --2 + i(p)x . 
4(dx + t dp) 2dx 

For the oscillator with w = I, x is constant, so the wave-packets do not spread 
themselves out to nothingness, and 

_ [_ (x - (x)cos wt - (p)sin wt + 2idx2«p)cos wt - (x)sin wt»2] 
I/It(x) - exp 4 dx2 . 

3. (i) (H - Z)-ll/l(p) = J':oo (dp'/2n) J':oo dA exp[ -i(A(p - p')/g 

_ (p3 _ pI3)/6g)]I/I(p')/(A - z). 

(ii) If 1/1 ELl, then 

I fb dz foo dA d d I 

I (1/IIP(a, b)l/I) I = hm -2' P P 
,~O a nz - 00 2n 

. exp[ -ie(p ; pi) _ (p3 ~/'3») ]1/I*(P)I/ICPI) 

. C - ~ - ie - A - ~ + ie) I 
fb dz foo dA dp dp' e 

~ lim - 2 I I/I(P)I/I(P') I CA _ )2 + 2 
,~O a n - 00 n z e 

since the vectors 1/1 ELl are dense and .Jt" ac is closed. 
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4. (i) 13 = (mwj2)(xI + xD - (mj2w)(xI + x~) => [L3,H] = 0,L3 = -(m(xI + x~)j 
w) + m(xIXZ - XZXI) is not constant. 

(ii)aIO> = ° => L3 10> = 0, 1,2, .... For the orbit with the smallest radius, i.e., the 
least value of xi + xL it is also true that (XI - iXz)IO> = 0, which implies that 
L3 10> =0. 

5. Let He = (p + eA(x»Zj2m + Vex) and I/!(x) = R(x)exp{iS(x», R ~ 0, S real. 
<I/!IHell/!> = S d3x(IVR + i(VS + eA)RIZj2m + RZ(x)V(x» 

~ f d3x(VRZj2m + RZV) ~ <RIHoIR> ~ the ground-state energy with e = O. 

6. Let Yf = L Z« - 00, 00), dx) 3 I/!(x) = 1 when ° ::;: x ::;: 1, and otherwise 0, and let 
al/!(x) = exp(xz)I/!(x), bl/!(x) = I/!(x + 1) + I/!(x - 1). b is bounded, so every vector 
is entire for it, and I/! is certainly entire for a since 11 anI/! 11 ::;: exp(n). However, 

and Ln exp(2n2)tn jn! diverges for all t > 0. 

7. Let Vet) = Vet, t 1)U(t I, to) - Vet, to). Then dV jdt = - iHV, which implies that 
Vet) = 0, since V(tl) = o. 

8. !<px + xp) is the generator of the group Vp: I/!(x) ---+ exp(pj2)I/!(exp(p)x). 
This follows from the identity i(xp + px)I/!(x) = 20 exp(pj2)I/!(exp(p)x)joPIP=0, 
which holds for entire analytic functions I/!. It implies that V pxV _ P I/!(x) = 

Vp(xexp(-pj2)I/!(exp(-!3)x» = exp(!3)xl/!(x), VppU_pI/J(x) = Up(-iexp(-3!3/2) 
x I/J'(exp( - P)x» = exp( - P)pI/J(x). 

9. If t ~ T, then H(t) 10> - (w(t)j2) 10), and the classical invariant Ejw becomes 
constant. 

3.4 The Limit t ~ + 00 

If particles escape to infinity, their time-evolution approaches that of 
free particles. In quantum theory this limit is achieved with great 
topological finesse. 

The eigenvectors of H, which span the subspace Yf p of (2.3.16), are related 
to classical trajectories that remain in compact regions indefinitely. The 
expectation value of an observable in this case is an almost periodic function 
Lj,k exp[it(Ej - Ek)]Cjk, for which the time-average exists, but the time­
limit does not. The operator exp(iHt) converges weakly on Yfac' since in the 
spectral representation <f lexp(iHt)g) = J dh exp(iht)f*(h)g(h) approaches 
zero by the Riemann-Lebesgue lemma. There is, of course, no chance for the 
unitary operators exp(iHt) to converge strongly to O. In order to understand 
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how some operator can converge strongly as t -+ ± 00, it will be nece'ssary 
to go more deeply into the ideas introduced with Theorem (2.5.15). 

Definition (3.4.1) 

H' is said to be bounded (respectively, compact) relative to Ho iff D{H') 
::J D(Ho) and the mapping H': Dr{Ho) -+ Yf is continuous (compact). The 
space Dr(Ho) is D(Ho) topologized with the graph norm 11 11 Ho (2.4.17; 3). 

Remarks (3.4.2) 

1. Recall that continuous (respectively compact) linear mappings are those 
that send bounded sets to bounded (relatively compact) sets. 

2. Relative boundedness is equivalent to the existence of a constant M such 
that IIH'I/!II ~ M(IIHoI/!II + 11 I/! 11) for all I/! ED{Ho). Relative compactness 
in fact implies relative e boundedness, which means that for all e > 0 
there exists an M such that IIH'I/!II ~ ellHol/!II + MIII/!II for all I/! E D{Ho). 
As the Kato-Rellich theorem (2.5.15) showed, this implies that H{a) = 

Ho + aH' is self-adjoint on D{H 0)' Moreover, the Ho and H(a) norms are 
then equivalent, so H' is also relatively compact with respect to all H(a). 

3. If c is nonzero and outside the spectrum of Ho, then for all X E Yf, 

min{ 1, I~I}IIXII ~ min{l, ICI}(11 H~~ c X II,~, + 11 Ho 1_ eX 11) 

~ 11 Ho 1_ c X to = 11 H~~ eX 11 + 11 Ho 1_ eX 11 

~ [1 + (1 + Icl)II(Ho - c)-lllJllxII, 

which implies that the mapping £' -+ Dr(Ho): X -+ (Ho - C)-IX IS 
continuous in both directions, and thus an isomorphism of these Hilbert 
spaces. Hence boundedness (respectively, compactness) of the mapping 
H'(Ho - C)-I: 

(Ho - (r lID (H ) 
homeomorphic r 0 

H' 
--:----------+1 Yf 
continuous (resp., compact) 

is equivalent to the relative boundedness (compactness) of H'. It must 
similarly be possible to extend the adjoint (Ho - c*) - 1 H' from D(H') to 
a bounded operator on Yf. 

Examples (3.4.3) 

1. If two operators f and g commute, and thus have a common spectral 
representation on £' = El:) i Yf i , then g is bounded relative to f if there 
exists an M such that 1 g;( a) 1 < M 1 };( a) 1 for all i and a, where gi and.fi are 
the multiplication operators on Yf i • 
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2. Let Ho be the Hamiltonian of free motion (3.3.3) and H' be a multiplication 
operator Vex) E L2(1R3, d3x). If the calculation is done in x space, then 
the Hilbert-Schmidt norm of V(Ho - C)-l is 

IJV(Ho - c)-lll~ = Tr(Ho - C)-lV2(Ho - C)-l 

f 3 2 f d3p + = d x V (x) (lpl2 _ C)2 < 00 forall-cE IR . 

The operator V(H - C)-l is therefore in C2 (see (2.3.21» and conse­
quently compact. In fact any potential V that falls off faster than r- e, e > 0, 
at infinity and is not too singular at finite x is compact relative to Ho 
(Problem 2). Roughly speaking, compact operators fall off in all directions 
in phase space, in both p and q. 

Theorem (3.4.4) 

Let V be compact relative to H and bounded, and let Pac be the projection onto 
the absolutely continuous spectrum of H. Then VrPac approaches zero strongly 
as t -+ ± 00, where Vr = exp(iHt)V exp( - iHt). 

Proof 

Let c ~ Sp(H), so that for any CfJ we can write PacCfJ = (H - C)-l Pac"'. Then 

11 VrPacCfJl1 = IJV(H - C)-l exp(-iHt)Pac"'ll. 

It was shown earlier that exp( - iHt)Pac ~ 0, and since V(H - C)-l is a 
compact operator it sends a weakly convergent sequence into a strongly 
convergent one. D 

Corollaries (3.4.5) 

1. Functions that fall off as r - e when r -+ 00 converge strongly to zero under 
free time-evolution. 

2. Because of the resolvent equation 

(Ho + V - Z)-l = (Ho - z)-l(1 - V(Ho + V - Z)-l), z~lR, 

any F that is compact relative to Ho is also compact relative to Ho + V 
provided that V is relatively bounded by Ho + V, which is always the case 
if V falls off as r - e and is thus compact relative to Ho. The time-evolution 
with such potentials thus makes F(t)Pac -+ 0, where F is the characteristic 
function of any finite region in configuration space. This can be interpreted 
as meaning that the probability that a particle remains in the set given by 
F vanishes at large times: <"'tIF"'t> = IIF(t)'" 11 2 -+ 0 for all ",EPacYf, 
t -+ ± 00. In other words, the particle runs off to infinity. This distinguishes 
the absolutely continuous spectrum from the singular continuous 
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spectrum; with the latter a particle keeps returning to near the origin 
again and again. 

Now that the connection with classical physics has been looked into, let 
us proceed to find the quantum-mechanical analogies of the concepts of 
(I: §3.4). 

Definition (3.4.6) 

The algebra .s;1 of the asymptotic constants is the set of operators a for which 
the strong limits 

a± == Hm exp(iHt)a exp( - iHt) 
t-+ ± 00 

exist. The limits themselves form the algebras .s;1 ± , and we define, ± as the 
(surjective) homomorphisms .s;1 ~ .s;1 ±: ,±(a) = a±. 

Remarks (3.4.7) 

1. Since the product is not even sequentially continuous in the weak operator 
topology, the limit must be supposed to exist at least in the strong sense, 
in order that .s;1 and .s;1 ± be algebras and that, ± be a homomorphism 
between them. Norm convergence is too much to ask for, as it would 
contradict the group structure of the time-evolution. If at were a Cauchy 
sequence in the norm 11 11, then for all e there would exist a T such that 

Ilat ! - at2 11 = Ila - exp(i(t2 - tl)H)a exp( -i(t2 - t1)H)11 ::;; e 

and this is possible only if at is a constant. 
2. It is immediately clear that .s;1 :::) {H}', and since 

a± = s-lim exp(i(t + ,)H)a exp( - i(t + ,)H) = exp(i,H)a± exp(·- irH) 

for all , E IR, 

.s;1 ± c {H}'. Since furthermore, ± HH}, = 1, it follows that .s;1 ± = {H}' 
c .s;1, and, ± are endomorphisms. 

3. As explained above, nothing converges on :J'f p; if Pp is the projection onto 
this subspace, then PpaPp belongs to.s;1 only if it is in Pp{H},Pp' 

4. If particles escape to infinity, then their momenta p ought to become 
nearly constant when they are far from any interaction. Consequently, 
a good candidate for an operator of .s;1 that is not in {H}' would be 
(1 - P p)p(l - Pp), or, better, some bounded function of p rather than 
p itself. 
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If the time-evolution becomes asymptotically equal to that of Ho, then 
it is a reasonable expectation that 

n± = lim n(t) == lim exp(iHt)exp( - iH 0 t) 
I-+±OO I-+±OO 

exists. This raises the question of 

Topologies in Which the Limit lim/-+ ± ao n(t) Might Exist (3.4.8) 

1. Norm convergence As remarked in (3.4.7; 1), there is no possibility of this 
kind of convergence, since 

Iln(tt) - n(t2)11 = Ilexp(iH(tt - t2)) - exp(iHo(tt - t2))11 < e 
for all tt, t2 > T 

implies that H = Ho. Physically, this means that without reference to a 
particular state, the times ± 00 are no better than any other times. 

2. Strong convergence. This allows the possibility that the limit n± of the 
unitary operators n(t) may not be unitary, since the equation n(t)n*(t) 
= 1 is not necessarily preserved in the limit: As the mapping a --+ a* is 
only weakly continuous, strong convergence of the n implies only weak 
convergence for the n*. A product sequence anbn converges weakly to ab 
if an ~ a and bn --+ b. However, no statement can be made about the 
existence or value of the limit of bnan. The following example on [2 is 
illustrative of the different kinds of convergence: 

n 

1 

1 1 
1 1 

1 1 

n = 1 --+n= 1 
n 

1 1 
1 1 

1 1 

1 
1 

1 
n* = n 1 ~n* = 

1 
1 

1 
1 



3.4 The Limit t -> ± x 127 

The operator 0: converges only weakly, since Vn == 0:(1, 0, 0, ... ) = 
n 
~ 

(0,0, ... , 1, 0, 0, ... ) ~ 0, while 11 vnll = 1 for all n, so Vn -f+ 0. In this case we 
have 1 = O:On => 0*0 = 1, but 1 = OnO: ~ 00* =f. 1. The situation is 
the same for O±, since they are strong limits of unitary operators. Al­
though 01 O± = 1, since 

<xI010±x) = 110±x112 = lim 110(t)xI1 2 = IlxI1 2 forallxEJ!f, 
t-+ ± 00 

this only tells us that O± 01 = O± 01 O± 01, i.e., that O± 01 is a pro­
jection. It projects onto a subspace J!f ± c J!f on which J!f gets mapped 
unitarily by 0, and which 0t maps back onto J!f (see Figure 8). These 
operators are related by 0t 1Jt" ± = 0; fJt" ±' In analogy with (3.4.7; 2), 
01 exp(irH)O± = exp(irH 0) for all r E ~, so H acting on J!f ± is unitarily 
equivalent to Ho on J!f. Therefore the spectrum of Ho is the same as a 
part of the spectrum of H. If Ho has only an absolutely continuous spec­
trum (Ho: f(h) --+ hf(h) on any summand of the spectral representation), 
and the eigenvectors of H are called 1 Ei ), then 

<flexp(itHo)exp( -itH)IEi) = f d/J(h)exp(it(h - Ei»(f(h) lE;) --+ ° 
as t --+ ± 00 

by the Riemann-Lebesgue lemma. The bound states are thus in the kernel 
of 01. The strong convergence can be restated as: to every state cp E J!f 
that evolves according to Ho, there exists a "scattering state" t/J ± = O± cp 
such that the two states approach each other asymptotically: 

lim Ilexp(iHt)exp(-iHot)cp - t/J±II 
t- ± 00 

= lim Ilexp(-iHot)cp - exp(-iHt)t/J±11 = O. 
l--'± 00 

3. Weak convergence . The norm Ilall = sUPllxll=lIyll=ll<xlay)l, as the 
supremum of weakly continuous functions, is weakly lower semicon­
tinuous, so in any event we know that IIO± 11 ~ 1. Since the unitary oper­
ators are weakly dense in the unit ball, this is apparently the most that can 

Yf ± = Yfac 

Q! not injective Q_ not surjective 

Figure 8 The domains and ranges of Q* and Q. 
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be said. Weak convergence is not a very powerful property. The limit 
could simply be zero, as happens for exp(itHo). If Q(t) converges weakly 
but not strongly, then Q± can not be unitary. 

4. Convergence of Q *. If Q(t) --+ Q±, then we know that Q*(t) converges 
weakly to Q1 , and that Q1 maps .1f ± unitarily onto .1f and sends every­
thing else to O. Since the weak topology and the strong topology are the 
same for the unitary operators (2.1.28; 5), Q*(t) converges strongly to 
Q1 on .1f ±, and converges weakly to 0 on its orthogonal complement. 
Strong convergence on .1f ± means that to each scattering state 
exp( - itH)I/I, 1/1 E .1f ± , there exists a free state exp( - itH o)cp that becomes 
asymptotically equal to it. 

Now that we understand something of the insidiousness of Hilbert space, 
we can state our goals more precisely. 

Definition (3.4.9) 

(i) If exp(itH)exp( - itH 0) converges strongly as t --+ ± 00, we say that the 
M~lIer wave operators Q± = limt-> ± 00 exp(itH)exp( - itHo) exist. 

(ii) If.1f ± == Q± .1f = .1f*' then Q± are said to be asymptotically complete. 

Remarks (3.4.10) 

1. The meaning of asymptotic completeness is that other than the bound 
states .1f P' every state approaches a free state as t --+ ± 00. A simple 
classical example where this fails to be true has been provided by S. 
Sokolov: an otherwise free particle with an effective mass .;/t(x) = 
coth2 X, H = p2/.;/t(X), and Ho = p2. All incoming trajectories have a 
dead end at the origin, and the set of scattering trajectories is empty 
(cf. [4J). Pearson [4J has constructed a potential for which the analogous 
thing happens in quantum mechanics. 

2. Invariance under reversal of the motion (3.3.18) does not suffice to 
guarantee that .1f + = .1f _. We shall soon encounter many-channel 
systems for which .1f + =1= .1f _ . 

3. Since 

d 
dt Q(t) = exp(iHt)i(H - H o)exp( - iH 0 t) = iQ(t)H 1 (t), 

H1(t) == exp(iHot)(H - Ho)exp( -iHot), 

Q+ can also be written formally as 

Q+ = Texp {OOdtiH1(t), 



3.4 The Limit t --> ± x 129 

which, however, does not answer the question of the existence of the 
infinite integral. 

Sufficient Conditions for the Existence and Completeness of O± (3.4.11) 

Let H = Ho + V, jV == V/I VI 1/2 , D(H) = D(Ho), and let XI be the charac­
teristic function of an interval I c a(H 0)' If 

sup(lljV b(H - w)jVll + IljV b(Ho - w)jVll) < 00, 
WEI 

then 

converge strongly as t -+ ± 00. 

Remarks (3.4.12) 

1. In the case of a single channel, the spectrum normally has the properties 

It is convenient for technical reasons to use the projections XI to exclude 
the particles that move too slowly or too rapidly, hy letting I = (e, l/e). If 
the supremum over w E I is finite for all e > 0, then it follows that 
xlH)exp(itH)exp( - itH 0) converges on a dense set in Hithert space, and 
consequently on the whole space. Sincef(H)O = Of (Ho), we expect that 

Xr(H)exp(iHt)exp( -iHot)xlHo) -+ 0 for all I' (l 1= 0 

and this is indeed verified in Problem 3. This equation shows that 
xlH)exp(itH)exp( - itH o)XI(H 0) has the same limit as 

exp(itH)exp( - itH o)xI(H 0)' 

so (3.4.10) in fact implies what is required in Definition (3.4.9), viz., that 
exp(itH)exp( - itH 0) converges on a dense set. 

2. The operator jv b(H - w)jv is to be interpreted as 

1. 1 1Ti( 1 1) ITi lm- y V - y V 
e~O 2ni H - w - ie H - w + ie ' 

and this limit may exist even though (H - z) -1 does not exist on the real 
axis. We shall soon discover that even compactness may survive the limit 
as B 1 0. 



130 3 Quantum Dynamics 

Proof 

Let us make the abbreviations t/ll == Xl(Ho)t/I, CPl == XlH)cp. Then 

II X 1 (H)(exp(iHtl)exp( -iHotl) - exp(iHt2)exp( -iHot2»Xl(Ho)t/l11 

= IIX1(H) f2
dt exp(iHt)V exp( -iHot)t/l111 

= sup I f
l
2dt<cp I xlH)exp(iHt)V exp( -iHot)t/ll) I 

11'1'11 = 1 11 

~ sup fl2dt 11 fr exp( -iHt)CP111'llfr exp( -iHot)t/llll 
11'1' 11 = 1 I! 

To show convergence, it thus suffices to show that as t ---t ± 00, Vr converges 
in mean-square to zero (cf. (3.4.4», whether it evolves in time according to 
Ho or to H. To perform the time-integration, we use the generalization of 
Parseval's formula, 

for vectors in Hilbert space: 

f:oo dtllfr exp( -iHt)CPII1 2 = 2n f:oo dwllfr (j(H - w)cpII12. 

Now note that for any positive operators a and b, IIjbacpl12 ~ IIjbJal12 

x IIJacpl12 = IIJbajbll' <cP I acp), so: 

2n f:oodW11fr (j(H - w)CP111 2 

~ 2n Loooo dwll)V (j(H - w)Xl(H)frll' <CP11(j(H - W)CP1) 

~ 2n :~~llfr (j(H - w)frll f: dW<CPl I (j(H - W)CP1) 

= 2n supllfr (j(H - w)frllllcpII1 2. 
we 1 

These relationships are still valid with H replaced by Ho, and show that the 
integral S~ gets arbitrarily small as t 1 --+ 00, since the integral S~ 00 exists. This 
implies the strong convergence of Q(t) as t ---t ± 00. D 
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Examples (3.4.13) 

1. A separable potential. Let Ho = Ip12, (Vq»(x) = Ap(X) f d3x'p*(X)q>(x/), 
in which f d3xlp(xW = 1, f d3 X d3 x'p(X)p*(x/)/lx - xii = M < 00, 

inflpl 2eIlP{p)I > O. Since P = V/A is a one-dimensional projection, 

(H - Z)-1 = (Ho - Z)-1 - A(Ho - z)-1p(Ho - z)-1D- 1(z), 

D(z) = 1 + A Tr P(Ho - Z)-1p 

and 

By assumption, 

P(Ho - Z)-1 P = f d3plp(pW(lpI2 - Z)-1 

fd3 d3 I ( ) *( ') exp(ivlzl x - xii) 
= x x p x P x I 'I x-x 

remains bounded by M for all viz. In addition, for all y > 0, 

A.- 1 ImD(x + iy) = fd 3p IP(P)J2 (lpl2 -:f + i 

~ inf Ip(pW r d3p 2 Y 2 2 
Ipl2eI Jlpl2eI (Ipl - x) + y 

is bounded below, uniformly in x E I. Then 

supID- 1(x + iy)1 ~ sup 1I D~~ )12 
xeI xeI m z 

is also finite in the limit y ~ 0, and 

lim supllJV(H - z)-1JVII < 00. 
y~o xeI 

2. Potentia Is r- 1 - t , 0 < I: < 1. In momentum space, 

Consequently, 

Tr(JV b(Ho - w)JV)n = {Qd3Pi b(lp;i2 - W)lpi - Pi+11-2+t 

= w- n(1+£)/2 fiD1dQ;iOi - °i+11-2+" 
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where by convention Pn+ 1 = PI' and dOi stands for the solid angle element 
in the direction of the unit vector Di == Pillpil. Now, 

IDi - Di+ ll z = 2(1 - cos ()i)' ()i = ~(Di' Di+ d, 
and 

rndOdDi - Di+I I-2+e 

is smaller than e(e) < 00 for n > 21e (Problem 5). Since 11 11:::; 11 Iln, 

suplljV b(Ho - w)jVll :::; sup w-(I IZ)-(GIZ)e(e) < 00, 
we! we! 

where we have taken I as a compact interval c IR +. The Holder continuity 

of jV b(Ho - w)jV in the norm 11 Iln implies that the operator 

jV(Ho - x - iy)jV remains compact in the limit y --+ 0 (see Problem 
5). If from 

jV(H - Z)-ljV 

= jV(Ho - Z)-ljV - jV(H - z)-IV(Ho - Z)-ljV 

we reason that 

jV(H - Z)-ljV = jV(Ho - Z)-ljV(1 + IVIIIZ(Ho - Z)-ljV)-l, 

then we see that the operators jV(H - z)-ljVandjV(Ho - Z)-ljV 

differ only by the factor (1 + IVIIIZ(Ho - Z)-ljV)-I. Since 

IVIIIZ(Ho - z)-ijV 

is compact and thus has a pure point spectrum with complex eigenvalues 
Ki(Z) the only possible accumulation point of which is zero, 

11(1 + IVIIIZ(Ho - z)-ljV)-111 :::; supl(l - Ki(z»-II. 
i 

The functions Z --+ Ki(Z) are continuous, Z --+ I V 111Z(H 0 - Z)-1 jV is 
norm-analytic in C\IR, and it can be continued to I c IR. If the eigen­
functions decrease sufficiently fast at infinity, the values zij for which Ki 
equals 1 are eigenvalues of H, because IVlt/Z(Ho - z)-tlVlt/zI/! = 0 
implies that (Ho + V - z)1 VI-t/zI/! = O. Hence, if I VI-t/zI/! E L Z, then 
Z is an eigenvalue of H. A separate argument is necessary to exclude the 
values Ki = 1 for zEIR+. Thus if I is any compact set in (O,oo)\{zij}, 
(3.4.11) is satisfied. 

Remarks (3.4.14) 

1. The analysis has been restricted to e < 1 so that the singularity at r = 0 
could not destroy the relative compactness of V. Since existence of 0 
depends on the falling off of the potential as r --+ 00, it is clear that it exists 
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for all V falling off faster than l/r, so long as the finite singularities are not 
strong enough to wreck the self-adjointness [4]. 

2. If e = 0, then vi/2 '" (pt)-1/2, which is not square-integrable in t, even 
if p = 0 is excluded. This is to be expected, because O± also fails to exist 
classically for the l/r potential (I: 4.2.18; 2). 

3. If e = 1, then the bound of 11ft c5(Ho - w)JVII is independent of w, so 
the supremum over w in all of IR would be finite. This may seem surprising, 
since even in classical scattering theory the point p = 0 has to be removed, 
since particles with p = 0 never escape. In quantum mechanics, the diffu­
sion of the wave-packets is enough to make <rt- 2 ) square-integrable: 
With free time-evolution, i1x; '" i1x6 + t2/(i1xO)2 (cf. (3.3.5; 1), and 

If y = 2, this is independent of i1xo, so the bound ought to be independent 
of qJ without the necessity of projecting out a neighborhood of p = o. 

4. If there are bound states imbedded in the continuum, then exp(itHo) 
x exp( - itH) cannot converge strongly on them, and it is necessary to 
project them out with a XI. With a potential r- Y, 0 < y < 2, then by the 
virial theorem to be proved in §4.1 they do not occur. This theorem states 
that an eigenvalue of the energy equals (y - 2)jy times the expectation 
value ofthe kinetic energy in the corresponding eigenstate. Since the latter 
quantity is positive, all eigenvalues are negative. If a potential oscillates, 
then Bragg reflection of waves can produce a bound state, even if in 
classical mechanics it would be energetically possible for a particle to 
escape. For example, the function 

sin r 2 
!/I(r) = 1 . 2 EL «0, (0), dr), a> 0, 

a + r - 2 sm r 

satisfies the equation 

( - ::2 + VCr) - 1 )!/I(r) = 0, 

8 sin r . 
VCr) = ( 1 . 2 )2 (sm r - (a + r)cos r), 

a + r -"2 sm r 

and it is thus an eigenfunction with eigenvalue E = 1 of a potential V, 
lY(r) I < e min(1, l/r), where e can be taken arbitrarily small as a tends 
to + 00. It can be shown that potentials that approach zero faster than l/r 
as r --+ 00 have no positive eigenvalues ([3], §XIII). 

Many-Particle Scattering (3.4.15) 

Different groupings are possible in a many-particle system as the particles 
go off to infinity, some remaining bound together while others get ever 
farther away from them. Formally, the Schrodinger equation for N particles 
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acts on a 3N-dimensional configuration space, and different ways of ap­
portioning the particles into clusters correspond to different regions in ~3N. 
A given distribution of 1, 2, ... , N into disjoint subsets, such as (1, 2), (3), 
(4, 5, 6), ... , will be shorthand for the statement that particles 1 and 2 remain 
bound together, 3 approaches infinity by itself, 4 through 6 are bound, etc. 
Such a distribution is referred to as a channel. Pair potentials Viixi - Xj) do 
not fall off in the directions where Xi and Xj are nearly equal, so the asymp­
totic time-evolution is not described by a unique Hamiltonian, but instead 
depends on the channel, i.e., on the direction in which the state goes to 
infinity. If we index the channels with a subscript IX, then the interaction I~ 
between separate clusters goes to zero as t --+ ± 00, and the time-evolution 
approaches that of H ~ == H - I ~. 

Example (3.4.16) 

Consider three particles, and suppose either that the center of mass has 
been separated out or simply that one of the particles is infinitely heavy, 
as an approximation to a nucleus K and two electrons el and ez. Then the 
appropriate configuration space specifies the relative motion of the two 
coordinates Xl and Xz of the electrons, and there are four channels: 
(K)(el)(ez). In this channel all the particles separate, and 

IPllz Ip21z 
H = -2- + -2- + Vl(Xl) + Vz(xz) + V12(xl - Xz) 

ml m2 

breaks up into Ho and 10 = Vl + Vz + VlZ' 
(K, el)(ez). Particle 1 remains bound to the nucleus, while particle 2 escapes: 

H =IPllz +IPzlz +v,() Il=Vz+V,lz, 
1 2 2 1 Xl , ml mz 

(K, eZ)(el)' The same, with particles 1 and 2 switched. 
(K)(e l, ez). In this channel particles 1 and 2 remain bound together, which is 
of course impossible for electrons, but would be realistic in the scattering of a 
positron from a hydrogen atom. In this case, 

IPllz IPzlz 
H12 = -2- + -2- + V12(Xl - xz), 112 = Vl + Vz· 

ml mz 

Once again, the existence of the M0ller operators means that for each qJ~ 
in which the clusters corresponding to a channel IX are bound, and which 
evolves in time by exp( - itH~), there is a state t/I~ evolving by exp( - itH) and 
asymptotically approaching qJ~: 

Ilexp( -iHt)t/I~ - exp( -iH~t)qJ~11 --+ O. 

Completeness of the M0ller operators means that :Yf aiH) is spanned by 

such '" ~'s. 
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The M,;lIer Wave Operators for Many-Particle Scattering (3.4.17) 

If P~ is the projection onto the part of JfacCH~) corresponding to the channel 
oc, then the M011er operators 

Od = lim exp(iHt)exp( -iH~t)P, 
t- ±oo 

are said to exist whenever the strong limit exists. In that event, the operators 
Q~± == O~± O:± are projections, and asymptotic completeness means that 

L Qd Jf = JfacCH). 

Remarks (3.4.18) 

1. The operators P, can be written as tensor products of the projections onto 
the bound states within the clusters ofthe channel and of identity operators 
in the relative coordinates. For instance, in (3.4.16) the projection P~ for 
(K, el)(e2) equals Pp ® 1, where P pis the projection onto Jf p(pi/2m + VI). 
The projections for different oc will not generally be orthogonal, since 
they are related to different, and noncommuting, H~. Although 

exp(itH)exp( - itH~) 

converges on all of Jf, this limit is not terribly interesting. 
2. The equation 0*0 = 1 of (3.4.8; 2) has the generalization O:± Op± = 

(j~pP~ (Problem 4). As a result, the Q~ are orthogonal for different oc: 

QdQp± = 0dO:±Op±O;± = (j~pQd· 

This is to be expected, since all the Q~ involve the same H and commute 
with it: 

exp(iHt)Qd exp( - iHt) = exp(iHt)Od O:± exp( - iHt) 

= Od exp(iH ~ t)exp( - iH ~ t)O: ± = Qd. 

The physical significance of this is that the wave functions exp(itH)ljJ~, 
ljJ~ = Od <p~, turn into widely separated clusters after long times, so 
vectors corresponding to different channels are orthogonal. Since they all 
evolve according to exp(itH), this asymptotic orthogonality implies that 
they are orthogonal at all times. 

3. The projections P~ and Q~ are rather unwieldy. L~ P~ =F Pan and it is 
practically impossible to write Q~ explicitly. That is why it is more con­
venient to work with operators J~, which approach P~ under the time­
evolution of H" in place of the P ~ themselves. Then Od can be written as 
the limit of exp(iHt)J~ exp( -iH~t), since exp(iH~t)J~ exp( -iH~t) --t P~ 

implies that exp(iHt)J~ exp( - iH~t) --t Od. In Example (3.4.16), electron­
hydrogen scattering, a good choice is 

J _ IXll4 + IX214 
1-1 + IXl14 + IX214 + IXlls ' 
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J 12 = 0, J 0 = 1 - J 1 - J 2' If Xl remains in a finite region and X2 -+ 00, 

then J 1 goes to 1 and J 2 goes to 0, and vice versa. J 0 becomes 1 only if 
both particles go to infinity. It will be shown in §4.4 that this heuristic 
argument can actually show strong convergence. 

Criterion (3.4.11) for the existence and completeness of the M0ller wave 
operators does not work for many-body systems, because the pair potentials 
V;j are not compact relative to H.1t is possible to write them as tensor products 
of a function of Xi - Xj and the unit operator in the other coordinates, but a 
tensor product is compact only if both of its factors are compact. This is 
where the functions J Il introduced above can be of use, for they decrease 
exactly in the directions in which III is constant, making Jlllll relatively 
compact and the methods of (3.4.11) applicable. This can be stated as a simple 

Criterion for the Existence and Completeness of ad (3.4.19) 

Let J Il be positive operatorsjor which s-lim exp(iHllt)JIl exp( - iHllt) = PIl and 
III J Il = 1. ljthe strong limits ojexp(iHt)JIl exp( - iHllt) and 

exp(iHllt)JIl exp( -iHt)Pac(H) 

exist as t -+ ± 00, then ad exist and are complete. 

Proof 

Since, by assumption, II (exp( -iHat)Pa - Jaexp( - iHat))"'II-+O for all "'EYf, 
exp(iHt)exp(-iHllt)PIl converges strongly just as exp(iHt)Jllexp(-iHllt) 
does and hence the latter operator converges to ad . Then, since 

(1 - PIl)O:± = 0, 

s-lim exp(iHt)JIl exp( -iHt)PaC<H) 

Consequently, 

= s-lim exp(iHt)exp( -iHllt)(PIl + (1 - PIl» 
x exp(iHllt)JIl exp( -iHt)PaiH) = QIl' 

I QIl = s-lim exp(iHt) I JIl exp( -iHt)PaiH) = PaiH). 0 
Il Il 

Example (3.4.20) 

In the three-body system (3.4.16) let V12 = 0 and suppose that V1 and V2 are 
potentials such that the one-particle M0ller operators W 1 and W2 exist and 
are complete. The J Il have the following form in the different channels: 
O-channel. Under the time-evolution according to 

Ho =lpll2 +lp212, 
2ml 2m2 
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J 1 and J 2 converge strongly to zero: If Xi ~ Xi + Pi t, then 

J. -+ Ip114 + Ip214 

I Ip114 + Ip214 + t2Ip;lS' 
i = 1,2, 

and this in turn approaches zero on the dense set of functions the support 
of which does not contain Pi = O. Therefore 

s-lim exp(iHt)Jo exp( -iHot) = s-lim exp(iHt)exp( -iHot) 

x exp(iHot)Jo exp( -iHot) = W 1 ® W2 

exists, and 

s-lim exp(iHot)Jo exp( -iHt}PacCH) = s-lim exp(iHot)Jo 

x exp( -iHot)exp(iHot)exp( -iHt}PacCH) = w! ® w!. 

1-channel. If particle 1 is bound, then 

J _ IX114 + IX214 
1 - 1 + IXll4 + IX214 + Ixlls 

approaches 1 under the time-evolution by 

H = IPl12 + Ip21 2 + V,( ) 
I 2 2 1 Xl , 

ml m2 

since X2 ~ X2 + tP2 and Xl remains finite. If it is not bound, then by assump­
tion the time-evolution becomes free, and J I exp( - iH 1 t)1/I approaches 
J I exp( - iH 0 t)w! ® 11/1, which goes to O. Thus 

s-lim exp(iH 1 t)J I exp( - iH I t) = PI 

and 

s-lim exp(iHt)JI exp( -iH1t) = W 2 ® 1· PI 

The 2-channel works just like the 1-channel, and the 1-2-channel is empty. 
We see that in this trivial case, Criterion (3.4.19) reproduces the earlier 
results. We shall discuss more interesting examples later. 

The operators nd map the motion in channel (J(, i.e., 

a ~ exp(iHat)a exp( -iHat), 

to the actual motion as described by exp(iHt). Specifically, they produce the 
homomorphisms T ± introduced in (3.4.6), and they send {Ha}' into d ±. 
All a E {Ha}' projected into channel (J( are in d, 

T ±(QaaQ,) == lim exp(iHt)QoaQo exp( - iHt) 
t- ± 00 

t- ± 00 

(3.4.21) 
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The set of constants of motion {H~}' will contain the relative momenta of the 
individual clusters. They commute, and the vectors of their common spectral 
representation, denoted Ill(, k), will be somewhat loosely referred to as 
eigenvectors of the momenta. The vectors Ill(, k) are in the image of the 
projections P ~ of (3.4.17). The wave operators Qat transform Ill(, k) into the 
eigenvectors of the asymptotic momenta Ill(, k, ±) == Qat Ill(, k) in such a 
way that, as in Remark (3.4.18; 2), 

(3.4.22) 

The states Ill(, k, ±) thus mean that the outgoing or, respectively, incoming 
particles have momenta k, and the transition probability from one such 
configuration to another can be measured macroscopically. As in classical 
mechanics (I: 3.4.9), this is the purpose of 

Definition (3.4.23) 

S~p = Q:+Qp_ 

is known as the S matrix in the interaction picture, and 

S = L Q~_Q:+ 

is the S matrix in the Heisenberg picture. 

Remarks (3.4.24) 

1. The definition has been given in the form appropriate for a many-body 
system. One-particle scattering can be considered as a special case with 
only one channel. 

2. The action of the Qat is depicted schematic ally in Figure 9: 
Since Q~+Q:_If3,k, -) = <5~plll(,k, +), the transition probabilities can 
be expressed in terms of S as follows: 

<Il(, k', + lP, k, -) = <Il(, k'IS~pIP, k) = <Il(, k', + ISIP, k, +). 

The operator S is thus a unitary transformation on .YfacCH), whereas S~p 
maps nonorthogonal subspaces on .Yf isometrically onto one another. 
Even so, S~p is the more useful operator, since it is easier to make calcula­
tions with the states Ill(, k) than with Ill(, k, i). 

3. Even if both La Q~_ and La Q~+ equal Pat> it is still possible that Q~_ and 
Qa+ project onto different subspaces. For example, if a collision in (3.4.16) 
results in ionization, then one goes from Q 1 to Qo. This illustrates the 
earlier remark that the mere existence of s-limt -+ ± 00 exp(itH)exp( - itHo) 
does not guarantee that .Yf + and .Yf _ are equal. It does not contradict 
invariance under reversal of the motion, as the operator K of (3.3.19; 2) 
just maps .Yf _ onto .Yf + . 
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) s ) 

Figure 9 The domains and ranges of Q:+ and Q._ in a system with several channels. 

4. From exp(iHt)o.d = o.d exp(iHat) it follows that exp(iHt)S exp( -iHt) 
=S and exp(iHat)SaP exp( -iHpt) = SaP' The operator S does not in 
general commute with all constants of the motion, but only with 

n {Ha}' n {H}' 
a 

(cf. (I: 3.4.11; 1)). 
5. If K E {Ha}' and K = PaK, then by (3.4.21) QaKQa E d, and 

K± == ,±(QaK± Qa) = o.d Ko.:±. 

Hence S transforms K _ into K + : 

K+ = o.a+ 0.:_ K_ o.a- 0.:+ = S*K_ S. 

For such observables, S gives the total change in time from t = - 00 to 
t = + 00. 

6. If there is only one channel, then 

Sap = s-lim exp(iHat)exp( -2iHt)exp(iHpt) 
t-+ 00 

can be wri tten as 
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(recall (3.4.10; 3)). The strong limit exists because exp(iHot)exp( -iHt)Q 
converges strongly and (1 - Q)exp( - iHt)exp(iH 0 t) tends strongly to 
zero. 

Scattering operators have been introduced by a comparison of the time­
evolution with free motion of the clusters, as suggested by our experience with 
classical dynamics. It normally turns out, however, that S can be explicitly 
calculated only with methods that eliminate the time-variable. Sections 3.5 
and 3.6 will be devoted to stationary methods. 

Problems (3.4.25) 

1. Show that if H' is compact relative to Ho, then for every 6 > 0 there exists a b such 
that IIH'I/III:-:::; 611Ho 1/1 11 + blll/lll for all 1/1 E D(Ho). (Hint: a = H'(Ho + i)-I is 
compact. Let Pn = X[-n.nlHo), and show (il that Ila(1 - Pnlll ...... 0 and (ii) that H'Pn 
is bounded for all n.) 

2. Show that V = r-', 0 < 6 < 2, is compact relative to Ho = p2. (Show that 
Tr(Vl/2(Ho + C2)-1 vl/2)n < 00 for n E Z+, n > 3/6.) 

3. Let V be compact relative to Ho. Show that if P(1) (respectively, P 0(1)) is the spectral 
projection for H (respectively, Ho) onto the interval I, then 

(1 - P(1))exp(itH)exp( -itHo)Po(1) ...... 0 as t ...... ± 00. 

4. Verify that n:± np± = b"pP" for the system of three particles (3.4.16). 

5. LetA(w) == JVc5(Ho - w)jV, V ~ r- 1 -'(cf.(3.4.13; 2)). Show that (a) IIA(w)lln < 
cw- n(1+,)/2, and (b) there exist p > 0, c5 > 0, and c < 00 such that IIA(w) - A(w')lln < 
cl w - w'IP for all I w - w'l < c5 and all n > 2/e. From these two facts conclude that 
limy_o JV(Ho - x - iy)-!JVE C(fn' 

Solutions (3.4.26) 

1. (i) Let an =a*(1 - Pn)a. Ila(l- Pn)11 2 = sUPII"'II.,! <l/Ilanl/l)· The mappings 1/1 ...... 
<1/1 I an 1/1) are weakly continuous, because 1/1; ~ 0 ~ al/l; ...... 0, and 

1/1 ...... <1/11(1 - Pn)l/I) 

is strongly continuous. It follows that the sets {1/J: <1/11 an 1/1) ~ C} are weakly 
closed. If Ila(1 - Pn)11 2 were greater than C > 0 for all n, then the intersection of 
the decreasing sequence of weakly compact sets {1/J: <1/11 an 1/1) ~ C, 111/111 :-:::; I} 
would not be empty, so there would exist a 1/1 such that 111/111 :-:::; 1 and <1/1 I an 1/1) ~ C 
for all n. This is impossible, since 1 - Pn ...... O. 

(ii) H'Pn = a S"-n (et + i)dP" is the product of two bounded operators. Therefore, 
if 1/1 E D(Ho) and n is sufficiently large, then 

IIH'I/III = Ila(Ho + i)1/I11 

:-:::; Ila(1 - Pn)(Ho + i)1/I11 + 11 H'Pn 1/1 11 S 611(Ho + i)1/I11 + IIH'Pnlllll/lll· 
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2. With (2.3.20; 5) and (3.3.3), 

exp( -CIX2 - X31) exp( -clxn - xII) 
x V(X2) ... V(xn) ---=--,------:--"--------=-~ 

4nlx2- x31 4nlxn -x l l 

f 3 3 exp(-cIY21) exp(-cIY31) 
= d Yl'" d Yn V(YI) 4nlY21 V(YI + Y2) 4nlY31 ... 

V( ) exp( -CIY2 + Y3 + ... + Ynl) 
x Yl + Y2 + ... + Yn . 

4nlY2 + Y3 + ... + Ynl 

The factor exp( - c I Yi I) takes care of the convergence of the integral by dY2 ... dYn 
at infinity, and the integral by dYI converges for 

provided that ne > .3. The singularities at finite points are harmless, as long as e < 2. 

3. Since the operators are bounded in norm by 1 for all t, it suffices to show strong con­
vergence on the dense set of q> E P o(I'):Yf, where [' is contained in the interior of I. 
On that set, 

(1 - P(l»exp(iHt)exp( -iHot)Po(I)q> 

= ~ f dz(l - p(l»exp(iHt)(_l- - _l_)exP( -iHot)Po(I)q> 
2m c Ho - z H - z 

1 f 1 1 = --: dz(l - P(I» --exp(iHt)V exp( -iHot)Po(I) -- Po(I')q>, 
2m c H - z Ho - z 

where C is a closed path of integration encircling [' but not cutting !R\I (see figure): 

I 

El I) I 
""'C 

[' 

This makes the operators (1 - P(I»(H - Z)-l and (Ho - Z)-IPo(I') uniformly 
bounded on the path of integration. Theorem (3.4.4) then implies that the expression 
above converges strongly to zero. (Recall that v" .... 0 and Ilanll = 1 for all n =:> 

an v" .... 0.) 

4. If rJ. = [3, then this follows from the strong convergence of the operators (see (3.4.8; 2», 
so it suffices to verify that 

w-lim P.exp(iH.t)exp( - iHpt)Pp = 0 
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when IX i= fJ. There are essentially just two cases: 
IX = 0, fJ = 1, 2, 3: 

exp(iHot)exp( -i(Ho + Vp)t)Pp-"'" 0, 

because 

exp(i I PI12t)exp( - i( I PI12 + VI (x 1»t)P p(l) ~ 0, 

etc., since PP) contains only the eigenfunctions t/!j, HI t/!.i = Ejt/!j, and 

exp(it(IPI12 - E)t/!j ~ O. 

IX = 1, fJ = 2: 

P/l)exp(i( IPI12 + VI)t)exp( - i IP11 2t) ® exp(i( Ip21 2t)exp( - i( Ip21 2 + Vz)t)P /2) ~ 0 

for the same reason as above. Similarly for IX = 1, fJ = 3 and IX = 2, fJ = 3. 

5. In (3.4.13; 2), the integral over (s2)n is locally like an integral over jR2n. Since the 
integrand depends only on the differences between the nj, and a 2(n - I)-fold integral 
over a homogeneous function of degree n( - 2 + e) is finite whenever 2(n - 1) -
n(2 - e) > 0, it follows that IIA(w)lln < r:I) for n > 2/e. As a consequence, IIA(w) -
A(w')lln is not only finite, but actually goes to zero Holder-continuously as w' ..... w. 
This guarantees the existence of the principal-value integral in 

limJV(Ho - x - iy)-ljV = inA(x) + P fdz-A-(Z-) _-_A_(x_) 
}'~o z-x 

in the trace norm. 

3.5 Perturbation Theory 

Abrupt changes are the rule in infinite-dimensional spaces, but in 
physics a central question is under what circumstances eigenvalues are 
affected only slightly by perturbations. 

Since most of the problems of physics can not be solved analytically, it is 
the custom to approximate the solutions by carrying out Taylor expansions 
about suitably chosen, soluble limiting cases. The perturbed Hamiltonian is 
typically of the form H(rx) = Ho + rxH', which brings up the question of what 
quantities are analytic in rx, and for what range of values. Of especial interest 
are the resolvent R(rx, z) == (H(rx) - Z)-l, the isolated eigenvalues Ek(rx) 
of H(rx), and the projections onto them, which can be written 

Pk«(/.) == -21 . f dz R«(/., z), 
m Ck(lX) 

(3.5.1) 

where ek«(/.) is a closed path encircling Ek(rx) and no other points of Sp(H(rx». 
Although H(rx) is not diagonable for all complex values of rx, for all rx we 
know (Problem 1). 
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The Properties of the Projections (3.5.2) 

(i) Pk(ct) = N(ct*), 
(ii) P;{ct)Pk(ct) = JikPict), 

(iii) [P;{ct), R(ct, z)] = O. 
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(iv) Except at the points cts where the eigenvalues Ek(ct) cross, the projections 
Pk(ct) can be continued analytically in ct such that dim Pk(ct).tf = Tr Pk(ct) 
is constant throughout the region of analyticity. 

In most quantum mechanics books, operators are blithely manipulated 
as if they were finite-dimensional matrices. In the same spirit, let us warm up 
by discussing some finite-dimensional 

Examples (3.5.3) 

( ct 0) R(N, z) = (l/(cto- z) 0) 1. H(ct) = 0 0' E1,2(ct) = ct,O, lA , 

-l/z 

P1(ct) = G~)' Pict) = (~ ~). 

( ) _ (l/(ct - z) 1/z(ct - Z») 
R ct, z - ° -l/z' 

( 1 1/ct) 
P1(ct) = 0 0 ' (0 -l/ct) 

P2(ct) = 0 1 . 

3. H(ct) = (Cl(Cl; 1) :), E1,2(ex) = ex(ex + 1), ex. 

( ) = (l/(Cl(Cl + 1) - z) -Cl/(Cl - Z)(Cl(Cl + 1) - Z») 
R ex, z ° l/(ct _ z) , 

( 1 1/ex) 
P 1(ct) = ° 0 ' (0 -1/ex) 

P2(ct)= 0 1 . 

4. H(ct) = G ~), 

R(ct, z) = z(z _ :) _ ex2 (=: 1 ~ctz), 
P (ct) = +1(1 + 4ct2)-1/2(1 ± J1 + 4ex2 

1,2 - 2 2ex 
2ct ) 

-1 ± J1 + 4ex2 . 
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These examples exhibit the 

Singularity Structure of R, Ek , and Pk in the Finite-Dimensional Case (3.5.4) 

Let H(rx) be a polynomial in rx, and define Ek(rx) as the poles (in z) of R(rx, z). 
(i) Thefunction (rx, z) -.. R(rx, z) is analytic except on Uk {z = Ek(rx)}. 

(ii) The eigenvalues and projections Ek(rx), Pk(rx) are regular except at the 
crossing points rxs ' at which the numbering of the eigenvalues changes. 
(In Examples 1, 2, and 3, rxs = 0, and in Example 4, rxs = ± iI2.) At the 
points rxs the eigenvalues Ek and, projections P k may have algebraic 
singularities (Examples 2,3,4), but do not necessarily have them (1,2, and 3). 

(iii) In any event, Ek(rx) is continuous in rx. If Ek(rx) has a branch point at rxs, 
then IIPk(rx) 11 -.. 00 as rx -.. rxs (but not conversely; see Example 2). 

(iv) If IIPk(rx) 11 remainsfinite at rxs, then H(rxs) is diagonable (but not conversely; 
see Example 3). 

Proof 

(i) The singularities of (H(rx) - Z)-1 can only originate with zeroes in the 
denominator [Det(H(rx) - Z)]-1 = Ilk (Ek(rx) - z)-1. 

(ii) Det(H(rx) - z) = (-zr + (-Zr- 1&Pi(rx) + "', where &Pi are poly­
nomials in rx. Hence the Ek(rx) are branches of the same algebraic func­
tions, and as such have the desired properties. As a complex integral of 
the analytic function R(rx, z), Pk(rx) is analytic unless the contour C gets 
caught between two singularities, which can happen only at the points 
rxs' Since the integral (3.5.1) can be written in terms of the Ek and poly­
nomials in rx, the singularities at rxs are at worst algebraic. 

(iii) The continuity of Ek follows from theorems on algebraic functions, 
and as a consequence, series expansions for the eigenvalues contain only 
positive powers of (rx - rxs)1/m. Suppose that this were also true for the 
Pk, so that IIPkl1 would remain bounded. By continuing the Ek(rx) along 
a circle above rxs, the Ek having a branch point there are permuted so that 
Ei becomes Ej for somej '# i. By (3.5.1) the same thing happens with the 
Pk, so the first terms of Pk(rx) = Pk(rxs) + (rx - rxs)1/mp~1) + ... would 
clearly have to satisfy Pi(rxs) = Pirxs)' Since P;(rxs) = P;(rxs), P;(rxs)Pirxs) = 
Pirxs)P;(rxs) = 0, and pJ(rxs) = Pirxs), this implies that P;(rxs) = Pirxs)=O. 

(iv) H(rx) is diagonable iff H(rx) = Lk Ek(rx)Pk(rx). If Ek and Pk are con­
tinuous, then this equation can be continued analytically to rxs. 0 

Corollaries (3.5.5) 

1. As long as H(rx) remains nondegenerate, everything is analytic, and H 
is diagonable. 

2. If H(rx) is Hermitian whenever rx is real, and thus unitarily diagonable, then 
IIPk(rx) 1I = 1 on the real axis. Then it follows from (iii) that there can be no 
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as on the real axis at which Ek has an algebraic singularity. This theorem, 
due to Rellich, is not trivial, as it may at first look, since it does not extend 

to the case of two parameters: The eigenvalues a1 + a2 ± jiJ aI + a~ of 
the matrix 

have a branch point at a1 = a2 = O. 
3. All zeros of Det(H(a) - z) are eigenvalues, for which reason analytic 

continuation of one of the Eia) always leads to another eigenvalue. 
This property is lacking on infinite-dimensional spaces. For instance, 
the eigenvalues of the hydrogen atom go as the square of the charge of the 
electron, and are thus entire functions in a. Yet they disappear when the 
charge becomes positive; their analytic continuation is not an eigen­
value. 

4. Although H(a) is an entire function, it may happen that a power series for 
Ek(a) in a has only a finite radius of convergence. However, because of 
Corollary 2 the radius of convergence is necessarily greater than zero. 

Let us now take up the question of how far these results carry over to the 
infinite-dimensional case. The set of eigenvectors will no longer span the 
whole Hilbert space, but instead there is the three-fold classification of spectra 
(2.3.16). It turns out, rather discouragingly, that the classification of spectra 
can be completely changed by arbitrarily small perturbations. 

Theorem (3.5.6) 

The operators with pure point spectra are norm-dense in the set of Hermitian 
elements of £JIJ(Yf). 

Proof 

Given any a = a* E £JIJ(Yf) written in the spectral representation (2.3.11), 
Yf=E8iYfi' aplfi:ljJ(a)-+aljJ(a), aESp(a). Define an such that anlJlfi : 
ljJ(a) -+ sn(a)ljJ(a), where sn(x) = m/n for m/n ~ x < (m + 1)/n, nE Z+, 
mE Z. Then Ila - anll ~ 1/n, and Sp(an) is the set of values of Sn, i.e., {m/n: 
mE Z}, which is purely discrete. 0 

Remarks (3.5.7) 

1. More particularly, the theorem states that any operator with pure 
continuous spectrum can be converted into an operator with pure point 
spectrum by the addition of an arbitrarily small perturbation. Con­
versely, there are operators with continuous spectra and arbitrarily small 
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norm, like anl/l(rx) = (lln)sin rxl/l(rx), for which Ilanll = 11n. These can 
convert the pure point spectrum of, for instance, the zero operator into 
a pure continuous spectrum. 

2. Theorem (3.5.6) can be strengthened to state that the addition of an 
operator 15 with trace norm (2.3.21) Ilbllp < e, p> 1, can render the 
spectrum discrete. The theorem does not hold for p = 1; if Ho = Ipl2 and 
IIHo - Hill < 00, then the M0ller operators exist, and Ho and HPac are 
unitarilyequivalent. 

3. The proof also works for unbounded self-adjoint operators. 
4. Note that the eigenvalues of Sn have infinite multiplicity and hence belong 

to the essential spectrum. Nevertheless, the spectrum consists of isolated 
points, and the next theorem will show that a relatively compact per­
turbation can not change a continuous spectrum into isolated points. 

The essential spectrum liess (2.3.18; 4) is less sensitive than the continuous 
spectrum. 

Stability of the Essential Spectrum (3.5.8) 

If H' is compact relative to Ho, then liess(Ho + H') = liess(Ho). 

Proof 

The criterion of (2.3.18; 5) for the essential spectrum can be reformulated as 
follows: A E lies.(Ho) ~ 3 I/In: III/Inll = 1, IjJn ~ 0, (Ho - A)ljJn --+ 0. By Defini­
tion (3.4.1), H'(Ho - Z)-l is compact for all z ~ Sp(Ho), so 

(Ho + H' - A)ljJn = (Ho - A)ljJn + H'(Ho - z)-l(Ho - z)ljJn --+ 0, 

since 

(Ho - z)ljJn = (Ho - A)ljJn + (A - z)ljJn ~ 0, 

and compact operators make weakly convergent sequences strongly con­
vergent. We can then conclude that A E liessCHo + H'), and switching Ho 
and Ho + H' (cf. (3.4.5; 2» yields the other direction of the theorem. 0 

Remarks (3.5.9) 

1. The addition of a relatively compact potential produces only finitely 
many bound states under Eo < 0. A classical description would be that the 
volume of the phase space under Eo is finite for such systems (cf. (3.5.38; 1». 

2. Compactness is essential. The addition of the bounded operator rx . 1, 
rx E IR, shifts the whole spectrum of any operator by rx. 

3. When applying this theorem, it should be remembered that if a is compact 
and b is bounded, then ab is compact, but a ® b may not be. 
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4. If a Hilbert-Schmidt operator is added as in (3.5.7; 2) to an operator, 
changing a continuous spectrum to a purely discrete spectrum, then the 
new eigenvalues must be dense in the continuum of the original operator, 
since O'ess is unchanged by the addition of a compact operator. 

As is reasonable, the shift in the spectrum by a when one adds a . 1 is as 
great as possible with a perturbation by an operator of norm ::; a: 

Theorem (3.5.10) 

If the distance from A to the spectrum of Ho satisfies d(Sp(Ho), A) > IIH'II, 
then A ~ Sp(Ho + H'). 

Proof 

The series 

is convergent in norm, because 11 (H 0 - A) - 111- 1 = d(Sp(H 0), A). 0 

However, if H' is unbounded, then the addition of rlH' can change any 
kind of spectrum in any way, no matter how small a is. 

Examples (3.5.11) 

1. Ho = 0, H' == t/I(x) -'> xt/l(x) on L 2« - 00, 00), dx). Sp(Ho + IXH') = IR for 
a=/; 0, and {O} for a = O. 

2. Ho = -d2/dx2 , H' = rlX 2 : O'acCHO) = IR+, O'vCHo) = O'sCHo) is empty. 

Sp(Ho + rlH') = ;-;. u,~)=o {2n + I}, O'ac = O's is empty if a> 0, and 
O'aiHo + aH') = 1R,00p = O's is empty for a < O. 

Most physically realistic perturbations are unbounded, so it may seem 
hopeless to conclude anything about Sp(Ho + aH') from Sp(Ho). Fortu­
nately, the relevant condition is not that H' be small, but only that it be 
small in comparison with Ho· 

Theorem (3.5.12) 

Let H' be bounded relative to Ho (3.4.1) and H(a) = Ho + aH'. Then the 
resolvent R(a, z) == (H(rl) - Z)-l is analytic in the variables (a, z) throughout 
some region containing {O} x {C\Sp(Ho)}. 
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Proof 

If z ~ Sp(Ho), then H'(Ho - Z)-l is bounded, so the series 

co 

L an(H'(Ho - z)-l)n 
n=O 

for the resolvent converges for all a small enough. o 

Remarks (3.5.13) 

1. The more precise form of the region of analyticity depends on the par­
ticulars of the operators. If, say, 

Sp(Ho) = IR+, IIH'l/IlI ~ alll/lll + bllHol/lll, 

then 

IIH'(Ho - z)-lll ~ all(Ho - z)-lll + bllHo(Ho - z)-lll 

a blzl 
<--+-­
- IIm zl IIm zl 

for Re z ~ 0, 

and IIH'(Ho - z)-lll ~ allzl + b for Re z ~ 0, and so the series con­
verges for 

I alal blal I m z I > + --;======~ 
- 1 - b2 1al2 )1 _ b2 1al2 

alal 
Izl ~ 1 - blal' Re z~O. 

2. The constants a and b of Remark 1 are not determined by H'. The constant 
b can be chosen smaller at the cost of increasing a. Hence it is difficult to 
formulate general statements, as in (3.5.10), about how much the spectrum 
is shifted. 

The analyticity of the resolvent means that the results (3.5.4) about the 
eigenvalues remain valid away from the essential spectrum (see Figure 10). 

Theorem (3.5.14) 

Let H' be bounded relative to Ho. Then the isolated eigenvalues of finite 
multiplicity of H(a) = Ho + aH', as well as the projections onto their eigen­
vectors, are analytic in a in a neighborhood of the real axis. 
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z plane 

The region of analyticity in z 
for a fixed 'J. -1= 0 

Sp(Ho) 

Figure 10 The region of analyticity of the resolvent. 
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For any isolated eigenvalue E(O) of Ho, there exists a distance dE IR+ such 
that the circle K = {z E C: I z - E(O) I = d} does not intersect the spectrum 
of Ho. If ao 1 = SUpzEK IIH'(Ho - z)-lll, then K x (-ao, ao) is within the 
region of analyticity of the resolvent R, and Pk(a) = (1/2ni) SK dz R(z, a) is 
analytic for lal < ao. Since dim Pk(O).1t' < 00, it follows that 

is an analytic family of operators of finite rank. In order to transform it into a 
family of finite matrices, write 

Pk(a) = ~(a)Pk(O)W:(a), 

as in the proof of (3.3.11). As is easy to verify (Problem 4), 

is a partial isometry and furnishes the desired transformation. If a is suf­
ficiently small, then IIPk(a) - Pk(O) II < 1, so the factor [ ... r 1/2 can be 
expanded in a convergent series, making W analytic in a. Therefore 
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is unitarily equivalent to Hk(rx) == Wt(rx)H(rx)Wk(rx), which is an operator of 
finite rank acting on a space Pk(O).1f, which is independent of rx. In other 
words, it is a finite-matrix-valued analytic function in rx. The propositions 
(3.5.4) about polynomials H(rx) are essentially unchanged for analytic 
functions H(rx)-algebraic functions merely become algebroid, that is, 
locally algebraic, functions. 0 

The next subject is the derivation of explicit formulas for the change that a 
perturbation H' causes in an eigenvalue. Let us assume that an interval of IR 
contains no essential spectrum, but only eigenvalues, and that the Ek(rx) 
and their projections Pk(rx) change continuously with rx. This is always the 
case when H' is bounded relative to Ho, but may also happen otherwise. 
Next, rewrite H(rx) as Ho + rxPH'P + rx(H' - PH'P), whereP = Pk(O) for the 
k of interest. If Ek(O) + rxPH'P has been diagonalized, then the effect of 
PH'P can be included in Ek, so without loss of generality we may assume that 
PH'P = O. Since the eigenvector Irx): (H(rx) - E(rx)) I oc) = 0, <rxlrx) = 1, 
varies continuously with rx, let Irx) = clO) + 11.), <OIl.) = 0, 1c12 = 
1 - <1.11.), which #0 for sufficiently small rx. If this is substituted into the 
eigenvalue equation and the component parallel and perpendicular to 10) 
are separated, then 

c(E(oc) - E(O))IO) = rxPH'I1.), 

(Ho - E(rx) + OCP.1 H') I 1.) = -cocH'IO), 

This produces 

The Brillouin-Wigoer Formulas (3.5.16) 

P = 10)<01, 
(3.5.15) 

P.1 = 1 - P. 

E(oc) = E(O) - oc2 <0IH'(Ho - E(oc) + OCP.1H'P.1)-lH'IO), 

11.) = -coc(Ho - E(oc) + OCP.1H'P.1)-lH'IO), 

c- 2 = 1 + oc2 <0IH'(Ho - E(oc) + OCP.1H'P.1)-2H'10). 

Remarks (3.5.17) 

1. To ensure that the formal expressions make sense, we must assume that 
10) E D(H') and that (Ho - E(rx) - rxP .1H'P .1)-1 exists. If H' and con­
sequently P.1 H' P.1 is bounded relative to Ho and E(rx) is isolated, then 
the series 

<Xl 

(Ho - E(OC))-l L [ocP.1H'P.1(Ho - E(rx))-lJn 
n=O 

converges on P.1.1t' for oc small enough, so (3.5.16) are well defined. 
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2. The eigenvalue E(IY.) is determined implicitly by (3.5.16). An explicit 
expression results from a comparison of the power series for both sides 
of the equation in IY.. The first few terms are fairly simple: 

Lowest-Order Perturbation Theory (3.5.18) 

Up to O(1Y.2 ), 

E(IY.) = E(O) - 1Y.2 (0IH'PJ.(Ho - E(O))-lPJ.H'IO), 

1.1) = IY.(Ho - E(O))-lH'IO), 

Remarks (3.5.19) 

1. An objective assessment of (3.5.18), which has been a daily tool for whole 
generations of physicists, is that it is unsatisfactory in several respects. Its 
shortcomings are that 

(i) if H' is unbounded, it is not obvious that E(IY.) should be analytic 
in IY., and indeed it is not analytic in most of the standard examples of 
perturbation theory-the an harmonic oscillator, Stark effect, Zeeman 
effect, and hyperfine structure; 

(ii) even if the radius of convergence p is greater than zero, the n-th 
order terms gets so complicated for large n that it is not easy to find 
out what p is; 

(iii) even the condition that IY. ~ P does not guarantee that (3.5.18) will 
be in close argeement to the true value. For example, the radius 
of convergence of sin(1001l() is infinite, but linear and parabolic 
approximations are not useful beyond a short range. If we wish to 
use (3.5.18), we ought to first show that the function E(Il() does not 
have such wild oscillations. 

2. The terms linear in IY. do not appear in (3.5.16), because IY.P H' P was defined 
away at the beginning. As a consequence, the Feynman-Hellmann 
formula 

~~ la=o = (OIH'IO) 

holds for nondegenerate eigenvalues. If the eigenvalues are degenerate, 
one must first choose the right basis in the degeneracy space and be aware 
that the numbering of the analytic functions Ek(lY.) will not continue to 
order them by their magnitudes. For example, the eigenvalues ± Il( of 

H(IY.) = IY.H' = (: ~) 
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are not the same as (X<OIH'IO) with the vector 

10) = (~). 
and the lowest eigenvalue El (rL) = -I (X I is not differentiable at the point 
(X = O. 

3. Formulas (3.5.16) do not assume analyticity. Even without analyticity, 
(3.5.18) gives the correct asymptotic expansion under our assumptions: 

E«(X) - E(O) - (X2<0IH'P.l(Ho - E(O))-lP.lH'IO) 
= (X2<0IH'P.l(Ho - E(O))-l(E«(X) - E(O) + (XP.lH'P.l) 

x (Ho - E(rL) + (XP.lH'p.l)-lH'IO) = O(rL3), 

and similarly at higher orders. However, in the absence of analyticity 
perturbation theory may lead to nonsense. It may happen that the series 
diverges for all rL E IR \ {O} although the discrete eigenvalues persist for 
all (X E IR, or that the series converges, but to the wrong answer. 

Examples (3.5.20) 

1. H«(X) = p2 + x2 + (X2X6 . Since the potential of this an harmonic oscillator 
goes rapidly to infinity for all rL E IR as I x I --+ 00, the spectrum remains 
discrete (see (3.5.38; 1)). Yet R«(X, z) is not analytic: 

_ a~ I = (p2 + x2 - Z)-l X6(p2 + x2 - Z)-l 
a(X ,,=0 

is unbounded, since Ilx3(p2 + x 2 - z)-lq>11 can get arbitrarily large. 
2. H(rL) = p2 + x 2 - 1 - 3rLx2 + 2rLX4 + rL 2X6 = a*a, where a = ip + 

x + rLX 3• It is clear that H(rL) ~ 0 for all rL E IR, the eigenvalues remain 
isolated for all rL E IR, and (Jess(H(rL)) = 0. However, the eigenfunction 
exp( -x2j2 - rLx4j4) with the eigenvalue 0 belongs to 

L 2« - 00, (0), dx) 

only for rL ~ O. Since perturbation theory produces an asymptotic series for 
the ground state E(rL), which equals 0 for all rL ~ 0, all the perturbation 
coefficients must vanish. The series then also converges trivially for all 
(X ~ 0, although 0 is no longer an eigenvalue. 

More precise information about the positions of the eigenvalues can be 
obtained with variational methods. They rely on the 

Min-Max Principle (3.5.21) 

Let H be self-adjoint and bounded from below, and let the eigenvalues be 
El ~ E2 ~ E3 ~ .•. ~ Eoo (counting multiplicity), where by definition all Ek 

lying above the bottom of the essential spectrum E 00 are set equal to E 00' 



3.5 Perturbation Theory 153 

even if Eoo is not an eigenvalue. Let Dn be an n-dimensional subspace of D(H), 
let D; be its orthogonal complement in D(H), and let TrDn be the trace in Dn. 
Then 
i+ j-l 

I Ek = inf sup TrDjH = sup inf TrDjH, i andj = 1,2, .... 
k=i Di+j-l DjcDi+j-l Di-l DjcDi-l 

Proof 

See Problem 5. o 

Remarks (3.5.22) 

1. In particular, I~= 1 <I/In I Hl/ln) for any orthonormal system {I/In} c D(H) is 
always greater than the sum of the firstj eigenvalues, counting the bottom 
of G"ess as an infinitely degenerate eigenvalue. By the use of well chosen 
trial functions I/In provided with several parameters to adjust, excellent 
upper bounds on L~= 1 En can be obtained. 

2. To get an upper bound for En itself, take an orthonormal set {I/Il" .. , t/ln} C 
D(H). The greatest eigenvalue of any n x n matrix <I/Ii I Hl/lk) is ~ En. 

The astute reader will have realized from (3.5.18) that the second-order 
correction (""' 1X2) for the ground state is always negative. More generally, 
(3.5.21) permits the proof of some 

Concavity Properties of En(lX) (3.5.23) 

Let H = Ho + IXH', with D(H') ::::) D(Ho). Then L~=l En(IX), j = 1, 2, ... , 
are concave functions of ()(. 

Gloss (3.5.24) 

Concave functions/: I ~ IR are by definition those for which 
n 

lXi ~ 0, L lXi = 1, Xi E I. 
i= 1 

The function -lis said to be convex. Concave functions/have the following 
properties: 

(i) / is continuous on the interior of I, has right and left derivatives at every 
point, and has first and second derivatives almost everywhere; 

(ii) r is a negative distribution (I" dx is a negative measure); 
(iii) for X > O,f(x) is concave iff x/(1/x) is concave; 
(iv) if/ > ° and I//is concave, then/is convex; 
(v) If the functions.h(x) are concave and ()(i ~ 0, then Li IXJlx) is concave; 
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(vi) If.t;(x) is concave, then infd(x) is concave. 
(vii) If the functions /; are concave and 1'1 ~ 0, then 11 0 12 is concave. 

Proof 

The expression L~=l <t/lnIH(rx)t/ln) is linear in rx, so by Property (vi) its 
infimum over the t/ln is concave. D 

Remark (3.5.25) 

It is necessary that D(H(rx)) = D(Ho), so that the infimum is taken over a 
set independent of rx. For instance, 

Eirx) = inf <t/I I H(rx)t/I) 
<"'I"'I(~»=O 

is not necessarily concave. 
Although the min-max principle guarantees that El (rx) lies below any 

possible expectation value of H(rx), it does not say how close to El the 
expectation value comes. People who make variational calculations normally 
convince themselves that they come close by their faith in their pet trial 
functions. There are, however, a few criteria with which to gauge the accuracy. 

Weinhold's Criterion of the Mean-Square Deviation (3.5.26) 

There is a spectral value of H in the interval [<H) - I1H, <H) + I1H]. 

Proof 

According to (3.5.21), there is a spectral value of (H - <H»)2 below 
<CH - <H) )2) = (I1H)2,and hence H has a spectral value nearer to <H) 
than the distance I1H. D 

Remark (3.5.27) 

Criterion (3.5.26) can only be used after verifying that the eigenvalue in the 
interval is indeed the one wanted. For instance, it produces a lower bound 
for El only if it is known that E2 is greater than <H) + I1H. 

Dumn's Criterion of the Local Energy (3.5.28) 

Suppose that H = Ipl2 + Vex), D(V) => D(lpI2) has isolated eigenvalues Ek • 

The eigenvector t/ll(X): Ht/l1 = Elt/ll can be assumed to be nonnegative. If 
t/I(x) > 0 and E(x) == Ht/I(x)N(x), then El lies in the interval [infx E(x), 
supx E(x)]. 
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Proof 

Write t/ll(X) = R(x)exp(iS(x», with R positive and S real (cf. (3.3.21; 5»; 
then 

<t/llIHt/ll) = f dx(IVR(x)12 + R2(IVS(xW + Vex»~) 

~ f dx(IVR(x)1 2 + R2V(x». 

For t/I 1 to have the lowest eigenvalue, S must be constant, and can be re­
defined as 0. This makes < t/I 1 1 t/I) > 0, and 

E1<t/lllt/1) = <Ht/ltlt/l) = fdX t/ll(x)t/I(x)E(x) ~ ~ufP E(x)· <t/lllt/1). D 
~m 

Remark (3.5.29) 

This criterion does not involve integrals as in the calculation of expectation 
values, which is an advantage; but at least one of its error bounds is worse 
than the corresponding bound of (3.5.26) calculated with t/I: 

(!lH? = f dx(E(x) - <H»2t/1(X)2 

~ max{«H) - i~f E(X»2, «H) - s~p E(X»2} 

If H is of theform 1 P 12 + V(x), then, obviously, E t ~ - IIV 11 00 • But even if 
V ...... - 00 somewhere, H may be bounded below. The uncertainty principle 
leads one to believe that this should always be the case when V approaches 
- 00 more slowly than - 1/r2, which means that V is locally in LP, p > l This 
is in fact the case, as shown by the 

General Lower Bound (3.5.30) 

I n three dimensions, 

IpI2 + Vex) ~ -cpIIVII;P/(2P-3), p >!, 

C = r -- -- (4n)-2/(2 p -3) (
2P - 3)(2P-2)/(2P-3)(p _ 1)2 

P p-I p , 

where the operator Ipl2 + V is defined by the Friedrichs extension (2.5.19). 
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Proof 

The ground state t/J satisfies the equation 

t/J(x) = 5 d3x'G(x - x')V(x')t/J(x'), 

3 Quantum Dynamics 

G(x) = exp( -JiEllxl) 
4nlxl 

because G is the Green function for I p 12 - E. Young's and Holder's in­
equalities imply that if p ~ 1, then 

We thus calculate that 

1 1 
-+-=1. 
p q 

IIGII = ~ [5 d3x exp( -qJIEIIXI)]1Iq 
q 4n I xlQ 

= IEI(Q-3 l/2Q. q(Q-3lIQ . r 11Q(3 - q)(4n)-1 /P• 

Since this is finite up to the point p = t <=> q = 3, it can be substituted into the 
earlier inequality to get an upper bound on I Eo I for the Friedrichs extension 
with p > t, q < 3. The argument does not work for arbitrary definitions of 
the sum of the operators I p 12 and V; the deficiency indices may be nonzero, 
and the lowest eigenvalue can be arbitrarily negative. 0 

If H' is positive, then lower bounds for Ek can be obtained from an eigen­
value problem restricted to some subspace (cf. (3.5.21) for contrast): 

The Projection Method (3.5.31) 

Suppose that H' ~ 0 and P = P* = p2, so that P(H')-1p is bounded and 
invertible on P.Yf. Then the ordered sequence of numbers E!O) such that Ho I i) = 

E!O)li) with Pli) = 0 and EL for which the operator P{(Ho - EL)-1 + 
(H') - 1 } P has eigenvalue zero consists of lower bounds for the ordered sequence 
of eigenvalues of Ho + H'. 

Proof 

For any projection Q, Q ~ 1, so (H')1 /2Q(H')1/2 ~ H'. If we take Q = 
(H') - 1/2 P(P(H') - 1 P) - 1 P(H') - 1/2, then Q is a projection, since Q = Q* 
= Q2, and there results H' ~ P(P(H')-1 P)-1 P. Therefore, by the min-max 
principle, the ordered sequence of eigenvalues of 
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consists of lower bounds for the eigenvalues of H = Ho + H', since H ;?: HL, 
and so all expectation values satisfy <I/! I HI/!) ;?: <I/!IHLI/!). If IL) is an 
eigenvector of HL and PIL) = 0, then IL) must be one of the li), and thus 
Ei is an eigenvalue of HL. If PIL) =I- 0, then we may write 

PIL) = _P(H,)-lPI), 

which converts the eigenvalue equation into (Ho - EL)IL) = PI), or 

PIL) = P(Ho - EL)-lPI) = _p(H,)-lPI). 

Special Cases (3.5.32) 

o 

1. Let P = Ix)<xl be one-dimensional, so the comparison operator is 
p. <X I (Ho - EL) - 1 + (H') - 1 I X). Since E\O) are trivial lower bounds, we 
need < i I X) =I- 0, i = 1, 2, ... , n, in order to raise our estimates of the first 
n eigenvalues. If we let 

i= I 

then the problem becomes to solve the equation 

L E(J)C~ZE + l>t<il(H')-llk)ck = 0. 
i i L i,k 

Since (H,)-I > 0, there is always a solution for EL between any E\O) and 
E\~ I' No one-dimensional projection can raise an eigenvalue above the 
next higher one. More specifically, E\O) + <11 (H') - 111) -I ~ E I ~ E\O) 
+ < 11 H' 11), whenever the left side is ~ EiO). 

2. If we let Ix) = c(Ho - EL)II/!), III/!II = 1, then we need to find the least 
solution of 

<I/!IHo - EL + (Ho - EL)(H,)-I(Ho - EL)II/!) 
= (I/!IH - EL - (H - Ed(H')-l(H - EL)II/!) = 0, 

I.e., 

EL = (I/!IHII/!) - (I/!I(H - EL)(H')-l(H - EL)II/!)· 

If EL ~ EiO), then it will be a bound for El, and 

<I/!IHII/!) - (I/!I(H - EL)(H')-I(H - EL)II/!) ~ El ~ <I/!IHII/!), 

provided that the left side is ~ EiO). In this case we are not confined to the 
use of eigenvectors of Ho, and may equip I/! with some parameters to vary 
and optimize the bounds. In addition, H can be written in various ways as 
a sum of Ho and H'. If we let H' = (Ez - EL)·1 (why not, once we know 
that EL < Ez ?), then 

<t/JI(H - EL)(Ez - EL) - (H - EL)ZIt/J) = 0, 
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which yields Temple's inequality, 

(llH)2 
El ;;:: EL = <H) - E2 _ <H) 

If llH < E2 - <H), this improves (3.5.26). 

3 Quantum Dynamics 

Once the Ek have been localized, the question can be raised of how well 
the trial function 1/1 approximates an actual eigenvector 1 ). There is little 
chance for a general pointwise bound, but the accuracy in the L 2 norm, i.e., 
in the mean-square sense, can be gauged in terms of inner products, for 
which there are useful estimates. 

Bounds for the Overlap Integral (3.5.33) 

Let a constant be subtracted from H to adjust the lowest eigenvalue El to 0, 
and let 1 ) be its eigenvector. Then 

1 _ <H) < 1<'/'1)12 < 1 _ <H)2 
E2 - 'I' - <H2) 

where < ) is the expectation value in the state 1/1. (These bounds are due re­
spectively to Eckart and to Farnoux and Wang.) 

Proof 

Right side: HI/I is orthogonal to 1 ), so 

1<1 '/')12 < 1 _1<I/IIHI/I)12 
'I' - IIHI/II12 

Left side: Let P = 1 - I )< I. Then 

<I/IIP(H - E2)PI/I) = <I/IIHI/I) - Eil -1< 11/1)1 2 );;:: 0. 0 

Remarks (3.5.34) 

1. It is not difficult to improve these bounds [5]. They show that the relevant 
facts for the accuracy of 1/1 in the L 2 sense are smallness of <H) - Eland 
llH and a large isolation distance from E2. 

2. The upper bound holds only for the eigenvector of the ground state El' 
though similar lower bounds hold for excited states. 

The motivation for the concepts that have been developed is the study of 
Hamiltonians of the form H = Ipl2 + V, and we have assumed that there is 
only a discrete spectrum under the continuum on IR +. The final topic of this 
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section will be bounds on the number of bound states below a given energy; 
this in turn excludes a.ss from below such an energy. The discussion begins 
with a lemma, which seems trivial for attractive potentials, but is surprising 
for potentials that are partially repulsive. 

Monotony of N(H) in the Coupling Constant (3.5.35) 

Let H = Iplz + AV be such that aess(H) is contained in ~+, and let N(H) == 
Tr G( - H) be the number of eigenvalues less than zero, counting multiplicity. 
Then N( Iplz + AV) is a monotonically increasing function of A for A > 0. 

Proof 

H 1 ~ H Z ~ N(H d 2 N(Hz) and N(AH) = N(H) for all A> 0, so 

N(lplz + ,.1.1 V) 2 NG: (lplZ + Az V)) = N(lplZ + Az V) for all ,.1.1 2Az. 

o 
The number of eigenvalues below _cz, i.e., N(H + CZ), can be estimated 

above by traces for potentials that are in some trace class relative to Iplz, that 
is, by certain integrals. 

The Birman-Schwinger Bound (3.5.36) 

Let 

IVI- = {- V(x), 
0, 

Thenfor all p 2 1, 

where V(x) < 0 

otherwise. 

N(lpll + V + Cl) ~ 11(lp1Z + cZ)-l/zlVl_(lpIZ + cZ)-l/zll~. 

Proof 

N(lplZ + V + c2) ~ N(lplZ - 1 VI_ + CZ), and all the eigenvalues of 
1 p IZ - A 1 V 1_ + CZ are continuous, decreasing functions of l Hence 
N( 1 p IZ - 1 V 1_ + c2 ) equals the number of values of A for which 1 p IZ -
A 1 V 1_ has the eigenvalue - c2 (see Figure 11). Since 1 p IZ + CZ is invertible, 
it follows from (Ipll - AIVI-)ljJ = -czljJthat 

1 
(Iplz + CZ)-1/21V1_(lpIZ + CZ)-l/Zq> = ~q>, 



160 3 Quantum Dynamics 

A. = 1 

-C2--r-----------~--~n_--~~------------

E 

Figure 11 The eigenvalues as functions of the coupling constant. 

Thus N(lpl2 - 1 VI_ + c2 ) = [the number of eigenvalues (l/Ai) ~ 1 of the 
operator (lpl2 + C2)-1/21V1_(lpI2 + C2)-1/2] 

Applications (3.5.37) 

1. Bound S-states. If V is radially symmetric, then one can ask about states 
of definite angular momentum I, where one thinks of the appropriate 
projection P, onto an angular-momentum subspace as included in V. The 
operator P o( 1 P 12 + c2) - 1 Po has an integral kernel 

R(r, r') == ~ [sinh rc exp( -r'c)0(r' - r) + sinh r'c exp( -rc)0(r - r')], 
crr 

and, moreover, the bound involving p, 

may exist. For c = 0, this reduces to Bargmann's boURd: 

(The number of bound S-states of V(r» ::;; 100 dr r 1 V(r) 1-. 
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2. In our discussion of free motion (3.3.3) in three dimensions, we saw that 
the integral kernel of (I p 12 + C2) - 1 was exp( - c I x - x'l)/4n I x - x' I , 
which is infinite where x = x'. It is thus necessary to choose a larger 
exponent p; with p = 2, we get the bound of Ghirardi and Rimini: 

N(lpl2 + V + c2) ~ (4~r f d3x d3x' I V(~~I=-I :,~~')I-

. exp( -2clx - x'I). 

Remarks (3.5.38) 

1. The classical analogue of N(lpl2 + V) is the volume of phase space of 
negative energy, 

fd;;~:P 0( -lpl2 - Vex»~ = 6~2 f d3XIVI~2. 

ASA -+ 00, N( I P 12 + AV) in fact approaches this integral, as will be shown 
in volume IV. For finite ..1. the integral is a bound on N(lpl2 + AV), with 
some weakened constant [25]. 

2. If the potential is radially symmetric, then it is possible to obtain a family 
of bounds for N" the number of bound states of angular momentum I, 

(p - W- 1 f(2p) foo 2p-l ) p 

NI ~ (21 + 1)2P IpPf(P)2 ° dr r I VCr 1-, p~1. 

These bounds are optimal in the sense that for all p ~ 1, there is a potential 
VI, P for which equality holds. By varying p, one can use this formula to 
evaluate the number of bound states for most potentials to within a few 
percent. 

3. The moments of the eigenvalues can be read off from N by [6] 

t IE;lY = TrIHIY0( -H) = foo dEIEIYTr beE - H) 

= fO dEIEIY ~ N(H - E) = y fO dEIEIY-1N(H - E). 
-00 aE -00 

Example (3.5.39) 

The Yukawa potential, VCr) = -..1. exp( -r)/r, ..1. > O. By (3.5.37; 1), the 
number of bound S-states is at most ID' drl V(r)lr = ..l.. If we use the trial 
function "'(x) = u(r)/r, u(r) = (A 3/8n)1/2r exp( -Ar/2) in (3.5.28), then H"'N 



162 3 Quantum Dynamics 

= -A2/4 + A(1 - exp( -r»/r, so we get the bounds -A2/4:S; El :s; 
- A 2 /4 + A. The expectation values of H = 1 P 12 + V and H2 in the state 1/1 are 

and 

A2 2A + 1 - A2 A2 3 
<I/IIHI/I) = 4 (1 + A)2 = - 4 + A - 2: + O(1/A) 

<.I'IH2.1,) = A4 [5 _ 16A + 12A2 ~J 
If' If' 16 (1 + A)2 + 2 + A ' 

~H = ~ (_A_)2 )2 + 3A. 
21+A 2+A 

The min-max principle yields the upper bound <I/IIHI/I> for El, and (3.5.26) 
gives the lower bound < 1/11 H 1/1 > - ~H, once it is known that E 2 > <1/11 H 1/1 > 
+ ~H. Because V> -A/r, En> -A2/4n2 (see §4.l); consequently, for 
<I/IIHI/I) :s; - A2 /16, we have definitely caught the eigenvalue El between two 
bounds. For A sufficiently large, the lower bound can be improved with 
Temple's inequality (3.5.32; 2), since (~H)2(E2 - <H»-l = O(A-2). The 
projection method can make use of the exactly soluble case Ho = 1 P 12 - A/r 
and H' = A(1 - exp( -r»)jr, yielding 

A2100 -).r 00 A2 
<H,- 1> =-2 drr31~ r=3L(A )4 <A- 2(3 + A), 

o e n=O + n 

so -A2/4 + A2j(3 + A) :s; El' The general bound (3.5.30) 

E ~ - dr r2 1V IP 2 (p - 1)2 (1 00 )2!(2P-3) r(3 - q)2q!(3- q) 

o p 

works only if p < 3, and thus never gives the actual asymptotic behavior 
"'A2 as A. -+ 00; for instance, with p = q = 2, we get -..1.4 /16::; El' (See 
Figure 12.) 

Temple's inequality 
inequality (3.5.28) 

6 

El--~-------r----~~----~r------+----~4 
-6 -5 -4 -3 -2 -1 

Figure 12 Bounds for the ground state with a Yukawa potential. 
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Problems (3.5.40) 

\. Show that R(IX, z) has simple poles at Ek , and Pk(lX) = N(IX*), P;(1X)Pk(lX) = c5 ik Pk(IX). 

2. Show that a is compact if[ I/In ~ O~ al/ln -+ O. (Hint: for the "only if" direction, recall 
that the strong and weak topologies are equivalent on strongly compact sets in 
Hilbert space.) 

3. Show that if H' is compact relative to Ho, then for all £ > 0 there exists a c5 such that 
IIH'I/III ::; r.IIHol/tll + blll/lll for all I/t E D(Ho). (The operator a = H'(Ho + i)-I is 
compact. Let Pn = X[-n.niHo), and show (i) that Ila(l - Pn)11 -+ 0, and (ii) that 
H' Pn is bounded for all n.) 

4. Show that for IIX 1< c5, W(IX) = P(IX)[l + P(O)(P(IX) - P(O))p(O)r 1/2 P(O), where W 
is as in the proof of (3.5.14). 

5. Prove the min-max principle (3.5.21). (Use the unitary invariance of the trace and 
note that TrDluD2 = TrDI + TrD2 for DI orthogonal to D2') 

6. Give an example of a 3 x 3 matrix for which the value E2 = sup 11'" 11 = I E2(1/I), 
Eil/l) = inf('I'II/I) =0. 11'1'11 = I <({J I H({J> is attained for some 1/1 other than 1/11> the ground 
state. 

Solutions (3.5.41) 

1. Let Pk be the projection onto the eigenvector for Ek • The Laurent series of (Ho - Z)-I 

is (Ek - Z)-I Pk + (1 - Pk) x analyticfactors. 

i = k: 

i ¥- k: 

2niPb) = ~ dz R(IX, z) = - ~ dz R(IX, z) = - ~ dz* R(IX, z*) 
Ck -Ck Ck 

= - [~kdZ R(IX*, Z)j*. 

P;(1X)Pk(lX) = (2ni)-2 1. 1. dz dz', [R(IX, z) - R(IX, Z')]. 
~i ~k Z - Z 

(2nW2 If·· = (211:0- 1 ~ dz R(IX, z). 
Cl 

0, o. (211:i)-2 If-· = o. 
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2. Lemma: Let K c :If be strongly compact. If M c K is weakly closed, then it is also 
strongly closed. Conversely, if M is strongly closed, then it is also strongly compact, 
hence weakly compact, hence weakly closed. (See also Problem (2.1.29; 7).) 

"only if": tjJ. ~ 0 => atjJ. ~ 0 => atjJ. -+ 0 because of the lemma and because {tjJ.} is 
bounded. 

"if": (tjJ. ~ 0 => atjJn -+ 0) = (tjJn ~ tjJ = atjJ. -+ atjJ). 
Now suppose X is a bounded set. To show that aX is strongly relatively compact, it 
suffices for every sequence atjJn, tjJn E X, to contain a strongly convergent subsequence. 
The sequence tjJ. contains a weakly convergent subsequence tjJnk ~ tjJ => atjJnk -+ atjJ. 

3. (i) Let a. = a*(l - P.)a.lla(l - Pn)11 2 = sUPII"'II:S1 (tjJlantjJ). If 11 ... 11 2 were greater 
than some fixed positive C for all n, then the intersection of the decreasing se­
quence {tjJ: (tjJ lantjJ) ;;:: C, 11 tjJ 11 ::; 1} of weakly compact sets would be nonempty, 
so there would exist a tjJ such that 11 tjJ 11 ::; 1 and (tjJ 1 an tjJ) ;;:: C for all n. This is 
impossible, since 1 - p. -+ O. 

(ii) H'Pn = a S"-n (IX + i)dP, is the product of two bounded operators. Consequently, 
if tjJ E D(H 0), then for n sufficiently large, tjJ E D(H 0), 

IIH'tjJll = Ila(Ho + i)tjJll ::; Ila(l - Pn)(HO + i)tjJll + IIH'Pn tjJ 11 

::; ell(Ho + i)tjJll + IIH'PnlllltjJll· 

4. IIP(IX) - P(O) 11 < 1, [] > 0, []Po = Po[]. WW* = P[ r l /2Po[ rl/2p = 
PPo[ rip = P. W*W = Po[ rl/2p[ r l /2Po = [ r l /2Po[ ]Po[ r I /2Po = Po. 

5. We consider only the infinite-dimensional case, so H has arbitrarily many eigenvalues 
greater than or equal to Ei+j - I • Let HtjJi = EitjJi' let Bi,j be the subspace spanned by 
{tjJi' tjJi+ I"'" tjJi+ j- d, 

6. 

and let d' be the dimension of Dj. In the trace 

TrDjH = TrDj H + TrD~H + TrD/ H 

the first contribution lies between El + E2 + ... + Ed- and Ei- d- -I + Ei- d- + ... 
+ E;_I' the second between E; + Ei+ 1 + ... + Ei+dO - 1 and Ei+.i-dO-1 + Ei+i-do 
+ ... + Ei+ j_ b and the third is ;;:: Ei+ j_Id+. Hence 

sup TrDjH;;:: E; + Ei+1 + ... + Ei+j - I 
DjcDi+j-l 

(equality holds for Di + j-I = RI, i+ j-I); and 

inf TrDjH::; E; + Ei+I + ... + E;+j_1 
DjcDr_l 

(equality for Di- I = Bl,i-I)' 

[1 0 0] 
H= 0 2 0, 

003 
tjJ = (~, 0, ~) '" tjJI = (1,0,0). 

The general form of the q/s orthogonal to tjJ is q; = (IX, e;IPJ1 - 211X12, -IX), with 
IIXI ::; !, and (q;IHq;) = 2(1 - 21X2) + (3 + 1)1X2 = 2 for all IX. 
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3.6 Stationary Scattering Theory 

An explicit formula for the scattering operator S is obtainable with 
an Abelian limit, and analytical methods can be applied to it. 

165 

Historically, collision problems could be studied only with the methods of 
wave mechanics, and not with those of matrix mechanics. It has thus come to 
be believed that scattering theory should be thought of as concerning the 
scattering of waves, and not of particles with observables x and p. More 
recently, the connections between the two points of view have become better 
understood, and as a result we shall be able to tie in directly with §3.4. Since 
we have by now learned which mathematical pitfalls are dangerous and which 
can be harmlessly circumvented, we shall indulge in formal manipulations 
without always pausing to investigate the finer points of rigor. 

The M9111er operators were introduced as time-limits of net) = exp(iHt) 
x exp( -iHot). If they exist, then a fortiori (Problem 1) the limit as 8 ~ 0 of 

8 Jg> dt exp( - et)n(t) exists (cf. (I: 3.4.18», which is an operator that no longer 
contains time explicitly. Since the integrand is an exponential function of t, 
the t-integration looks trivial at first sight, but because Hand Ho do not 
commute, it is not so simple. The difficulty can be eased with the partition of 
unity 1 = Jg> dE c5(Ho - E) given by the spectral representation of Ho, 
which we shall think of as 1 p 12. Then only the commuting variable E appears 
in the integral of the final exponential function, exp( - iH 0 t) = J g> dE 
x exp( -iEt)c5(Ho - E), and there is no further obstacle to the integration: 

n± = s-lim 8 JOOdt JoodE exp(±it(H - E ± i8»c5(Ho - E) 
dO 0 0 

= s-lim (00 ± dE i8(H - E ± iE)-l c5(Ho - E) 
EL 0 Jo 

= 1 - s-lim (00 dE(H - E ± i8)-1 V c5(Ho - E). 
e L 0 Jo 

Remarks (3.6.2) 

(3.6.1) 

1. This means that n ± can be written in terms of the boundary values of the 
analytic function z ~ (H - Z)-l V on the branch cut ~+. The V's that 
we shall deal with are mapped by this function into compact operators. 
It will in addition be convenient to use the variable k == JE instead of 
E to simplify the integrals; the limits in n± simply correspond to Im k ~ O. 

E plane 
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Under the right circumstances, the integrands can be continued analyti­
cally across the real axis: 

f d3X d3x' 
11 Vl/2(H - k2)-l V l /2 11 2 = 

o 2 (4n 1 x _ x' 1)2 

X V(x)V(x')exp(i(k - k*)lx - x'l) 

is finite even if Im k < 0, provided that Vex) falls off sufficiently rapidly. 
If we write 

Q± = s-lim foo 2k dk QUe =F k)J(Ho - k2), 
e! 0 0 

then 

Q(k) == 1 - (H - k2)-lV = (1 + (Ho - k2)-lV)-l 
= V-l/2(1 + IVll/2(Ho _ k2)-lVl/2)-llVll/2 

has only poles, at the points where the compact operator in the de­
nominator has the eigenvalue -1. The branch-point in the variable E at 
E = 0 disappears in the uniformizing variable k. 

2. It is customary in wave mechanics to work outside the space L 2 and use 
plane waves cp = exp(ik· x) as eigenvectors of Ho. When multiplied by 
Q+ they are turned into eigenvectors of H: t/J ± = Q±(k)cp, which satisfy 
the Lippmann-Schwinger equation 

t/J± = cp - (Ho - k2 ± ie)-lVt/J±, k = Ikl, 

because Q(k) = (1 + (Ho - k2)-lV)-l. In the x-representation, this 
reads 

fd3X' exp(=Fiklx - x'l) 
t/J±(x) = exp(ik·x) - 4nlx _ x'l V(x')t/J ± (x'). 

The new eigenvectors contain incoming, or respectively outgoing, spherical 
waves in addition to the plane waves. 

Example (3.6.3) 

With the separable V of (3.4.13; 1), Q(k) = 1 - A(Ho - k2)-lpD- l(k), or, 
written as an integral operator with a momentum-space kernel, 

(p'IQ _ lip) = - foo 2k dk J(lpl2 _ k2) AP*(p')p(p) D-l(=Fk) 
± 0 (lp'12-k2±ie) ' 

where now 

Im k > O. 



3.6 Stationary Scattering Theory 167 

If, say p2 = M2/(lpI2 + M2), M > 0, then D(k) = 1 + (}../4n)M2/(M - ik). 
This function can be continued into the lower k-plane, equivalent to the 
second sheet in E, though it no longer equals the integral there, but instead 
develops a pole at k = - iM. 

In the same way, the time-limit (3.4.24; 6) in S can be recast as an I: limit, 
the only difference being that the partition of unity is needed on both ends of 
the expression: 

= s-lim ('Xl dE dE' (j(Ho - E) H _ ( -il:')/2 _ . (j(Ho - E'). (3.6.4) 
et 0 Jo E + E 11: 

With the second iteration of the resolvent formula (suppose D(H) is D(H 0», 

and the limit 

-il: 
lim = 2ni (j(E - E'), 
e! 0 «E - E')/2 - il:)«E' - E)/2 - il:) 

there results 

S = s-lim r J dE{l - 2ni (j(Ho - E)[V - V(H - E - il:)-l V]}(j(Ho - E). 
e! 0 Jo 

(3.6.5) 

(As usual, S is in the interaction representation.) In order to discuss (3.6.5), 
we need another operator-valued analytic function of the uniformizing 
variable k (see (3.6.2; 1»: 

t(k) == V!L(k) = V - V(H - k2)-1 V 

= VI/2[l + 1V11/2(Ho - k2)-1 VI/2r I1V11/2 

= [V-I + (Ho - k2)-lr 1 = t*( -k*). (3.6.6) 

The domains of definition, especially that of V-I, will have to be checked 
later. As Im k ! 0, 

t-1(k) - t-1(-k) = lim[(Ho - k2 - il:)-l - (Ho - k2 + il:)-l] 
dO 
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in the sense of convergence of quadratic forms, and we get 

1 - 2ni lJ(Ho - kZ)t(k) = (t-l(k) - 2ni lJ(Ho - P»t(k) = t- l( - k)t(k): 

The Spectral Representation of the S Matrix (3.6.7) 

S = f) 2k dk S(k)lJ(Ho - kZ), 

S(k) = t-l(-k)t(k) = s-lim[1 + (Ho - kZ + ie)-lV] 

·[1 + (Ho - kZ - ie)-lV]-l. 

From this there follow the 

Unitarity Properties of the S Matrix (3.6.8) 

(i) S(k)S( - k) = 1 on the domain of analyticity. 
(ii) lJ(Ho - kZ)S(k)* = S( -k)lJ(Ho - kZ) for k real. 

Example (3.6.9) 

Recall (3.6.3), with V = AP. We find that t(k) = APD- l and S(k) = 1 -
2ni lJ(Ho - kZ)APD- l. Since lJ(Ho - kZ)P lJ(Ho - P) = lJ(Ho - P)lp(k)IZ 
x (k/4n)P 0, where PI is the projection onto the states of angular momentum 
ILlz = 1(1 + 1), and D(k) - D( -k) = 2ni(k/4n)lp(k)IZ, we find that 

S = f'2kdklJ(Ho - kZ)(Po D~~~) + 1- Po)' 

Remarks (3.6.10) 

1. Since [S, Ho] = 0 it follows that even though S(k) maps functions off the 
energy shell Ho = kZ, S(k)lJ(Ho - kZ) does not. The unitary relation 
lJ(Ho - k,z)S(k')*S(k)lJ(Ho - kZ) = lJ(Ho - kZ)lJ(k'Z - kZ) then holds 
on the energy shell, and hence S(k) lJ(Ho - kZ) can be writtent as 
exp(2i lJ(k»lJ(Ho - kZ), where lJ(k) = lJ(k)* = -lJ( -k). Making use of 
the spectral representation of Ho = Iplz, we can write.Yf = LZ([R+, 2k dk) 
® LZ(SZ, dO), and the operator lJ(k) maps the angular part LZ(SZ, dO) 

onto itself. The operator lJ == lJ(Fo) then acts on all of .Yf, and [lJ, Ho] 
= O. If V is spherically symmetric, [lJ, L] = 0, so lJ(k) = LI lJI(k)PI, for 

t It is unfortunately traditional to use the same letter for the phase-shift fJ(k) and for Dirac's 
delta function. The reader should be alert for any possible confusion. 
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b1(k) E fR. Then in the diagonal representation of I L 12, S becomes a multi­
plication operator in Ho: 

S = foo dk2 b(Ho - k2)exp(2ib(k» = L foodk2 b(Ho - k2)Pl exp(2ib l(k». 
o 1 0 

2. The unitarity of S implies the Low equation for t (as before, defined with 
Im k! 0): 

t( -k) - t(k) = 2niVn b(Ho - k2)n*V 

= 2nit(k)b(H 0 - k2)t( - k), k E IR 

3. If the Lippmann-Schwinger equation (3.6.2; 2) is written as 1/1_ = qJ 
- (Ho - k2)-lt(k)qJ, and if we use qJ = exp(ikn·x), k = kn, noting that 
for Ixl ~ lxii, 

exp(iklx - xii) exp(ikr) ('k I ') ----- '" exp -I n ·X 
Ix - xii r ' 

then as I x I --+ 00, in the x-representation, 

I X 
n =-, 

r 

exp(ikr) 
I/I-(x) = exp(ik· x) + f(k; ni, n), 

r 

f(k; ni, n) == -=2 fd 3X I d3x" exp( -ikn' · X')<X' I t(k)lx")exp(ikn . x"). 
4n 

The angular dependence f of the outgoing spherical wave is thus determined 
by t in momentum space on the energy shell. Only this part of t shows up 
in exp(2nib(k» b(H 0 - k2) = (1 - 2ni b(H 0 - k2)t(k»b(H 0 - k2). In par­
ticular, if [t(k), L] = 0, then by comparing coefficients (Problem 6), 

f(k; ni, n) = ~ <n'IPlln) eXp(2ii~» - 1 

21 + 1 . 
= ~ -k - Pl(cos 8)exp(iJ l(k»sm Jz(k), 8 = ~ (ni, n). 

If the plane wave is expanded in spherical harmonics exp(ik. x) = 
(exp(ikr) - exp( -ikr»/2ikr + "', then 1/1_ becomes asymptotically 
(exp(i(kr + b(k» - exp( - i(kr + b(k»)/2ikr + ... ,which shows the signi­
ficance of J as the phase-shift of a spherical wave. 

4. If there are several channels (see (3.4.24; 6», then the generalization of 
(3.6.5) is 

S~/l = LOO dE[b~/l - 2ni b(H~ - E)( v: - v: H _ ~ _ ie Vp) }(H/l - E). 
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We shall assume in what follows that V decreases fast enough at infinity 
that the norm in (3.6.2; 1) remains finite for all k with Im k > Ko < O. Then 
for such k, 

is a meromorphic function taking values in ~(.1t'). Our next topic is 

The Configuration ofthe Poles of S(k) (3.6.11) 

The scattering operator S has a pole at any value ofk at which either D(k) has 
eigenvalue zero or D( -k) has a pole. Both poles and zeroes occur for -k* 
whenever they occur for k. D(k) has no poles in the upper half-plane, but only 
zeroes, and those are restricted to the imaginary axis. 

As depicted in Figure 13, the terminology for these values of k is: 

zeroes with Im k > 0 

zeroes with Im k < 0 and Re k = 0 

zeroes with Re k =1= 0 

Proof 

bound states 
virtual states 
resonances 

D( -k*) = KD(k)K is the time-reversed version of D(k) (cf. (3.3.19; 2», so 
the two operators have the same poles and zeroes. If 0 = D(k)I/I = 1/1 + 
Vl/Z(Ho - E)-IV1/ZI/I, then (Ho + V - E)cp = 0, where cp = (Ho - E)-I 
X V 1/21/1. If V decreases sufficiently fast, then cp is square-integrable whenever 

k plane 

o 

x 

0= zero of D(k) 
X = pole of D(k) 

0----+ resonance 

virtual states 

Figure 13 The configuration of the poles and zeroes of D(k). 
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IjJ is, and for such potentials the equation for qJ can be solved in L 2 only if 
E < 0, i.e., for k purely imaginary. Complex zeroes and poles can appear after 
analytic continuation to the second sheet of E, which is the lower half-plane 
in k. [] 

Examples (3.6.12) 

1. In Example (3.6.9) with p = M2/( 1 p 12 + M2) as in (3.6.3), 

S(k) = P (M - ik)(M(1 + (A/4n)M) + ik). 
o (M + ik)(M(1 + (A/4n)M) - ik) 

The zero of D(k) at k = -iM(1 + (A/4n)M) is a virtual state if A/4n > 
-1/M, and a bound state if A/4n < -1/M. The pole of D(k) at k = - iM 
produces a pole of S at k = iM (on the first sheet of E at E = - M2). 

2. The separable potential V = AP . Pp interacts only with I = 1 states, and 
the analogous calculation with P = 1 p )<p I, p(p) = M2/(p2 + M2) 
results in 

D - 1 f 3 Ipl2M4 _ ~ M2(M - 2ik) 
(k) - + Adp (lpl2 _ k2)(lpI2 + M2)4 - 1 + 8n (M _ ik)2 . 

The zeroes at 

k = -iM[1 + 8~M3 ± (8~M3(1 + 8~M3)r/2J 
are virtual states if A > 0, resonances if - 8n/ M3 < A < 0, and if A < 
- 8n/M3 there is one bound and one virtual state. 

Remarks (3.6.13) 

1. The poles of D(k) were originally called spurious poles, since it was 
assumed that all poles of S(k) on the first sheet of E should correspond to 
bound states. The poles of D(k) have no physical significance, and serve 
only to show at what point analytic continuation makes the 11 112 norm 
in (3.6.2; 1) diverge. 

2. S(k) is determined by the phase of D(k), and D approaches 1 at infinity in 
the upper half-plane. If we normalize the (j(k), defined in (3.6.10; 1) only 
modulo n, by setting (j(0) = 0, then a well-known theorem of analytic 
function theory implies that - (j( (0) = n times the number of bound 
states. The more general version of this fact is 

Levinson's Theorem (3.6.14) 

Let V be compact relative to Ho, and suppose Tr 1 (H 0 - z) -1 - (H - z)- 1 I 

:$; M(z), where M(z):$; 0(lzl- 1 -') as Izl--+ 00 and 0(llmzl- 1 + E) as 
Im z --+ 0, Re z > 0, [; > 0. Then 2n times the number of bound states equals 
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i limk .... oo In Det(S(k) - S(O)) = i iimk .... oo Tr In(S(k) - S(O)) if O~ uiH), so 
that S(O) is well-defined. 

Gloss (3.6.15) 

In(1 + A) == - I:'= 1(( -1nn)An is defined for all A with IIAII < 1, and 
Det(1 + A) == exp(Tr In(1 + A)) is defined for all A with IIAlll < 00. In 
generalln(AB) =F In A + In B, but Det(1 + A)(1 + B) = Det(1 + B)(1 + A) 
for all A + B + AB E ~1' and = Det(1 + A)Det(1 + B) for all A, B E ~1 
[16]. If A(z): IC -+ ~ 1 is analytic, then it follows that in the domain of 
analyticity 

d 
Tr dz In(1 + A(z)) = Tr(1 + A(Z))-l A'(z). 

Proof of (3.6.14) 

Let Q±(E) = 1 + (Ho - E ± iB)-lV, SCE) = Q+(E)Q=l(E). Although 
(H 0 - z) -1 V is compact, it is not trace-class. However, differences of two 
such terms with different z are trace-class, since (Ho - Zl)-lV(Ho - Z2)-1 
= [(Ho - Zl)-l - (H - z1)-1][1 + (V - Z1 + z2)(Ho - Z2)-1]. Thisjusti­
fies the following formal manipulations: 

d 
Tr dE In SCE) = Tr Q_ Q~ 1 [Q'+ Q= 1 _ Q+ Q= 1Q'_ Q= 1] 

= Tr(Q:;:1Q'+ _ Q:::IQ'_) 

= Tr{[1 + (Ho - E + iB)-1V]-1(Ho - E + iB)-2V 

- (B +-+ -e)} 

= Tr[ 1 _ 1 - (B+-+ -B)J. 
Ho - E + iB H - E + iB 

If we do the integration over E, then 

Tr In SCE) = Tr LdZ«H - Z)-1 - (Ho - Z)-1), 

where C, the contour of the complex integration, is as shown below: 

EpJane 

bound states 
rr------A ..... -----." 

--+-_c ________ E + ie 

E - ie 
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By assumption, the circle K: I z I = E can be appended to C, since the extra 
contribution goes to 0 as E --+ 00. In this limit C u K encircles all the poles of 
(H - z) - 1, but does not contain Sp(H 0)' The proposition then follows from 
the residue theorem. 0 

Example (3.6.16) 

In the case of the separable potential (3.4.13; 1), 

Tr«Ho - Z)-l - (H - Z)-l) = A Tr(Ho - z)-lp(Ho - z)-lD-1(z) 

o 
= D-1(z) oz D(z). 

In (3.6.3) we found that D(z) = 1 + (A/4n)M2/(M - iJz) for p2(p) = 
M2(lp12 + M2)-1. Therefore 

o i A M2 
-D(z)=-- , 
oz 2Jz 4n (M - iJz)2 

and the assumptions of (3.6.14) are satisfied. In fact, 

kM2A/4n 
b(k) = arctan M2(1 + (A/4n)M) + k2 

has the limits b(O) = 0, b( (0) = ° if 1 + (A/4n)M > 0, and b( (0) = - n if 
1 + (A/4n)M < 0. If, however, we pass to the limit M --+ 00, A i 0, so that 
Ar == M(1 + (A/4n)M) stays finite, then S(k) = (Ar - ik)/(Ar + ik). In this 
case, b(k) = -arctan(k/Ar ) varies between ° and n/2 times signum Ar • For 
Ar < ° (a virtual state) as well as fOrAr > ° (a bound state), (3.6.14) is violated, 
since then D( (0) =f. I. 

The classical scattering transformation (I: §3.4) for, say, a particle in a 
central potential in 1R2, is a canonical transformation that leaves Pr and L 
asymptotically invariant as r --+ 00, and as a consequence has an asymptotic 
generator 2b(Pr' L): 

( ob ob ) (r,8;p"L)--+ r-2 8p,'8-2 8L ;P"L. 

Thus the generator contains information about the scattering angle - 20 b/oL 
and about - 20 b/8p" the amount by which a particle evolving according to 
H outdistances one evolving according to Ho. This distance corresponds to a 
delay time 2(m/p)(8b/oPr). Similarly, in quantum theory exp( -2i b(p»x 
x exp(2i b(p» = x - 28 (jjop, and the amount of delay can be generally 
defined as follows. 

The M0ller transformations turn x into x± == limt--+ ± 00 (x(t) - tp(t»). 
Classically this means that trajectories that become tangent to the actual 
trajectory as t -+ ± 00 are at x± when t = 0. The time-delay is the difference 
of the time the actual trajectory spends in a ball of radius R centered at the 
origin and the time spent by these free trajectories, in the limit R --+ 00. 
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Suppose a trajectory enters the ball at - L, leaves at T+, and that R is so 
large that the motion is free outside the ball. Then 

x(±T±) = x± ± T±P±, 

and if this equation is multiplied by P±, we find that 

Ip+ IJR2 - b~ - x+ . p+ Ip_IJR2 - b=- + L . p_ 
T+ + L = Ip+ 12 + Ip_12 ' 

where b± are the smallest distances the free trajectories come to the origin. 
The times spent by the free trajectories in the ball are 2(JR2 - b;/Ip+ I), 
so with R ~ 00, the time-delay 

D = time of actual trajectory - time of free trajectory 

x_ . p_ - x+ . p+ 

Ip+ 12 

It turns out that there is a direct relationship between D and the S matrix and 
the virial: 

Definitions of the Time-Delay (3.6.17) 

(i) D = !L(l/lpl)(x· p + p. x)(1/2Ipl)Q~ 
-Q+(l/lpl)(x· p + p. x)(1/2Ipl)Qt; 

(ii) D = Pac(1/jii) J'~CXl dt(2Vr + XI· VVr)(l/jii)Pac ; 
(iii) D = w-limR~CXl Q_ J'~'CXl dt{exp(iHt)0(R2 - IxI2)exp( -iHt) 

-exp(iHot)0(R2 - IxI2)exp( -iHot)}Q~; 
(iv) D = -iQ_ S-l So dE (j(Ho - E)(aS(E)/aE)Q~; 

where Ho = Ip12/2 and H = Ho + V. 

Remarks (3.6.18) 

1. Definitions (i) and (ii) are possible whenever scattering theory works, 
i.e., for V falling off as r- 1 -,. In Definition (iv), however, it has so far been 
shown that as/aE is well-defined only for r- 4 -, fall off. 

2. It is clear because of its classical meaning that D should be independent of 
the choice of the point X on the trajectory. Therefore D should commute 
with H. This follows formally from (i), since 

1 1 
exp(iHt)D exp( -iHt) = Q+ jpj {(x + pt)· P + p. (x + pt)} 21pl Qt 

_ Q __ 1 {(x _ pt). p + p. (x _ pt)} _1_ Q~ 
Ipl 21pl 

=D. 
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However, D is different for different trajectories; like S, it does not commute 
with spatial translations. 

3. For repulsive potentials '" r -', 

I foo I 
D = (2 - v)Pac IU dt Vet) IU Pac· 

yH -00 yH 

If v = 2, then D = o. If v > 2, then D < O. This means that the actual 
trajectory spends less time in the ball than the straight trajectory does, 
since its path is shorter. If v < 2, then D is positive, and the dominant 
effect of V is to brake the particle. Note that from (iv), the phase-shift for 
such potentials is a monotonic function of E. 

4. In the wave picture an incident wave exp( - ikr) is turned into exp(i(kr 
+ 2 b(k))). If we assume a wave-packet narrowly concentrated about ko 
and expand 6(k) = 6(ko) + (k - ko)(ob(ko)/oko) + ... , then the co­
efficient of k becomes r + 2(0 b(k)/ok) instead of r. Thus the center of the 
wave-packet is shifted from r = ko t to r = ko(t - 2(ob/oE» after the 
scattering. 

5. If there are resonances at ± kr - ib, then 

( - k - kr + ib)( - k + kr + ib) . 
S(k) = k. ) k ·b) x slowly varymg factors. 

(k - r + zb (k + r + I 
Ignoring the slowly varying parts, 

a b[ 1 1 ] 
- i ok2 In S(k) ~ k (k _ kr)2 + b2 + (k + kr)2 + b2 . 

If b ~ kr' then there is a sharp maximum'" l/(bkr) at the resonance energy, 
at which b(k) passes rapidly through 90°. For this reason l/(bkr) can be 
thought of as a lifetime, which can become so extremely long that there is 
hardly any difference between resonances and bound states. This happens 
for IX particles radiating from nuclei. 

6. If the potential is radial, then 2 bz(k) is the same as the classical generator 
of the scattering transformation, and (3.6.17) reduces to the classical 
formula. 

The Equivalence of the Definitions of D 

(i) <0> (ii): Introduce the generator G == (x· p + P . x)/2 of dilatations. On 
the one hand 

1 IT 1 iPac IU dt exp(iHt)[G, H]exp( -iHt) IU Pac 
yH ~T yH 

1 
= Pac jH (exp( -iHT)G exp(iHT) 

I 
- exp(iHT)G exp( -iHT» jH Pan 
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and on the other this equals (see (3.3.20; 8)) 

1 fT 1 
Pac iu dtexp(iHt)(x·VV-lpI2)exp(-iHt) iuPac 

yH -T yH 

= -4TPac + Pac ~ fT dt exp(iHt)(2V + x· VV) 
yH -T 

. 1 
·exp(-IHt) JIiPac ' 

Now G = exp( -iHot)G exp(iHot) + Tlpl2 and Pac(1/JIi)exp(iHT)lpI2 

x exp( -iHT)(1/JIi)Pac -+ 2 as T -+ ± 00. Thus the equality of the two 
expressions reduces to the equality of (i) and (ii) in the limit T -+ 00. 

(i) <=> (iv): 

(i) = ! (L (_1_ G _1 __ S- 1 _1_ G _1_ s)n! 
2 .fRo.fRo JHo JHo 

= -21 n_ Ju S-1 CS, GJ Ju n! , since CS, H oJ = O. 
yHO yHO 

But 

o roo 
[G, SJ = i oa Jo dE b(Hoa- 2 - E)S(E)la=1 

= 2i Loo dE b(Ho _ E) o~<:), 

since the angular part of S(E) is unaffected by dilatations, so this means that 
(i) <=> (iv). 

(iii) <=> (iv): This equivalence can be shown with the same methods but is 
slightly more involved. A proof will be sketched in Problem 2. 0 

The quantity related to S that is of interest in experimental physics is the 
cross-section a. Following the classical theory (I: §3.4), we define the cross­
section as the number of particles scattered into a given solid angle per unit 
area of incident particles. The momentum distribution of the incident 
particles is described by a wave-function q>(k) in L2(1R3, d3k/(2n)3). In reality 
a particle is never precisely aimed at the scattering target, but is rather a beam 
with momentum concentrated near ko, while its width in x-space will be 
macroscopic. The initial state is best described as a mixture 

! r d2alexp(ia. k)q>(k»<exp(ia. k)q>(k)l, 
F JF 
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letting ep have compact support containing ko = (0,0, jE) and letting a = 
(ab a2, 0) be a translation in the plane of the impact parameter, which is 
averaged over a surface F, the beam cross-sectional area. We next find the 
probability of measuring the momentum of the outgoing state in some cone 
C so far from ko that epiC = 0, and there is no danger of measuring an un­
scattered particle. In this computation the 1 in Sin (3.6.5) does not contribute, 
and with t/I = -2ni I dE b(Ho - E)t b(Ho - E)ep, t = -4nf, we obtain 

(2n)-3 r d2a f d3klt/l(kW = (2n)-9 r d2a fd3k d3k' d3k" 
F JF C F JF 

. {oodE b(lkl2 - E)b(lk'12 - E)8n2f(k, k')8n2f*(k, k")b(1k"12 - E) 

. exp(ik' . a)ep(k')exp( - ik" . a)ep*(k"). 

To get a this has to be divided by the probability that the particle arrives 
through a unit area, i.e., l/F. Afterwards, we may let F become infinite, so 
I d2a exp(i(k' - kIf) . a) = (2n)2 b2(k~ - k~), where 1- denotes the projec­
tion into the 1-2-plane. Because b2(k~ - k~)b( I k' 12 - I k"12) = b3(k' - k")/ 
2k~ and ID k2 dkb(k 2 - Ik'1 2) = Ik'I/2, we get 

f 
dk,3 Ik'l 

adO= dO (2n)3Iep(k'Wlf(k,k')12Ik~l. 

If ep is narrowly enough concentrated about ko that we may set I k' 1/ I k~ I to 
1 and regard f(k, k') as a constant, then because of the normalization the 
detailed form of ep becomes irrelevant, and we obtain a formula for the 

Scattering Cross-Section (3.6.l9) 

Remarks (3.6.20) 

1. We have considered the probability of measuring a momentum k as 
t -t 00. Since 

s-lim x(t) = s-lim p(t) 
1-00 I x(t) I 1-00 I p(t) I 

(Problem 3), this equals the probability of measuring x in the same angular 
direction. 

2. The scattering amplitude fis also the coefficient of the asymptotic spherical 
wave (3.6.10; 3). The complete wave-function I t/I_12, however, is not 
asymptotically dominated by IfI2/r2, but instead by lepl2 and an inter­
ference factor"" l/r. 
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3. We learned in (11: §3.3 and 3.4) that the details of the exact wave-function '" 
are quite complicated. For instance, at = J d30 a does not simply describe 
the shadow cast by an object, but rather refers to the asymptotic region 
in which the shadow dissolves (the Frauenhofer region of (11: 3.4.42». 

Properties ofthe Scattering Amplitude (3.6.21) 

If k is real, then 

(i) f(k; ni, n) - f(k; n, n')* = (1/2n) J dOli f(k; ni, n")f(k; n, n")*ik; 
(ii) f(k; ni, n) = f(k; -n, -n'), provided that K V K = V; 

(iii) f(k; ni, n) = f(k; -ni, -n), provided that PVP = V. 

Time-reversal K and parity P were defined in (3.3.19; 2) and (3.2.10). 

Proof 

(i) This follows from (3.6.10; 2), since for real k, t( -k) = t(k)*. 
(ii) If H and Ho are invariant under K, then KSK = S*, and so Kt(k)K 

= t(k)*. From the rules K2 = 1, <aIKb) = <Kalb)*, KpK = -p it 
follows that <n'lt(k)ln) = <n'IKt(k)*Kln) = < -n'lt(k)*I-n)* = 

< -nlt(k)l-n'). 
(iii) This proposition follows from Pt(k)P = t(k) and PpP = - p. D 

Example (3.6.22) 

With the separable potential (3.6.9), f(k; ni, n) = 4nAp*(kn')p(kn)D-l(k). 
This satisfies (i), and invariance under 0 ' means that p*(k) = p( - k), which 
implies (ii). Invariance under P means that p(k) = p( - k), which implies (iii). 

Remarks (3.6.23) 

1. Ifn = ni, then (i) becomes the optical theorem, ar(k) = 4n Im f(k; n, n)jk. 
The information contained in the forward scattering amplitude includes 
the total scattering cross-section. 

reciprocity detailed balance 

Figure 14 Scattering from a triangle. 
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2. Proposition (ii) goes by the name of reciprocity. It states that if there is 
invariance under 0', then the reversed motion is also possible: u(k; n', n) 
= u(k; -n, -n'). 

3. Propositions (iii) and (ii) together imply that u(k; n', n) = u(k; n, n'), which 
is referred to as detailed balance. It is not valid for scattering from targets 
that are not invariant under reflections (see Figure 14). 

4. For radial potentials the expression forfin (3.6.10; 3) makes 

The total cross-section is the sum of the contributions of all possible 
definite angular momenta, each of which is maximized by the unitarity 
bound 

4n 
UI ~ k2 (21 + 1). 

This bound is attained at a resonance; for instance, with 

. k - ko + ib 
exp(2l<)/) = k - ko - ib 

the 1 contribution would be 

4n b2 

UI = k2 (21 + 1) (k _ kO)2 + b2· 

This is four times the geometric area of a circular ring bounded by impact 
parameters bl = Ilk and bl + I: 

The bl are the distances out from the center of the target at which the 
particle has to be aimed in order to have angular momentum I with linear 
momentum k. 

5. As k ~ 0 the unitarity bound diverges, and U I may become infinite. Yet 
for most potentials bl goes as p/+ 1 as k ~ 0, so only I = 0 contributes to 
(Jt. In terms of the scattering length a == -limk .... o bo(k)lk = -f(O; n, n), 

lim ulk) = 4na 2 • 

k .... O 

6. In classical physics potentials that extend to infinity, such as r- q, always 
produce infinite total cross-section, since no matter how large the impact 
parameter b is, there is always a nonzero scattering angle", b -q. This is no 
longer the case in quantum theory when the potential decreases faster than 
r- 2 (Problem 4). The classical argument breaks down because the in­
determinacy in the scattering angle should go as b - 1, which eventually 
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dominates the classical scattering angle. This sort of reasoning can not, 
however, explain why the critical value should be '1, = 2; especially as it 
depends greatly on the dimension (11, = (1 + d)j2). 

7. Although S is a continuous function of V in the strong topology [8],j is 
not likewise continuous, since it involves matrix elements with plane 
waves, which are not square-integrable. It can thus happen that the 
forward scattering amplitude, and thus also (TI> are finite for an ,-z 
potential cut off arbitrarily far away, but become infinite as the cut-off 
goes to infinity, even though the potentials are arbitrarily close in norm. 

It remains to discuss how I can be calculated explicitly or, if that is im­
possible, how to assess the accuracy of approximations to it. If two particles 
interact through a radial potential, the problem is to solve an ordinary dif­
ferential equation, and (j(k) can be found by numerical integration. When there 
are more particles, however, we are confronted with a nontrivial partial 
differential equation. It is therefore advisable to survey the more general 
methods that are available. In the absence of better ideas, one frequently falls 
back on a series expansion in V, called the Born approximation. The hope is 
that at high energies, for which the kinetic energy overwhelms the potential 
energy, the result becomes accurate. Whether the hope is fulfilled depends on 
an 

Error Estimate for the Born Approximation (3.6.24) 

Let VEL 1, so Vk == I V 11/ Z exp(ik . x) E L 2. The n-th Born Approximation 
I(n) toI(k; ni, n), 

n 

-I(n)(k; ni, n) = 4n<vk,1V 1/ z lVl- 1/ Z L (1V 1/z l(kZ - H o)-IV 1/ 2rlvk) 
m=O 

satisfies 

where K = 1 Vll/2(Ho - k2)-ll Vll/Z. Since 

IIKI14 ~ (Tr KK*KK*) 

_ Jn4 d3Xi () exp(ik(lxl - x21-lxz - x3 1 + IX3 - x41-lx4 - Xli» 
- 4 V x· --------------------

i=d4n) ' IXl-X21Ix2-X31Ix3-X41Ix4-Xll 

== N(k) 

goes to zero as k -+ 00 by the Riemann-Lebesgue lemma, for all n ;::: 1 and 
t: > 0 there exists an energy great enough that I I - pn) I < t:. 
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Remark (3.6.25) 

If N(O) < 1 and the sign of V does not change, then the Born approximation 
converges for all k, since N(k) ::; N(O). This can only occur, however, when 
there are no bound states (see §3.5). In essence, the power-series expansion 
has a chance only if V is small or E large. 

Example (3.6.26) 

By setting D(k) to 1 in (3.6.9), one gets the first Born approximation. If, say, 
p(k) = M2/(k2 + M2) as before, the function D becomes 1 + (A./4n)M2/ 
(M - ik), so 

When A.M ~ 1, the error is on the order of one percent for k > M 2 l 
If H ;::: 0, it is straightforward to use the projection method (3.5.31) to 

obtain a fairly accurate upper bound for t - V at E = ° with the inequality 
H- 1 ;::: P(PHP)-I P. If H has n bound states, then the correction to the first 
Born approximation may be positive, or even infinite, when there happens to 
be a bound state at E = 0. If the exact bound states were known exactly, the 
negative parts of H- I could be projected out. If they are only approximately 
.known, then the following lemma reduces the bound to the inversion of a 
finite-dimensional matrix: 

Lemma (3.6.27) 

Suppose that an invertible, Hermitian operator a has n negative eigenvalues, 
and is positive on the subspace perpendicular to their eigenvectors. For any 
n-dimensional projection P such that Pa - I P < 0, a ;::: P(Pa - I P) - I P. 

Proof 

If XEa-IpYf, then <xlalx) = <xIP(Pa-1p)-IPlx) follows trivially. If 
X ~ a-I P Yf and Q is the projection onto P Yf u {X}, then we must have 
Det Qa-IQ/Det Pa- I P ;::: 0, as otherwise Qa-IQ would have n + 1 negative 
eigenvalues (since Pa- 1 P has n, Qa-1Q has at least n). This would contradict 
the hypothesis that a, and thus a - I, have just n negative eigenvalues because 
of the min-max principle. Since by Problem 8 the ratio of the determinants is 
up to a positive constant equal to <xlalx) - <xIP(Pa-Ip)-lPlx), the 
proposition follows. 0 
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Corollary (3.6.28) 

Let P be an n-dimensional projection. If H ~ 0, and PHP is invertible on 
PJf, then 

<xIV - tlx> ~ <XIVP(PHP)-lPVlx>· 

If H has n negative eigenvalues, but is otherwise positive, then this equation is 
still true provided that PHP < 0. 

Frequently one has intuitive feelings about what would constitute a good 
approximation to t. These beliefs can be tested with 

Kohn's Variational Principle (3.6.29) 

Let V; be a comparison potential for which it is possible to calculate tl == 
V; - V;(Ho + V; - E)-1 V; == V;0l' This differs from the exact t asfollows: 

t(k) = tl(k) + O:(k)(V - V;)OI(k) 
- O:(k)(V - V;)(H - k2)-1(V - V;)Olk). 

Remarks (3.6.30) 

1. The operator identity (3.6.29) is easy to verify. Its advantage is that the 
first correction can be calculated when the problem has been solved with 
l';, and only the second involves the resolvent of H. Since the second term 
is quadratic in (V - l';), there is hope that a good choice of V; makes it 
small. 

2. If it is known that H is positive aside from n bound states, then (3.6.27) can 
be used in the last term for k = 0, to produce an upper bound for the 
scattering length. If V; = 0, 0 1 = 1, then it agrees with (3.6.28), which 
shows that (3.6.28) can be improved on with a superior choice of Yr. If 
V z 0, then ° ::; Ho ::; H, so l/H ::; l/Ho, from which we also obtain a 
lower bound. 

Example (3.6.31) 

Let I > = 1 be the vector (of Loo, not L 2) of a plane wave with k = 0, and let 
V be such that all inner products of the form 

n 

exist and H > O. Substituting Ix> = I >,P = Ho 1 V I >< I VHo 2VI > -1< I VHo 1 

into (3.6.28), we discover that < I t(O) I> ::; b1 - b~/(b2 + b3 ). If V is approxi-
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mated with the separable potential V"; == VI><IVI>-I<IV,sothat(V - v";)I> 
= 0, then from (3.6.3), 

0r(O) = 1 - (b l + bZ)-1 ~ VI><I V, 
o 

In Problem 7 it is shown that the upper bound 

-I<IO~(O)(V - V";)Hl VI>lz<IV H
I V + V_I V_I VI>-l 

o 0 Ho Ho 

bi (b~ - b3 bdb l (b 1b3 - bDz 
----

bl + bz (b l + bz)Z (b z + b3 )(b l + bz)Z 

is valid provided that H > 0. If V is also > 0, then there is a complementary 
lower bound (cf. (3.6.30; 2), 

(b~ - b3 bl )b l + b~ - 2b l bzb3 + bib4 

(b l + bz)Z 

= <Itrl> + <IO~(O)(V - V";)Or(O)I> 

- < I Q;"(O)(V - V";)Ho 1(V - V";)Qr(O) I) ~ < I tr I)· 
These inequalities hold as well for potentials that do not lend themselves 
easily to analytical or numerical methods. If V is specialized to the radial 
case, say V = a if r < 1 and otherwise 0, then < I t I) can be calculated as 
I - a- 1/Z tanh(a I/2 ) (Problem 5), which allows the calculation of all the 
bn and thereby the bounds. At the radius of convergence a = nZ /4 of the Born 
approximation the accuracy is still measured in %0' and they are acceptable 
well beyond that point (see Figure 15). 

Problems (3.6.32) 

1. Show that Vet) -> V ~ V = s-Iimq 0 £ J~ exp( - ct)V(t)dt. 

2. Show that w-limR~ '" r~~ <X' dt T7(Q~ XRiL - XR) = 0, if jjJ~ 00 dt(exp( - iHt)Q_ -
exp( -iHot))cpjj < oc for all cp, on a dense set (XR = 8(R 2 - jxj2)). Use the result to 
show that (iii) <00> (iv) in (3.6.17). 
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Figure 15 Bounds and approximation for the scattering length of a spherical square­
well potential. 

3. Let s-limt~ ± 00 Pt = P± (in the sense of (2.5.8; 3». Show that s-limt~ ± 00 x(t)1 I x(t) I 
= ±P±llp± I, and conclude that limt~±oo ..i(x(t)1 I x(t) I) = ..i(p±llp± I). 

4. Supposethatasr-+ 00, the potential VgoesasAr- 2 - e,e > O.Showthatifk # o and 
A is within the radius of convergence of the Born approximation, then Ut < 00. (Since 
Ut can be infinite only because of the sum over I, and the Born approximation becomes 
exact for large I, the statement actually holds for all larger A as well. If V = Alr2, 

151 -~ - I - A.jl and Ll (21 + 1)sin2 151 - Ll III diverges logarithmically.) 

5. Calculate the scattering length for the potential V(r) = A8{l - r). (Write I/J(x) = 
(uz{r)lr)Y/" u(O) = 0.) 

6. Calculate the normalization factors of the scattering amplitude in (3.6.1 0; 3). 

7. Derive the upper bound of (3.6.31). 

8. Let Q be the projection onto P.1t EEl I/J, I/J.l P.1t. Show that Det QbQ = «I/JlblI/J> 
- < I/J I bP(PbP) - 1 PbI/J > )Det PbP, and use this fact to fill in the gap in the proof of 
(3.6.27). 

9. Calculate the generator t5(E, L) for the classical scattering transformation (I: 3.4.10; 2) 
for the potential y Ir2, and compare with the phase-shift t51(E). What is the delay time D? 
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Solutions (3.6.33) 

1. If b > 0, there exists a T such that IICV - V(t»1/I11 :::; b when t :2': T, so e IQ exp( -et) 
x V(t)dt = 8 Io exp( -et)V(t)dt + e J:" exp( -et)(V(t) - V)dt + e I:" exp( -et)V dt, 
and the first integral ..... ° as <.10, the third equals V, and the second is bounded by 
lim sup.! 0 <.I!I .. ·1/111 :::; b. 

2. Let 1/1, = exp( -iHt)Q~ qJ and qJ, = exp( -iHot)qJ. It must first be verified that the 
expectation value with the state qJ is integrable in time: I < 1/1, I XR 1/1 ,> - < qJ, I XR qJ, > I :::; 
1«1/1, - qJ,)IXRqJ,> I + I <I/I,IXR(qJ, -1/1,»1:::; 2111/1, - qJ,ll, so by assumption the 
integral J~ 00 dt is bounded, and indeed uniformly in R. By the dominated con­
vergence lemma, we may then interchange the integration I~ 00 dt and the limit 
R ..... 00, and the latter yields zero, since XR ..... 1 = Q! Q~ . 

Derivation of the formula for D. The equations Q+ S = Q~ and T~S = S can be 
used to rewrite DR, with D = limR~oo DR, as 

DR = foc dt T~[S~lXRS - XRJ + fO dt T~[Q!XRQ~ - XRJ 
o ~oo 

+ S~l LoodtT~[QtXRQ+ - XRJS. 

As a consequence of the previous result, the last two summands approach ° weakly 
as R ..... 00. For the first integral we use the Fourier transform Set) of SCE), the part 
of S on the energy shell, and write 

S = f dt S(t)exp(itHo), [Set), H oJ = 0. 

The last integral then becomes 

S~ 1 r dt f"dtT T~XR exp(it'Ho)S(t') - S(t')r~ exp(it'HO)XRJ 

= S~ 1 {"dt roc dt'[T~XRS(t') - S(t')T~+,.xRJexp(it'Ho) 

= S~ 1 I"'dt fex; dt'[T~XR' S(t')Jexp(it'Ho) 
o -oc 

In the limit as R ..... CfJ, XR approaches 1 strongly, so the first term goes to ° and the 
last approaches 

S~l dt't'S(t')exp(it'Ho)=-iS~l dEb(Ho-E)--. fOO foo as(E) 

~OC' 0 aE 

3. By assumption, 

x(t) x(o) 1 I' - = ~ + - dt' pet') 
t t t 0 
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converges strongly to Pt, since s-limt~oo aft = 0 for every self-adjoint operator a, 
and by Problem 1 the second term is Pt. Hence the bounded functions x(t)/lx(t)1 
converge strongly, which implies the convergence of the mean-square deviation of 
bounded functions: an ~ a=>( la; I) = Ilanl )11 2 ~ lIal )11 2 = (la21)· 

4. By (3.6.24) we know that I f I < c I PO) I in the circle of convergence, so it suffices to 
show that the total cross-section is finite in the Born approximation. This is 

f d3p -
(exp(ik·x)IV ii(Ho - k2)vlexp(ik·x» = -3IV(P - k)1 2 ii(lpl 2 - k2 ). 

(2n) 

Since ji ~ I P - k 1- 1+" the angular part of the integral is finite (cf. (3.4.13; 2». 

5. The solution of the Schrodinger equation 

( (2) (fi cosh fi)-I sinh fir 
- 2 + V(r) u(r) = 0: u(r) = 

or tanh fi 
r + - 1 

fi 

r 5, 1 

r ?: 1 

has to be compared with limk~o(1/k)sin(kr + ii(k» when r > 1. The result is that 

a == -limk~o ii(k)/k = 1 - tanh(fi)/fi. 

6. We have 

-2ni ~ ii(p'2 _ p2)<n'ltln) = _ J!!. n t n fOO '2 d ' 2'('11) 

o (2n)3 4n 4n 

= I (n'IP,Jn)(exp(2i ii,) - 1). , 
By the addition theorem for the spherical harmonics, 

21 + 1 
(n'IP,Jn) = I Y,-m(n')Y7'(n) = -- P,(cos IJ), 

m 4n 
so 

(n'ltln) 21 + 1 . f = = I -- exp(i ii,)sm ii,P,(cos IJ). 
-4n , k 

7. H- 1 :::::: P(PHP)-IP and P = HOIVI)(JVHol«JVHo2VI»-1 together imply 
(IQ~(O)(V - V,)H-1(V - V,)Qt(O)I):::::: I(IQ~(O)(V - V,)H01VI)1 2 

x <JVHOI(Ho + V)HOIVI)-I. 

8. (Det QbQ)-1/2 = n-(n+ 1)/2 fTTi~o dXj exp( - D.j~o xjxjbij), n = Dim P, boo = 

(l/Ilbll/l)· With the integration variables Xk = Xk + xobojcjk> k = 1, ... ,n, C = 
(PbP)-1, 

n n 

I xjxjbij = I xkx,bk, + X5(boo - bOkCk,b lO )· 
j.j~O k.'~ 1 

The relationship between the determinants results from integration over Xo and the 
xk • If l/I is not orthogonal to P £, the ratio is simply changed by a positive factor, 
since Det M'bM = Det b(Det M)2. The proposition then follows with b = a-I and 

l/I = ax· 
9. ii(E, L) = L - JL2 + 2y, (2/n)ii , = 1 + t - J(l + W + 2y => D = O. 
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4.1 The Hydrogen Atom 

The hydrogen atom is so simple that a complete mathematical analysis 
can be made. This analysis was a watershed of atomic physics. 

The quantum-mechanical treatment of the problem of two particles 
interacting through a l/r potential follows the outlines of the classical theory 
(I: §4.2). It starts with the Hamiltonian 

(4.1.1) 

which acts a priori on Ye = Ye 1 ® Ye 2, where Yfi is the Hilbert space of the 
i-th particle. The system can be decomposed into two independent parts by 
the 

Separation into Center-of-Mass and Relative Coordinates (4.1.2) 

The unitary transformation 

x = Xl - X2 ; Pcm = Pl + P2; 

187 
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changes H into H = Hem + H" where 

H __ IPeml2 IpI2 ex 
H = - + -, M = m1 + m2, 

cm 2M' r 2m I X I 

Remarks (4.1.3) 

1. The Hilbert space can also be written as :Yt = :Ytem ® :Yt" where the 
operators Hem and Hr act nontrivially only on the factors :Ytem and 
respectively:Ytr • 

2. The question of self-adjointness is answered by (3.3.4; 1) and (3.4.25; 2): 
Since l/r is compact relative to Ip12, Hr is self-adjoint on D(lpI2), and 
(Jes.(Hr) = IR+. 

3. The operator Hem generates the free motion of the center of mass. The 
invariance group is similar to that of the classical situation: The ten 
generators of the Galilean group, Hem, Pem' kem == Pemt - xemM, and 
Lem = [xem x Pem], do not form a Lie algebra, since [PI' kJ = i (jlj' M is 
not a linear combination of them. If M is considered as an additional 
element of the algebra of observables, then there is an 1 I-dimensional Lie 
algebra d. The center d' n d", which consists of the functions of M 
alone, creates a superselection rule (see (2.3.6; 7», unless M is represented 
as a multiple of 1. As in (I: 4.1.10; 3), the Galilean group is the factor 
group by the center, and d produces only a ray representation of it. This 
happens because Pem and kem of course generate the transformations 
Xem -+ Xem + a + vt and Pem -+ Pem + Mv on [R6, and, according to 
(3.1.6; 5), the unitary operators W(z) give only a ray representation of [R6. 

This means that although 

( -itMlvI2) exp(iv . kem) = exp 2 exp( - iXem . vM)exp(ipem . vt) 

causes the transformation Xem -+ Xem + vt, Pem -+ Pem + Mv, the wave­
function gains an additional phase factor exp( - itMI v 12/2), which is, 
however, not observable, since only relative phases can be measured. 

The Hamiltonian Hem was discussed in detail in (3.3.3), so we turn to Hr. 
The first fact we know is that (J(Hem) = (Jess(Hr) = IR+, and the question arises 
of whether (Jp(Hr) c IR- (recall (3.4.14; 4». This is answered by the 

Virial Theorem (4.1.4) 

If(H r - E)t/J = 0, t/J E :Yt" then 

E = ~ \t/JI~ t/J) = -<t/JIHot/J)· 
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Proof 

The dilatation V such that V - 1 ([3)(X, p)V([3) = (exp([3)x, exp( - [3) p), [3 E IR, 
which was used in (3.3.8; 2), acts on Hr by V- 1([3)HrV([3) = exp(-2[3)Ho 
+ exp( - [3)a/r, where Ho = 1 P 12 /2m. The equations 

(( exp(2[3)Ho + exp([3) ~ - E )1/11 V([3)I/I) = ° = ( (Ho + ~ - E )1/11 V([3)1/I ) 

can be combined so that 

for all [3 E IR \ {O}. 

As [3 -t 0, the left side converges to (2H 0 + ajr)1/I and the right to 1/1. Since the 
convergence is in the strong sense, this proves (4.1.4). 0 

Corollary (4.1.5) 

Since H 0 ~ 0, if a < 0, then all the eigenvalues of Hr are negative, and if 
a ~ 0, then it has no eigenvalues. 

Remarks (4.1.6) 

1. The usual argument, which runs that ° = <1/1 1 i[Hn X· p]l/I) = 

<1/I12Ho + a/rll/l) is not quite conclusive, since D(x·p) 'P D(Hr), and a 
priori it applies only to 1/1 E D(Hr) n D(x . p). 

2. The analytic perturbation theory of §3.5 works without modification for 
the negative eigenvalues. Thus an alternative argument using (3.5.19; 2) 
would run: On dimensional grounds E(a) = ma2e for some numerical 
constant e, and hence a aE/aa = <a/r) = 2E. 

3. The action of the dilatation also shows that if a < 0, then there must be 
infinitely many eigenvalues accumulating at the point 0; given any 
1/1 E D(Hr), there exists '0 E IR t such that 

< V( '0)1/1 I Hr V( '0)1/1) 

= exp(-2'0)(I/III~: 1/1) + aexp(-'o)(I/II~I/I) < O. 

If 1/1 is compactly supported, then there exists a sequence '0 < '1 < '2' .. , 

for which the supports of V(,JI/I are disjoint, so Hr is a diagonal matrix on 
the su bspace spanned by the vectors V (, ;)1/1. The claim then follows from the 
min-max principle (3.5.21). 
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The next topic will be (J iHr), and the last part ofthis section will be devoted 
to (Jess(Hr)' Both discussions will make use of 

Constants of the Motion (4.1. 7) 

Thecommutant{Hr}' contains the vectorsLandF = Hp xL - Lx pJ + mrxx/r. 
They are related by 

(i) [H, LmJ = 0, [Lm' F,J = iBm'sFs> 
(ii) [H, FmJ = 0, [Fm' F,J = -2imHrt:m'sLs> 

(iii) L· F = F· L = 0, 
(iv) WI 2 = 2mHr(ILI2 + 1) + m2rx2. 

Proof 

(i) This is because H acts as a scalar and F as a vector under rotations. 
(ii) This is somewhat more subtle; the example of Problem (3.1.17; 4) leaves 

doubts as to how to proceed. The equation [H, F mJ = ° has to hold on 
domains that are invariant under finite transformations to show that 
[exp(iHt), exp(iFs)J = ° (recall Definition (3.1.7)). Actually, by Problem 
1 it suffices to show that (d/dt)exp(iHt)F exp( - iHt) = 0, which will be 
done in Problem 2. The calculation of commutators involving F is often 
easier when it is written as F = (i/2)[p, I L 12J + mrxx/r. 

(iii) It is clear that L· x = L . p = 0, since there are no products of non­
commuting observables. With (i) this implies (iii). 

(iv) This requires some calculations, done in Problem 3. 0 

Corollary (4.1.8) 

Special combinations ofL and F, namely Ak = (Lk + Fk/J -2mHr )P/2 and 

Bk = (Lk - FdJ-2mHr )P/2,whereP == ®(-Hr)is the projection onto the 
functions of the negative spectrum of H" satisfy the commutation relations 
of two independent angular momenta: 

They are, however, not independent, as 

2 2 (1 mrx2) IAI = IBI = -P - + - . 
4 8Hr 

(4.1.9) 

According to the discussion of §3.2, I A 12 and I B 12 can have only the eigen­
values f3(f3 + 1), f3 = 0, t, 1, t, ... , and by (4.1.9) their eigenvalues are the 
same. Each eigenvector belongs to a (2f3 + 1)2-fold degenerate super­
multiplet, the members of which have the same eigenvalue for IAI2 and IBI2, 
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but differ in their eigenvalues for Az and Bz • They are eigenvectors of Hr' and 
by (4.1.9) its eigenvalues obey Balmer's formula, 

n = 2f3 + 1 = 1, 2, 3 .... (4.1.10) 

Remarks (4.1.11) 

1. The operators A and B each satisfy the Lie algebra of 0(3), which is 
identical to that of SU(2). As there is no reason that only the representa­
tions of 0(3) should arise, the values of f3 may be either integral or half-odd 
integral. 

2. Of course, L generates the algebra 0(3) and has eigenvalues 1(1 + 1), 1 
integral. If the eigenvalues of !F12 in (4.1.7(iv)) are expressed in terms of 
nand [, 

!F12 1> = m2a2(1 _ [2 +n~ + I}>, 

then it is apparent that I ::; n - 1. Hence for a given n, the values 1 can 
assume are 0, 1, ... , n - 1. 

3. Balmer's formula shows why 

1 1 1 + K == -- (Ho - z)- -, z ~ IR , 
Jr Jr 

belongs to C p (2.3.21) for p integral only if p ~ 4: As we saw in the proof of 
(3.5.36), if Z E IR-, then the eigenvalues An of K are the values of III a I for 
which Ho - lal/r has the eigenvalue z. That being so, (4.1.10) makes 
- ZA; = m/(2n2), and the n-th eigenvalue has degeneracy n2. But then 

00 

IIKII~ = L n2 A~ 
n=l 

for p integral is finite only for p ~ 4. 

Construction of the Eigenvectors of Hr (4.1.12) 

Since there is no difference in the algebraic situation, we can proceed as with 
the eigenvectors of the angular momentum (3.2.13). In each supermultiplet 
there is a state I> of greatest A3 and B3 , so 

A+I> = B+I> = O<=>F+I> = L+I> = 0, F± == F1 ± iF2 ,etc. (4.1.13) 

The other states are then obtained by applications of A~ B~ , ° ::; p, q ::; n - 1. 
Since F + is constructed with x +, P +,t and observables that commute with 

t These should be distinguished from the x b PI. etc. of (3.4.6). 
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ILI2, it raises 1 by 1 (cf. (3.2.14)); thus if F + I) = 0, then I) already has the 
greatest angular momentum possible in the supermultiplet. If an eigenvector 
In, 1, m) is specified by its eigenvalues for Hr> ILI2, and L 3 , then the original 
basis state is I) == In, n - 1, n - I), and In, I, m) = LI_-mFft_-l-II). 

Eigenfunctions in the x-Representation (4.1.14) 

If we write 

and calculate the action of p + and x + on the eigenvectors (up to a constant­
see Problem 4), 

x+ -In, I, I) = In, 1 + 1,1 + I), 
i r 

then Equation (4.1.13) becomes 

F + In, n - 1, n - 1) = ( - n (:' - n ~ 1) + ma} n, n - 1, n - 1) = o. 

The solution is 

In, n - 1, n - I) = crft - 1 exp(mar/n)y~:::t(e, cp), 

which is in L 2«0, ctJ), r2 dr) ® L 2(S2) when a < 0, and is the original basis 
vector of the supermultiplet. 

Remarks (4.1.15) 

1. The vector In, n - 1, n - 1) has the maximal angular momentum and is 
related to a classical circular orbit, whereas In, 0, 0) corresponds to a 
classical trajectory through the origin. However, in quantum theory the 
latter vector is a spherically symmetric wave-function, since it distinguishes 
no direction. 

2. The wave-function In, n - 1, n - I) decreases in r as exp( -r/nrb)' where 
rb = l/lmal = 0.529 x to-ID m., but its maximum is attained at r = 
n(n - Ih. This is in accordance with the rough estimate (1.2.3) and the 
virial theorem, which requires that (l/r) '" n - 2. 

3. A calculation of the expectation values yields 

(n, n - 1, mlrln, n - 1, m) = rbn(n + t), 
(n, n - 1, mlr2ln, n - 1, m) = r~n2(n + t)(n + 1), 



4.1 The Hydrogen Atom 193 

which reveals that the relative mean-square deviation Ar/<r) = 1/J2n + 1 
vanishes in the limit n ~ 00. The state In, n - 1, n - 1) gets concentrated 
ever more strongly on a circle in the x - y-plane. 

4. States of smaller /, and hence greater eccentricity, can be produced by 
successive applications of F _ to In, n - 1, n - 1) as in (4.1.12), and an 
example is computed in Problem 5. 

We conclude the discussion of (Jp here and turn to (Jess' We begin with the 
basic fact about this part of the spectrum. 

The Absence of Singular Spectrum (4.1.16) 

Proof 

If the dilatation used in the virial theorem (4.1.4) is continued into the complex 
plane, then VCr), r E C, becomes unbounded, but is still defined on the dense 
set D of analytic vectors (see (2.4.23; 5». The action of V on Hr can be con­
tinued analytically, and 

< cp I (Hr - Z)-ltf;) = ( V(r*)cp I (eXP(2r)Ho + exp(r) ~ - z r 1 V(r)tf; ), 

for 

r E C, cp, tf; E D. 

Since multiplication by the complex number et does not affect the relative 
compactness of r:t./r, we conclude that 

(Jess(eXP(2r)Ho + exp(r)~) = (JessCexp(2r)Ho) = exp(2r)IR+. 

The matrix elements of the resolvent in states cp, tf; E D can thus be continued 
analytically from IR + into the complex plane as far as e2t IR +, the rotated 
positive axis (see Figure 16): 

a/e2'Ho + e'a/r) 

~ 
• • • ~---------------------------------~+ 

Figure 16 Spectrum of the dilated Hamiltonian. 
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This implies the absence of O"sing' since 

<<p I (e(Hr - a) - e(Hr - b»t/I) 

4 Atomic Systems 

= lim fb 2dz. <<pI«Hr - z - iB)-l - (Hr - z + iB)-l)t/I), 
,--+0 a nz 

a, b > 0, is the integral of an analytic function and thus approaches 0 as a ..... b. 
Since D is dense, O"ess contains no part concentrated on a set of Lebesgue 
measure O. D 

Remarks (4.1.17) 

1. Only the matrix elements with <p and t/I E D can be continued beyond 
IR+; the analytic function C ..... &I(.if): z ..... (Hr - Z)-l is not continuable 
past IR+, as the resolvent becomes unbounded there. 

2. As regards the eigenvalues of finite multiplicity of H(t) == exp(2t)Ho + 
exp(t)o:lr, they are also analytic in t; the difference H(t) - H(t - b) is 
bounded relative to H( t) for b small enough, so the perturbation theory of 
§3.5 is applicable. This implies that the eigenvalues E(t) of H(t) are inde­
pendent of t (as long as they persist), since if t is real, H(t) and Hr are 
unitarily equivalent and therefore have identical spectra. But analytic 
functions that agree on IR are equal everywhere. 

3. The eigenfunctions It) = U( t) I 0) of H( t) are likewise analytic in t, which 
implies that (dldt) I t) - id I t) EL 2 if U(t) = exp( - id t), so It) E D(d). 
This justifies the formal proof (4.1.6; 1) of the virial theorem a posteriori. 

4. In this simple case the integral kernel of the resolvent R z = (Hr - z)-l 
is known explicitly. In the x-representation it involves Whittaker functions 
[9], [10]: 

r(l - iv) , . !: 
Rz(X1,X2) = [W iv;1/2(-zV z(r 1 + r2 + IX1 - x2 1» 

4nlx1 - x2 1 

X M iV;1/2(-i.,fi(r1 + r2 -lx1 - x2 1» 
-W;v;1/z(-i.,fi(r1 + r2 + IX1 - X21)) 

x M;v; 1/2( -i.,fi(r1 + r2 - IX1 - x2 1»], 

m -I 
- 2' 

In the p-representation this becomes 

b3(P1 - P2) 
Rz(P1' P2) = I 12 P1 - Z 
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[9]. As we see, suitable matrix elements are analytic in z on a two-sheeted 
Riemann surface, but have an essential singularity at z = O. The proof 
that was given for (4.1.16) can also be used in more complicated situations, 
for which there is no explicit expression for Rz . 

In §3.4 we learned that (j ac is associated with the states for which the particle 
escapes to infinity. Experience with the classical problem allows no hope 
that the time-evolution approaches that of Ho, since x(t) - tp(t)/m '" In t. 
The operator exp(iHrt)exp( -iHot) is not much good, either; it converges 
weakly to 0 as t --+ 00. On the other hand, there again exist some useful 

Asymptotic Constants ofthe Motion (4.1.18) 

Let P be the projection onto the vectors of (j ac(Hr). Then (PpP, P(x/r)P, P(l/r)P) 
E d and s-limt~± 00 (PpP, P(x/r)P, P(ljr)P) = (p±, ±P±/Ip± I, 0) (p± in the 
sense of (3.4.6». 

Proof 

(i) Convergence of the Momenta. The claim will be proved only for et > 0; 
the proof is more involved if et < 0, and the reader is referred to [11]. 
In the repulsive case the radial component of the momentum Pr increases 
monotonically and is bounded, so it is suitable as a Liapunov function. As 
in classical mechanics (I: 5.3.8), when Hr is expressed in terms of Pr> 
it becomes 

_ 1 (* ILI2) 1 Hr - 2m Pr Pr + 7 + ~ . 

(details in Problem 6, with rx. = 1). If U(1R3 , d3 x) is mapped unitarily to 
L 2(S2, dO.) ® L 2([0, (0), dr) by t/I --+ u/r, then Pr becomes identical to the 
operator Pr of (3.3.5; 4). Let p.(t) as usual mean exp(iHr t)Pr exp( - iHr t), 
so that by (3.3.5; 4(a», 

/ Yj u(r) I ~ Pr Yj u(r») = [00 dr u*(r)u(r)[~ + 1(1 + l)J + ~ 1 U'(O) 12. 
\ r dt r J 0 r2 r3 2 

Since IIPrt/ll1 ::; <t/lIHrt/l), this means that r- 2 is integrable in time, as is 
to be expected from r '" t: 

f:dt 11 r~t) t/I r ::; <t/llp.(T) - p.(O) 1 t/I) ::; 21It/1ll<t/lIHrt/l)1/2. (a) 

Since this bound is independent of T, given any t/I E D(Hr) and e > 0, 
there exists a T such that 

(b) 
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In order to avoid some technical difficulties caused by the presence of 
unbounded operators, let us examine RpR, where R = (Hr + C)-i, 
C E IR+. Now, 

so 

where we have used (a). On account of (b), as T --t 00 this becomes 
arbitrarily small, which implies the strong convergence of Pp(t)P. The 
operator R maps the Hilbert space into D(Hr), which is a domain of 
essential self-adjointness for pet) and P±. Therefore p converges strongly 
to P± on a domain of essential self-adjointness, and consequently strongly 
in the sense of (2.5.8; 3) (see Problem 8). 

(ii) Convergence ofx/r and l/r. The first of these has already been handled in 
Problem (3.6.32; 3), and the second follows from x(t)/t --t ±p±/m. D 

Remarks (4.1.19) 

1. Proposition (4.1.18) implies that all finite functions of these operators 
converge to the same functions of the asymptotic constants (er. (2.5.8; 3». 
As usual there are domain questions for unbounded operators. The 
statement an r/J --t ar/J for all r/J E D, a dense set, does not suffice for an ~ a. 
To see this, suppose a and b are two different self-adjoint extensions of a 
densely defined operator c, and set an = b for all n, D = D(c). Since 
aID(c) = bID(c), convergence is trivial, but finite functions of a and b may 
genuinely differ. Only if D is a domain of essential self-adjointness for all an 
and for a can one conclude that an ~ a (Problem 8). 

2. In order that the M~ller operators still exist, Ho might be modified 
somehow depending on the Pi but so as to describe the correct asymptotic 
motion. The trouble is that any such Ho depends on time explicitly, so 
U? is not simply exp( - itH o(t», and the time-evolution is not being 
compared with a one-parameter groups of automorphisms. One pos­
sibility is U? = exp( -i(tlpI2/2m + mlX(ln t)/Ipl», as exp(iHrt)U? in fact 
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converges to the desired wave operator. Since the modified Ho still 
commutes with p, this also shows that the Pi(t) converge. We are, however, 
less interested in pure existence theorems than in explicit computations, 
so this line of reasoning will not be pursued further. 

Corollaries (4.1.20) 

1. Since H is constant, PHP = Ip+ 12/(2m) = Ip_12/(2m). 

1 map± i 2 map± 
2. PFP = z[p± x L - L x P±] ± Ip± I = '2 [p±, ILl] ± TP:T' 

The lesson of this is that the state of affairs concerning asymptotic con­
stants isjust as in the classical theory (I : 4.2.21; 1). In order to find the analogue 
of (I: 4.2.20) in quantum theory, it is only necessary to take some care with 
the noncommutativity of the various observables. This being done, one 
finds the 

Connection between p + and p _ (4.1. 21 ) 

+ _ I L 12 + il] - 1]2 I] 
Pk = Pk ILI2 _ il] + 1]2 + [p- x L - L X P-]k ILI2 _ il] + 1]2 

_ILI2(I+il])+il]-I]2. 2- 1 
= Pk ILI2 _ il] + 1]2 - 1l]ILI Pk ILI2 - il] + 1]2' 

Pma 
I1(H.) == M::::U' 

y2mH. 

Proof 

2BijkFjLk = Bijk[Bjmn(P; Ln - LmP;) ± 21]pfJLk 
= - Pi± L 2 + Pt Li Lk - LkPi± Lk ± 21](Fi =+= I]pn ± 2il]Pi± 
= - 2Pi± L 2 ± 21]Fi - 21]2p! ± 2i'1Pi± . 

Substitution for F from (4.1.20; 2) then proves the claim. 

Remarks (4.1.22) 

o 

1. The first part of the formula is the analogue of (I: 4.2.20), and follows 
since p+ is related to p_ by reflection through F (see (I: 4.2.18; 1). 
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2. The connection between p+ and p_ in the spectral representation of ILI2, 
L3 , and HrP = Ip± 12/2m, can be read off from the second part of the 
formula: 

The Scattering Transformation (4.1.23) 

S = r(t + JILI2 + ! + it7(Hr» 

r(t + JILI2 + ! - it7(Hr» 

connects the momenta p+ and p_ by 

p+ = S-lp_ S. 

Proof 

Since S commutes with L, it can be written in the tensor-product representa­
tion of(3.6.10; 1), with the eigenvectors 11, m) EL 2(S2, dO) of ILI2 and L3 , as 

SII, m) ® cp(k) = exp(2i()/(k» I I, m) ® cp(k). 

The component Pt commutes with L3 and Hr and, like X3 of (3.2.14), changes 
I by 1. If we take the matrix element <I + 1, m I . 11, m) of the second form of 
(4.1.21), then we find that 

<I + l,mlptll,m) _I + 1- it7 _ (2.(~ _ ~ )) "":""---,-'--":":""::---'-:------'-- - - exp I u, u, + 1 • 
<I + 1, mlp3 11, m) 1 + 1 + it7 

Proposition (4.1.23) follows from this recursively, if we set exp(2ibo(k» = 
r(1 + it7(k»/r(1 - it7(k» by convention. 0 

Remarks (4.1.24) 

1. As discussed in (I: 4.2.21), S is not determined uniquely by the conditions 
S-lp_S = p+ andS- 1LS = L;the unitary elements of the commutant of 
the algebra d formed from p_ and L remain unspecified. Note that {d}' 
consists of functions of the energy, so this arbitrariness just corresponds 
to a choice of ()o(k). This amounts to an overall phase and has no effect 
on the scattering cross-section for k #: k'. On the other hand, the time-delay 
is now infinite instead of o()(k)/ok2 , because mx - pt '" In t as t -+ 00. 

2. As t -+ 00 the phase-shift ()/ diverges as L' (I + 1)-1. This is why we were 
not able to normalize t>rr:; to zero, but chose instead to fix ()o.1t thus happens 
that ()o violates the rule for the scattering phase-shift b and scattering 
length a valid for short-range potentials, that V > 0 => () < 0 => a > 0 and 
V < 0 => () > 0 => a < 0 (see (3.6.5) and (3.6.23; 5»: If ()rr:; were 0, then 
()/ would be negative for positive (X and positive for negative (X. 
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3. The scattering transformation S does not commute with all the constants 
ofthe motion (cf. (I: 4.21.4». For instance, S-lFS = F - 2'1P+. 

4. The scattering matrix has been calculated in the Heisenberg representa­
tion. In the interaction representation (see (3.4.23) and (3.4.24; 6» Soo is 
related to it through Q!S!L = Soo and Q! HrQ- = Ho. In other words 
Soo is obtained from S by the replacement of Hr with Ho, or Ip- f with 
Ip12. 

5. Although Proposition (3.6.11) about the poles of S was derived only 
under restrictIve assumptions on V, it remains true that S contains the 
information of Balmer's formula: exp(2i Jlk» has poles at k = -ime2/ 

(I + nr), nr = 1, 2, .... They are in the upper half-plane if C( < 0, in which 
case the values of k2/2m are precisely the energies of the bound states. 

Now that the phase-shifts J1 are known, let us recall the definition in 
(3.6.10; 3) and calculate (Problem 7) the 

Scattering Amplitude (4.1.25) 

f(k; n/,n) = f 21:- 1 P1(cos (J)[r(1 + 1 + ~'1) - 1] 
1=0 21k r(1 + 1 - 1'1) 

= i'1 ( 4 )1+i~ r(1 + i'1) __ 1 J2(n _ n/). 
2k In - n/12 r(1 - i'1) 2ik 

Remarks (4.1.26) 

1. The sum over I converges on the dense set of finite linear combinations of 
Yr, for example, but is singular for n = n/. 

2. The first contribution to the scattering amplitude 

f(k; n', n) '" (sin (J/2)-2-2i~ 

is a well-defined distribution for all nand n' E S2, and represents the unitary 
operator S as an integral operator with a kernel. This fact is lost in the 
Born approximation; the i'1 disappears from the exponent, and fbecomes 
nonintegrably singular. As a whole, f remains singular even after sub­
traction of the delta function in the forward direction; it is a distribution 
rather than an ordinary function. 

3. The cf<)ss-section is the same as classically (I: 4.2.22), 

(k ' ') - If(k' ')12 _ C(2 . -4 (J 
(J ,n, n - , n, n - 16(k2/2m)2 sm 2' 
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Problems (4.1.27) 

1. Show that if a is self-adjoint and b is essentially self-adjoint on a domain D invariant 
under all exp(iat), t E ~, then a and 0 == the closure of b in the sense of (3.1.7) commute 
if exp(iat)b exp( - iat)I/! = bl/! for all I/! E D and t E R 

2. Show that 

(i) D(F) ::::J D(Hr) n Dfin(L 2), where Dfin consists of the finite linear combinations 
of the Yi; 

(ii) F is essentially self-adjoint on D(Hr ) n Drin(L2); 
(iii) For all ep and I/! E D(Hr) n Dfin(L 2),djdt(ep lexp(iHrt)F exp( - iHrt)1 I/! > = O. Use 

Problem 1 to verify that [H, F] = O. 

3. Verify (4.1.7(ii» and (4.1.7(iv». 

4. Compute the action of p± and P3 on 11, m>. 
5. Compute 12, 0, 0> = F 312, 1,0> in the x-representation. 

6. Express Ipl2 in terms of Pr = (ljr)(x . p) - ijr, r, and ILI2. 

7. Calculate the sum over 1 in (4.1.25). 

8. Show that if anI/! ..... al/! for all I/! E D, a domain of essential self-adjointnessfor all an 
and a, then an ..... a in the sense of (2.5.8; 3). 

Solutions (4.1.28) 

1. D(TJ) = {"': there exists a sequence "'. E D such that "'n ..... "', and bn'" converges}. 

b exp(iat)'" = exp(iat)b'" 

o exp(iat)I/! = exp(iat)o", 

since b exp( iat)I/! n = exp( iat )bl/! n' 

for all I/! E D ~ 

for all '" E D(o), 

bl/!n ..... ol/!, exp(iat)bl/!n ..... exp(iat)ol/!, exp(iat)I/!n ..... exp(iat)I/!, 

and consequently b exp(iat)I/!n converges, which implies that exp(iat)I/! E D(o), and 
o exp(iat)I/! = exp(iat)ol/!. Let ~ be the finite linear combinations of exp(iat). Then 
ocl/! = col/! for all c E ~ and I/! E D(o). Furthermore, let V = (b - i)(o + i) - I. Every 
vector ep E.Yf is equal to (0 + i)I/! for some I/! E D(o); thus Vep = (0 - i)I/!. cep = 

c(o + i)I/! = (0 + i)cl/!, Vcep = (0 - i)cl/! = c(o - i)I/! = cVep, so Vc = cV for all 
c E ~. Therefore every bounded function of 0 commutes with ~. 

2. (i) IlFil/!11 :5: cl lllLl2pi l/!1I + c211Pil/!11 + c3111/!11 for some Ci E ~+. Since Pi changes 
the angular momentum by 1, IIILI2pi l/!11 :5: c4 11Pil/!11 :5: cs(I/!IPHrl/!>1{2, and so 
IIFil/!11 < 00 for all I/! E D(Hr) n Dfin(ILI2). 

(ii) D(Hr ) n Drin(ILI2) contains the set {X~'X12X~3 exp( -lxI2j2), gi = 0, 1, 2, ... , 
and finite linear combinations}, on which F is essentially self-adjoint. 

(iii) 
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since [ILI2, r] = 0 and D(ILI2/r2) ::> D(H r ) n Dfin (ILI2). As a consequence, the 
matrix elements of F(t) and F(O) are the same with the vectors of 

Therefore the unique self-adjoint extensions are the same, which is the criterion 
for commutativity by Problem 1. 

3. The commutation relations used below follow from [p, f(x)J = - i Vf(x), [x, f(p)J = 
iV f(p), and the identities [ab, cJ = a[b, cJ + [a, cJb and 

[ab, cd] = ac[b,dJ + a[b, cJd + c[a,d]b + [a,c]db: 

( max) ( max) JFlz = [p x LJ - ip + -r- . [p x LJ - ip + -r-

(because [p x LJ = - [L x p] + 2ip). 

p. [p x LJ = [p x pJ. L = 0, [p x LJ· P = (-[L x pJ + 2ip)· P = 2ilpl2. 

[p xL] . x = ( - [L x p J + 2ip) . x = I L 12 + 2ip· x, 

x· [p x LJ = [x x pJ . L = ILI2. 

I[p x LW = Ipl21LI2 - (p·L? = Ip121L12. 

From these equations, iF 12 = I p 121 L 12 + 21 P 12 + ma I L 12 /r + 2ima(p . x)/r _ I p 12 
- ima(p . x)/r + ma I L IZ /r - ima(x/r· p) + m2a2. Since [x, p . xJ = ix and [p. x, l/r J 
= i/r, the final result is that IF 12 = I p 121 L 12 + I P 12 + 2ma I L 12 /r + 2ma/r + 
m2a2 = m2a2 + 2mHr( I L 12 + I). The commutation relations for the components of 
F follow from the formula F = Ipl2X - (p. x)p + 2max/r and the formulas given 
above, as well as [x, Ipl2J = 2ip, [p. x, Ip12] = 2ilpl2, [p, l/rJ = ix/r3, [lpI2, l/rJ = 
ix/r3 . p + ip· x/r3, and x· p - p' x = 3i, which can be verified directly. 

4. In the x-representation, a/az = cos fJ(a/ar) - (sin fJ/r)(a/afJ). Because cos fJ Yl = 

c Yj+ 1 and sin () Yj = le Yj+ 10 and because of the analogous facts for a/ox and a/ay, we 
find that ip31 n, I, I) = c(Nar - I/r) I n, I + I, I) and 

ip+ In, I, I) = c'(i -~) In, I + 1, I + I). 
or r 

(The vector ip-In, I, I) is a linear combination of (a/or - l/r)ln, 1 + 1,1- I) and 
(a/or + (l + l)/r) I n, 1 - 1, I - 1 ).) (See also (3.2.14).) 

5. 12,0,0) = (ma)3!2(1 - (mar/2»exp( - mar/2)/j8;c. 

6. First note that owing to the facts listed in Solution 3, p~ is formally equal to p" and 

ILI2 = XkPiX,pseiklcstl = Ixl21pl2 + i(x·p) - (x,p)(x,p), 

so Ipl2 = P; + ILI2/r2. If we now map L2([R3, d3x) unitarily to L2(S2, dQ) ® 
e([R+, dr) by ijI ~ u/r, then Pr becomes the Hermitian operator - i d/dr of Example 
(3.3.5; 4). It fails, however, to be self-adjoint; p~ ::> p" because D(Pr) = {ijI EL 2 : ijI is 
absolutely continuous, ijI' E L2, and ijI(O) = O} c D(pn = {ijI E L2: ijI is absolutely 
continuous, and ijI' E e}. A more precise statement is that I p 12 = P:Pr + I L 12 /r2. 
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7. If t = cos e, then 

00 l' 

(sin e/;n-2-2i~ = 1~/~(21 + I)PI(t) Ly -Z)-i~-lpI(Z)dz. 

By recourse to Rodrigues's formula we find that 

fl 1 fl . 1 dl 2 1 ... = -1-, (1 - z)-'~- I (z - 1) dz 
-.1 21. -.1 dz 

1 I. 
= -I (1 + it!)··· (l + iry) x f (1 - Z)-I~-I-I(1 - zY(1 + Z)I dz 

2l! -1 

= _1 f(l + 1 + irO 2-i~+1 x re -irOf(l + 1) 
tl! f(l + iry) f(1 + 1 - iry) 

= ~ f(1 - iry)f(l + 1 + iry) 2-i~ 
iry reI + iry) f(l + 1 - iry) 

and (sine/2)-2-2i~=I(l/-iry)(21+1)exp(ibl)PI(cose), provided that 150 is 
chosen as O. 

8. Let 1/1 = (a + i)({J,({J ED. «an + 0- 1 - (a + i)-I)1/I = (an + i)-I(a - an)({J ..... 0, since 
II(an + i) - III :-::; 1, and analogously if i ..... - i. However, (a ± i)D is dense in Yf, so 
(an ± 0- 11/1 ..... (a ± 0- 11/1 for alIl/I E Yf. 

4.2 The Hydrogen Atom in an External Field 

Experiments subjecting atoms to constant electric and magnetic fields 
were indispensible to the understanding of atomic spectra. The effect 
of weak fields is seemingly just a moderate shift in the energy levels, 
but infact the underlying mathematical problem is drastically changed. 

The fields applied in laboratory experiments are usually weak in comparison 
with atomic fields, and appear to have only slight influence on atomic 
structure. In the other extreme, with the high magnetic fields B prevailing 
on neutron stars, the radius (eB) -1/2 of the lowest magnetic orbital (cf. 
(3.3.5; 3» can be smaller than the Bohr radius, and the atom contracts around 
the magnetic lines of force. In very strong electric fields autoionization occurs, 
and we shall see that even an arbitrarily small electric field destroys the 
point spectrum of an atom. It is amusing that this problem was one of the 
first successes of the perturbation theory developed in §3.5, despite its not 
being applicable in the absence of a point spectrum. One of our goals will be 
to find the sense in which perturbation theory is still asymptotically valid. 
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We give the Hamiltonian (4.1.1) the perturbations of(3.3.5; 1) or (3.3.5; 3), 
thereby obtaining the 

Hamiltonians for the Stark and Zeeman Effects (4.2.1) 

Ipl2 rt. I 

HE = 2m + TXI + eEx3 == Ho + AH, 

H _lpl2 + ~ H' , = eE, 
o - 2m 1 xl' = x3 , JI, 

HB = 2~ ((Pl + e: X2r + (P2 - e: Xlr + p~) + 1:1 == Ho + AH', 

H _ Ipl2 _rt. _ eB L~ e2B2 
+ H' = X2! + X22' A o - 2m 1 x 1 2m 3, = 8m ' 

L = [x x p] is the canonical angular momentum of (3.3.5; 3). 

Since H' is not bounded relative to Ho, the question of the self-adjointness 
of HE and H B must be confronted. Serious difficulties are not to be expected, 
because quantum mechanics mollifies a l/r singularity, and once something 
has been done about the singularity at r = 0, a classical electron in these 
potentials would evolve in a reasonable way and would not reach any 
boundaries in a finite time. Roughly speaking, it could be argued that if there 
is aCE IR+ such that Id/dt(lpI2 + Ix12)1 ~ e(lpl2 + IxI2), then Ip(tW + 
Ix(t)12 ~ exp(et)(lp(O)12 + Ix(0)1 2), so neither the momentum nor the 
position coordinate could get unboundedly large in a finite time. The con­
dition that 1 N 1 ~ eN is equivalent to ± N + eN ~ 0, and this argument can 
be made precise with a lemma on 

Self-adjointness on the Domain of Operators Bounded Exponentially in Time 
(4.2.2) 

Let H be Hermitian and N ~ 1 seif-adjoint with D(N) c D(H), and suppose 
there exists aCE IR + such that < '" 1 (± i[H, N] + eN)",) > 0 for all '" E D(N). 
Then H is essentially self-ad joint on D(N). 

Proof 

Recalling (2.5.10; 1) we shall show that given anyy E IR+, if <q> 1 (H ± iy)"') = 0 
for all '" E D(N), then q> = O. Specifically, that fact would imply that 

0= 2 Im<q> I(H ± iy)N-lq» = ±2y<q> 1 N-lq» - <N-lq> 1 i[H, N]N-lq», 
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which is consistent with the assumptions of the lemma and with y > e/2 
only if q> = O. As remarked in (2.5.13; 2), the conclusion then holds for all 
y E ~+. 0 

Application (4.2.3) 

Now let NE. B = HE, B + w2 1 X 12, W E ~ and sufficiently large. They are self­
adjoint operators on D( I p 12 + Ix 12), because the other terms in HE, Bare 
bounded relative to these. Then note that 

±i[HE B, NE B] = ±i[lIT, IXI2] = + ~(p, x + x· p) < eNE B' 
" 2m m ' 

This leads to the conclusion th~! ~'{ E and H B are essentially self-adjoint on 
D(lpl2 + IxI2). 

The Hamiltonians of (4.2.1) thus determine the time-evolution uniquely; 
however, there is such a vast difference between A = 0 and A < 0 that the 
perturbation theory developed in §3.5 is deprived of its foundations. Moreover, 
at large distances rt./r is insignificant compared with the external field, which 
therefore controls the action. Suitable bases for comparison are thus free 
fall (3.3.5; 1) for HE and motion in a repulsive harmonic force for HB with 
A < O. 

Existence of the M~lIer Operators (4.2.4) 

Let Hirt.) and HB(rt.) be as in (4.2.1). Then 

O± = s-lim exp(iHE,irt.)t)exp(-iHE,iO)t) 
t-+±oo 

exist for HE if A. i= 0 andfor HB if A. < O. 

Remarks (4.2.5) 

1. As was discussed in §4.1, the M~ller operators do not exist if A = O. The 
external fields make the time-limit more tractable, because although l/r 
is not integrable in time when x --t x + pt, it is if x --t x + pt + gt2 or 
x --t x cosh(t) + p sinh(t). 

2. It follows from O*H(rt.)O = H(O) that H(rt.) has the same spectrum when 
restricted to the range of 0 as H(O). This shows that (Jac(HE) = ~ if 
A. i= 0 and (JaiHB) = ~ if A. < O. The unboundedness below is easy to see 
using trial functions supported far away from the origin in regions where 
the potential is very negative. It is clear from this why the analytic perturba­
tion theory of §3.5 is impossible. 
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3. Completeness ofthe M011er operatorsn± woufdimplythat up = using = 0. 
Though this is the case, the proof is more difficult; the interested reader is 
referred to [12]. 

Proof 

As in (3.4.11), we begin by taking the time-derivative of net), though we shall 
require only the rough estimate 

f:oo dtllexp(iHt)V exp( -iHot)ljJll = f:oo dtll Vexp( -iHot)ljJll 

:::; --2 dt(l + t2 )11V exp( -iHot)ljJI12 . (fOO dt )l/2(fOO )1/2 
_ool+t -00 

Since we are showing that a sequence of bounded operators converges 
strongly, we may restrict to a total set, {ljJ = exp( - I x - X 12/2b2), X E 1R3, 

b E IR +}. In units where 2m = 1 and Ee = 2g, both H E(O) and 

exp(2itgx3)exp( -it2p3g)exp( -itlpI2) 

produce the time-evolution (Xl' X2, X3; Pt> P2, P3) -+ (Xl + Plt, X2 + P2 t, 
X3 + P3t + gt2;PbP2,P3 + 2gt); therefore their difference is only a multiple 
of 1. By Solution (3.3.21; 2), 

(exp( -itlpI2)ljJ)(X) = [exp 2(~21: ~2:~22)J(1 + t2b- 4 )-3/4, 

while exp( - it2 P3 g) displaces X3 by gt2, and exp(2itgx3) drops out because it 
commutes with V. Thus it remains to show that 

fOO 2 2 -4 -3/2 f d3x -Ix - x(tW 
o dt(1 + t )(1 + t b) 7 exp (b2 + t 2b 2) < 00, 

(xl(t), xz(t), X3(t») = (Xl' X2' X3 + gt2), 

which follows from a simple change of variables (Problem 1). The proof for 
H B is very similar; it is only necessary to take the harmonic motion in 
(3.3.21; 2) with an imaginary frequency. This makes x(t) = x cosh( vt), and 
the convergence is even easier. 0 

The foregoing results show immediately that the resolvent 

(Ho + AH' - Z)-l, Z E C\IR, 

is not analytic in A at A = 0, where H has been divided into Ho and H' as in 
(4.2.1). Perturbation theory will thus fail to converge as an expansion in the 
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external field. It is reasonable to wonder, however, whether the perturbation­
theoretic formulas still have some meaning or become pure nonsense. 
Despite the lack of analyticity, we at least have 

Strong Continuity in A (4.2.6) 

Thefunction A ~ (Ho + AH' - Z)-1 ,for Z E C\~ and Ho and H' as in (4.2.1), 
is a continuous mapping on PJ(ff) in the strong topology. 

Proof 

The resolvent equation 

(Ho - Z)-1 - (Ho + AH' - Z)-1 = A(Ho + AH' - z)-1H'(Ho - Z)-1 

obviously holds on (Ho - z)D(lpI2 + IxI2), since D(lpl2 + Ix12) c D(H'). 
The operator Ho is essentially self-adjoint on D( I p 12 + I x 12), which means that 
(Ho - z)D(lpI2 + Ix12) is dense, because its closure is (Ho - z)D(Ho), 
which is all of ff by (2.5.5). Since the resolvent is bounded by IIm z 1- 1 in norm, 
uniformly in A; the strong continuity in A follows from the strong continuity 
on a dense set. 0 

Proposition (4.2.6) implies that as A ~ 0 any bounded, continuous func­
tion of Ho + AH' converges strongly to the same function of Ho. On the same 
abstract level we can in fact state the following 

Continuity Properties of the Spectrum (4.2.7) 

(i) For all z E Sp(Ho) there exists a z(A) E Sp(Ho + AH') such that 

lim z(A) = z. 
;. .... 0 

(ii) For all a and bE IR such that a < b and a, b ~ 0iHo), the projections 
p(a.blHo + AH') converge strongly to p(a,b)(Ho)' 

Remarks (4.2.8) 

1. Proposition (i) means that the spectrum of the limiting operator can not 
suddenly get larger. Example (3.5.11; 1) shows that it is possible for it to 
contract suddenly from ~ to {O}. If H' were an analytic perturbation, then 
norm continuity of the resolvent in A can be used to exclude this pos­
sibility. 

2. If the interval (a, b) contains only one eigenvalue of Ho, then (ii) implies 
that p(a,b)(Ho + AH') converges to the projection onto the eigenspace of 
the eigenvalue. 
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3. The requirement that a tf: (J p(H 0) is a necessary one; suppose, as in 
(3.5.11; 1), that Ho = 0 and H' = x, as operators on L 2« - 00, (0), dx), 
and let X(O, 1) be the characteristic function of (0,1). Then 

X(o.l)(h) = P(o,l)(Ho + AH') --+ Pro, OO)(x), 

but X(O, 1)(0) = o. 

Proof 

(i) We shall show, equivalently, that (a, b) n Sp(Ho + AH') being empty for 
all sufficiently small A implies that (a, b) n Sp(Ho) is empty. By the 
spectral theorem the latter statement is equivalent to 

II(H -~ .~)-111 < J2 
o 2 + I 2 - (b - a) . 

By assumption, 

11 (Ho + AH' - _a + ~ + i _b - a) - 111 ::; --,-'---J2 
2 2 (b - a) 

for sufficiently small A. Since the operator norm is strongly lower semi­
continuous (11' 11 = sUPII"'11 = 1 11 ·1jI11), RA --+ R, which implies that IIRII ::; 
lim inf IIRAII, from which the proposition follows. 

(ii) To generalize from convergence of continuous functions to that of 
characteristic functions, recall that there exist continuous functions fn and 
gn' 0::; fn ::; i(a,b) and gn ;:::: X[a,b)' such that f,. i X(a,b) and gn! X[a,b) 
pointwise. Hence, by Problem 2, f,.(Ho) --+ X(a,b)(Ho) and gn(Ho)--+ 
X[a,b)(H o)' Since a and b f/= (Jp(Ho), p(a,b)(Ho) = p[a,b)(Ho), so X(a,b)(Ho) = 

X[a, b)(H 0)' This implies that for allljl and 8 there exist continuous functions 
f ::; X(a, b) ::; X[a. b) ::; g such that 11(f(H 0) - g(H 0»1jI 11 ::; 8. Consequently, 

II(p(a,b)(HO + AB') - p(a,b)(HO»1jI11 

::; II(p(a,blHO + AH') - f(HO + AH'»1jI11 

+ 11(f(Ho + AH') - f(HO»1jI11 + II(p(a,b)(HO) - f(Ho»1jI11 
::; II(g(Ho + AH') - I(Ho + AH'»1jI11 

+ 11(f(Ho + AH') - f(Ho»1jI11 + II(g(HO) - f(Ho»1jI11 
::; II(g(Ho + AH') - g(Ho»1jI11 + 211(f(HO + AH') - f(Ho»1jI11 

+ 211(g(Ho) - f(HO»1jI11 

is arbitrarily small. D 

In the case we have been interested in, Ho has a point spectrum, but 
Proposition (4.2.7) does not guarantee that the point spectrum persists when 
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A is changed from O. The point spectrum can not disappear without a trace, 
however; instead, there is a sort of 

Spectral Concentration (4.2.9) 

Let Eo be an isolated eigenvalue of Hoof finite multiplicity and Po be the 
associated projection. Suppose that Po H' P 0 exists and has eigenvalues Ej with 
projectionsPj,LjPj = Po· Then for all e > Oand1/,O < 1/ < 2, 

s-lim P(EoHEj-e).".EoHEj+e)..)(Ho + AH') = Pj' 
),-+0 

Remarks (4.2.10) 

1. In the cases we have examined (4.2.1), the exponential fall-off of the 
eigenvectors of Ho makes them belong to D(H'), so the finiteness of P oH' P 0 

is clear. 
2. Proposition (4.2.9) states that to order Aq, 1/ < 2, the spectrum shrinks 

down around the eigenvalues predicted by first-order perturbation 
theory. The proposition is easily generalized to higher order. 

Proof 

Let I/Ij be one of the vectors spanning the range of Pj' so Ho I/Ij = Eo I/Ij and 
H'I/Ij = Ejl/lj. Then the 1/1 constructed by perturbation theory (3.5.18) is 
undeniably an eigenvector of Ho + ).,H'to O().,2) (cf. (3.5.19; 3»: 

II(Ho + ).,H' - Eo - ).,Ej)(l/Ij - )"(Ho - EO)-l(H' - Ej)I/I)11 2 

= ).,411(H' - Ej)(Ho - EO)-l(H' - Ej)l/I j I1 2 • 

(Recall that )'Ej was incorporated into Ho in §3.5.) Now, if /-lj is the probability 
measure associated with the vector (1 - )'(Ho - EO)-l(H' - Ej)l/Ij == I/I]{)'), 
the operator Ho + ),H', and the interval 

Ii),) = (Eo + AEj - e),q, Eo + )'Ej + e),q), 

then we get the estimate 

),411(H' - Ej)(Ho - EO)-l(H' - Ej)l/Ijl12 = tOOood/-lih)(h - Eo - )'Ej)2 

~ e2),2q r d/-lih) = e2),2q ll(1 - P1p)(Ho + AH'))l/Ii),)11 2. 
Jh~IP) 

Because l/IiA) ~ I/Ij' '1 < 2, it follows that (1 - P1j{).)(Ho + AH'))I/Ij ~ O. 
Since the vectors I/Ij span the range of Pj' this implies the norm convergence 
P1j().lHo + ),H')Pj => Pj' By (4.2.7(ii», once Ii),o) no longer contains any­
thing but the eigenvalue Eo + )'Ej, the projections P1j().o)(Ho + ),H') con­
verge strongly to P1j().o)(Ho) = Pj' Therefore, if), < ),0' then 

P1p)(Ho + ),H') = P1p)(Ho + ),H')P1j{).o)(Ho + ),H') ~ Pj' 0 
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At first sight, Theorem (4.2.9) appears without physical significance. For 
instance, in the trivial example of (4.2.8; 3), perturbation theory does not 
work, since 0 is an infinitely degenerate eigenvalue of Ho; with Eo = E j = 0, 
11 < 1, Theorem (4.2.9) is still valid, yet nothing distinguishes the spectral 
value 0 of the operator AX. The experimentally detectable consequences of 
(4.2.9) are brought to light by consideration of the 

Indeterminacy Relation of Time and Energy (4.2.11) 

The probability that an initial state t/! is again measured at a later time t is 
1 <t/!I exp( - iHt)t/!) 12. For this reason, r(t/!) == H~ 00 dt 1 < t/!I exp( - iHt)t/!) 12 
is referred to as the lifetime of t/!. If the support of t/! in the spectral representa­
tion of H is contained in the interval (Eo - e, Eo + c), then r(t/!) ~ 1/8ne. 

Proof 

As in the proof of (3.4.11), it follows from Parseval's equation that r( t/!) = 
S (dw/4n) 1 <t/!It5(H - w)t/!) 12, and then by the Cauchy-Schwarz inequality, 

I = (J~o~+:dW<t/!It5(H - w)t/!) r 
s J~o:,EdW' {:O~+EEdW<t/!It5(H - W)t/!)2 = 8ner(t/!). 0 

If a perturbed operator is strongly but not norm continuous, then an 
eigenvalue Eo may disappear into a continuum that springs into existence. 
However, even if this happens, for small A the state t/!o has a long lifetime: 

The Lifetimes of Eigenstates that have Disappeared into the Continuum (4.2.12) 

With the assumptions of (4.2.9),for all e > 0 there exists a Ao > 0 such that 
r(t/!) > 2/eA~ for all A, 0 < A < Ao. 

Proof 

Let t/! [ = P 1(,1.) t/! j' The strong convergence of the operator H(A) implies the 
existence of a Ao such that 11t/![ - t/!jll = II(PI(.l.) - P)t/!jll < e/2 for all A, 
o < A < Ao. Therefore 

so this proposition follows from (4.2.11). o 
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Now that the mathematical state of affairs is understood, let us return to the 
physical problem and examine H B = Ho + AHt. The situation is only half 
as bad as it might be, since the point spectrum is preserved for the physical 
values A ~ 0; this follows immediately from the min-max principle, since the 
term linear in B, which was built into the Ho of (4.2.1), is simultaneously 
diagonable with L3 (see (3.3.20; 4», and e2 B2(xI + xD/Bm is a positive 
perturbation. The number of eigenvalues of H B under a given energy E is 
therefore at most the same as the number of eigenvalues E~?1.13 == - (m(X2/2n2) 
- (eB/2m)/3 of Ho under E. This argument leads straightaway to 

Bounds for the Eigenvalues of BB (4.2.13) 

The lowest eigenvalue EI3 of HB , where'/3 is a given eigenvalue of 13 , satisfies 

e2B2 
E!~L.13.13 ::; EI3 ::; E!~~1.13.13 + Bm </3 + 1,/3, 131xi + x~1/3 + 1,/3,/3), 

Remarks (4.2.14) 

1. These bounds show that the divergence of perturbation theory does not 
diminish the usefulness of the linear formula for small B. It can in fact be 
shown that the perturbation series is Borel summable [3]. 

2. The term (X/r is compact relative to the rest of H B (Problem 6), so the 
essential spectrum of H B begins at eB/2m > 0, as in (3.3.5; 3). 

3. At this stage,· (4.2.11) applies only to particles without spin. The presence 
of spin adds a term Bj1.S3 to HB , where for an electron the spin magnetic 
moment j1. is 2· [1.0011596] . e/2m. The new term is simultaneously 
diagonable with Ho; as long as the relativistic spin-orbit coupling is left 
out, the difference is a simple additive constant. 

To finish the section off, we discuss the Stark effect in greater detail. As 
we saw that ifE '" O,thenaaC<HE) = IJhndaiHE) = as(HE) = 0,onemight 
well wonder how so many physicists have made successful careers measur­
ing and calculating the eigenvalues of HE' The underlying reasons are some 
nice 

Stark-Effect Delicacies for Mathematical Connoisseurs (4.2.15) 

(i) When E '" 0, suitable expectation values of the resolvent (HE - Z)-l 
have a branch cut along [R-, and the poles of the resolvent when E = ° 
move onto the second sheet when the field E is switched on. 

(ii) The imaginary part of the position of the pole associated with the ground 
state goes as exp( - (X3/6eE) as E --+ 0. The small imaginary part shows up 
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as a long lifetime (4.2.12) and as a sharp resonance in the scattering 
matrix (4.2.4), and hence as a long time-delay (3.6.17). 

(iii) Perturbation theory leads to the correct asymptotic power-series for the 
positions of the poles, all coefficients being integrals of real functions 
and hence real. The imaginary part is invisible in perturbation theory, 
since it goes to zero faster than any power of the applied field. 

(iv) Since any reasonable procedure for re summing the perturbation series 
will lead to something real, it can not give the exact position of the pole. 
However, if one begins with a complex electric field E, Borel sums the 
series, and then lets Im E tend to zero, the complex poles can be found 
exactly. 

The proofs of these mathematical facts can be found in [13]. The physics 
underlying the complex poles is the quantum-mechanical tunneling effect, 
by which an electron has some probability of reaching a position with large 
- X3' If the field is not too large, then the time taken for the tunneling is so 
long that the effect can be neglected in any conceivable experiment. 

Let us next ascertain the energies at which the spectrum is asymptotically 
concentrated. We shall not come up with any bounds for the (nonexistent) 
eigenvalues. 

First-Order Perturbation Theory (4.2.16) 

The first step is to diagonalize H' in the degeneracy spaces of Ho. From (2.3.14) 
and the conservation of L3 we get 

<n, I, 13Ix3In', l', I~) = ()'3." (),.I'±1<n, I, 13Ix3In', 1 += 1,13), 

so in the simplest cases H' looks as follows, represented as a matrix: 

n',l' Is 2s 2p 3s· .. 
~ 

l~ 0 0 -1 0 1 0 

Is o (1,2) 

2s o (2,2) 

-1 (1,2) = (1,O,0Ix310, 1,2) 

2p < o (1, 2) (2, 2) (2,2) = (2,0, 0IX310, 1,2) 

3s 0 



212 

This is diagonalized with the combinations 

I ± ) = (1/j2)(12, 0, 0) ± 12,1,0»: 

Is + 

Is 

+ (2,2) 

2p -1 

2p 1 

2p 

-1 

-(2,2) 

2p 

1 

4 Atomic Systems 

It is apparent that to first order in E, the values En,I,I3 are unchanged for 
n = 1 and shifted by ±eE<2, 0, 0IX312, 1,0) for n = 2,13 = ° (Problem 5). 

Remarks (4.2.17) 

1. Unsophisticated feelings are vindicated in that, as with the Zeeman 
effect, the first-order correction to the energy is just the field strength times 
the dipole moment. 

2. This result seems to contradict a general theorem: The expectation value 
of the dipole moment is zero in eigenstates of an operator that commutes 
with the parity P. Proof: HI) = EI)=PI) = ±I), so <IX31) = 
- < I PX3 PI) = - < I x31). The explanation is that the conditions of the 
theorem are incomplete; it must also be assumed that all the eigenvectors 
with the same E have the same parity, which is not true in the Stark effect. 

3. Re1ativistically, the S 1/2 - P 3/2 degeneracy is removed in the Dirac 
equation and, moreover, the Lamb shift separates the P 1/2 and S 1/2 

levels. Then the theorem of Remark 2 applies, and, strictly speaking, there 
is no linear Stark effect. 

4. Since the more precise formula for the splitting of the energies is 

where the 8'S are the eigenvalues for E = 0, and since 828 - 82p is very small, 

the splitting soon becomes virtually linear in E. 
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Problems (4.2.18) 

1. Show that SO"dt(l+t2)(l+t2b- 4 )-3/2 S(d3x/r2)exp(-lx-x(tW/(bz+tzb-Z))<00, 

x(t) = (Xl' X2, X3 + gt 2). 

2. Show that iffnCx) L f(x) ~ 0, thenfn --+ fstrongly as a multiplication operator. 

3. Calculate <n, I, 131 xi + xi I n, I, 13) for n = 1 and 2. 

4. Find an example of projection operators Pn converging strongly to P for which 
dim Pn = 00 but dim P <x. 

5. Calculate (2,0, 01x 3 12, 1,0). 

6. Let aIM be the restriction of an operator a to the part of the Hilbert space on which 

If31 ::;; M. Show that HB1M«(J.) is compact relative to HB1M«(J. = 0). 

Solutions (4.2.19) 

1. First write r- z as SO" ds exp( -sr2 ). The resulting Gaussian integrations over Xl' X2' 

and X3 are easy to do by completing the squares in the exponents. To indicate how the 
calculation then proceeds, consider, for simplicity, b = 1 - the calculation for b ":I 1 
is similar. Then 

where the square in the exponent was completed in the last step. The two remaining 
integrations are easy to estimate if the domain of integration is divided into 0 ::;; s, 
t ::;; 1; 1 ::;; s, t < 00; and the rest. 

2. By Lebesgue's dominated convergence theorem, J dJl(x)ll/I(x)lz(f,,(x) - f(x))Z --+ O. 

3. In units where m(J. = l, 

1 
11,0,0) = In exp( -r), 

12,0,0) = ~ (1 - ~)exp( -r/2), 
y8n 2 

1 
12, I, ±I) = crexp(-r/2)sin0 exp(±icp), 

8y n 

1 
12, 1,0) = h:.. r exp( -r/2)cos e, 

4y2n 

(cf. (4.1.27; 5)), and the corresponding expectation values are 2, 28, 24, and 12. 
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4. Let Pn be the operator in PJ(l2), represented diagonally with entries 

(Q, o,~", g, 1, 1,,, .). 
n 

Then Tr Pn = 00, but Pn -> 0. 

5. <2,0,0Ix312, 1,0> =-1. 

6. We shall show that the graph norm of HB provides a finer topology on the subspace 
when IX = 0, B > ° than when IX = 0, B = 0. The rest ofthe argument is like the onefor 
the relative compactness when B = 0. First note that if2m = 1, 

all(lpl2 + A(xi + xD - wL3 )I/I1I + blll/lll 
~ all(lpl2 + A(xi + xD)I/I1I + (b - M) 11 1/1 11, 

and by use of the commutation relations, 

<I/II(lpI2 + A(xi + xi»21/1> = <I/IllpI4 + 2A(lpl(xi + xDlpl - 2) 

+ A2(xi + xD211/1> ~ <I/IllpI41/1> - 4AIII/I1I2, 

so 

all(lpl2 + A(x1 + xD - wL3 )I/I1I + blll/lll ~ alllpl21/111 + (b - M - 2A)II1/1I1. 

Since the norms aIlHBI/I1I + blll/lll are equivalent for all a and b > 0, the proposition 
follows. 

4.3 Helium-like Atoms 

Although the Schrodinger equation for helium-like atoms is not 
exactly soluble, it is possible to make statements about it with arbi­
trarily good accuracy. For that reason it has been a touchstone of 
quantum mechanics. 

The explanation of the spectrum of the helium atom was one of the early 
successes of the new quantum theory, since the old quantum theory, which 
was nothing more than classical mechanics bolstered with ad hoc quantum 
assumptions, was unable to cast much light on the problem. Even today, the 
set of pro blems connected with helium must be reckoned among the brilliant 
successes of mathematical physics. While Schrodinger's equation can not be 
solved for helium in terms of familiar functions, it is not only possible to 
formulate valid general statements about the spectrum of the Hamiltonian, 
but, indeed, the art of inequalities is so far advanced that rather exact bounds 
are available for the eigenvalues. 

When dealing with two or more electrons, one must bring the exclusion 
principle into play. However, its importance will be limited in this situation, 
because of the additional spin degree of freedom. Any orbital can be occupied 
by two electrons, so long as their spins are antiparallel (a singlet state). 
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Forces that do not affect the spin cause no transitions between states of 
parallel (triplet) and antiparallel spin, so the spin part of the problem can be 
dealt with separately. The orbital wave-functions may be either symmetric or 
antisymmetric, and associated with either singlet or triplet spin vectors. 

In addition to helium, we shall also be interested in the ions H - , Li + , Be + +, 

etc., the Hamiltonians of which are the same except that they have different 
values of the perturbation parameter. Moreover, elementary particle 
physics has created the possibility of replacing one e - with a 11- or other 
negatively charged particle, i.e., of varying the mass. We began the discussion 
of hydrogen by introducing center-of-mass and relative coordinates. The 
mass ofthe nucleus made its appearance in the latter part of the problem only 
through the reduced mass, and the problem was otherwise the same as the 
limit where the nuclear mass was set to infinity. As section 4.6 will be devoted 
to the study of the nuclear motion, let us immediately pass to this limit. It 
will remain to be determined how valid the results of this section are for 
systems like e - 11 + e - or e - e + e - . 

Once the usual list of necessary remarks has been checked off, things will 
progress rather rapidly to more detailed and less trivial matters. We start 
with the 

Hamiltonian of an Atom with Two Electrons (4.3.1) 

1 2 2 2( 1 I) 2 1 
H=2m(lpll +lp21)-Ze ~+IX21 +e Ix l -x21 

can be put into normal form with a dilatation p -> Zme2p, x -> (Zme2 ) -IX 
and separation of the factors: 

H(ex) = H(O) + exH' == Z-2e-4m-1 H = !(lpI12 + Ip212) 

1 1 ex 
-----+ ,ex=-

IXII IX21 Ixl -x21 Z· 

Remark (4.3.2) 

The perturbation parameter IY. is not a continuous variable in reality, but it 
can assume many different values, 1, !, t, t, etc., corresponding to H-, He, 
Li +, Be + + , etc. 

Since the potential energy is e-bounded relative to the kinetic energy 
(see (4.4.5)), we know the 

Domain of Self-Adjointness (4.3.3) 

D(H) = (D( I P 12) @ ( 2) 1\ (D( I P 12) @ ( 2) 
C (L 2([R3) @ ( 2) 1\ (L 2([R3) @ ( 2). 
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Gloss (4.3.4) 

The spin acts on the two-dimensional Hilbert space (2, so the Hilbert space 
appropriate for an electron with spin is L 2([R3) ® (2. As was mentioned in 
(3.1.16), a system of two electrons is associated with the anti symmetric 
tensor product 1\ (recall (I: 2.4.38» of two such spaces. 

We now turn to the task of locating the continuous spectrum of H(ex). 
It turns out to be quite easy, because the perturbation is positive when ex :> 0 
and could at most move the spectrum upward. 

The Beginning ofthe Essential Spectrum (4.3.5) 

(1es.(H(ex» = (1es.(H(O» = [ -t, (0). 

Proof 

As remarked in (2.3.18; 5), for all E E [-t, (0) we must find an orthogonal 
sequence l/In with norms bounded away from zero such that (H - E)l/In ~ O. 
Let ({Jl be the ground-state wave-function 11,0,0) of (4.1.14), let R > 0, and 
let Xn(r) be a sequence of functions supported in (2nR, 2n + 1 R) and such that 
(lpl2j2 - E - t)Xn ~ O. (For instance, take Xir) '" exp(ikr)jr, k2 j2 = 
E + t, cut off outside (2nR, 2n + 1 R) and smoothed out at the ends.) Then the 
sequence l/In == CPl (x1)Xn(X2) is as required, since 

o 

Remarks (4.3.6) 

1. The physical significance of the continuum starting at -t is that one 
electron stays put in the ground state while the other runs off to infinity. 

2. Mathematically speaking, we see that the potential energy may fail to be 
compact relative to the kinetic energy (it moves the essential spectrum) 
even when it is relatively s-bounded. 

The next topic is the point spectrum. It is clear that H is semibounded, 
since H' > 0, so (1 p(H) c [ - 1, (0). It will also be shown that if ex < 1, then 
there are infinitely many eigenvalues. This is to be expected on physical 
grounds, since an electron at a large distance would not see a fully screened 
nuclear charge, and it is known that an arbitrary weak 1jr potential has 
infinitely many bound states. To prove it, it is necessary to find another infinite 
set of orthogonal trial functions, with which H can be written as a diagonal 
matrix with eigenvalues less than -t, the bottom of the essential spectrum of 
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hydrogen. We construct them by putting one electron in the ground state 
CPl of IP1I Zj2 - 1jrl and pulling the other one far away: 

The repulsion of the first electron shows up for the other one as an effective 
potential, which we expect to fall off as rxjrz at large distances. Indeed, in 
Problem 5 it is calculated as 

(4.3.7) 

Consequently, 

<H) = - - + <1/I(xz)l- - ._- - rx 1 + - exp( -2rz)ll/I(xz». 1 I Pzlz 1 - rx ( 1 ) 
2 2 rz rz 

Given disjointly supported functions I/Ij' if k i= j, then <cP ® I/IjlHlcp ® I/Ik) 
= O. By dilating and translating, we can arrange that 

The Infinitude of the Point Spectrum (4.3.8) 

Ifrx < 1, then H(rx) of(4.3.1) has infinitely many eigenvalues below -t; the 
bottom of its essential spectrum. 

Remark (4.3.9) 

The exclusion principle was not mentioned, because it still makes no difference. 
If the two spin states are denoted j and!, then the state (jCP1(l) ® !1/I(2) -
!1/I(1) ® jCP1(2»jj2leads to the same expectation value. 

The virial theorem (4.1.4) made use only of the effect of dilatation on the 
kinetic and potential energies. The existence of more electrons does not 
change this, so we likewise have a 

Virial Theorem (4.3.10) 

If (H(a) - E)tjJ = 0, then E = - <tjJl TI tjJ> = - ~<tjJ 11jr1 + 1jrz - ajrd tjJ>. 
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Corollary (4.3.11) 

H(rx) has no eigenvalues E ~ O. 

Remarks (4.3.12) 

1. One might guess that there is a point spectrum only for E < -t. We shall, 
however, discover eigenva1ues embedded in the essential spectrum 
between -t and O-in fact infinitely many if rx < 1. They correspond to 
states whose decay is prevented by conservation laws for various quantum 
numbers. 

2. We shall later rule out the existence of singular spectrum, so (J consists 
of (Jp between -1 and -t, both (Jp and (Jac between -! and 0, and only 
(Jac above O. ' 

This delineates the rough features of the spectrum. Let us next take up 
some finer details; since the eigenvalues of H(rx) are analytic in rx, we can start 
with H(O) and track them as rx is switched on. 

The Point Spectrum of H(O) (4.3.13) 

Let o/n,l,m,s be/the eigenfunctions In, I, m) of (4. 1.14) times spin eigenfunctions 
(s = ±t). Then 

is an eigenfunction of H(O) with eigenvalue - (n1 2 + n:;2)/2. It is 4nin~-fold 
degenerateifnl =f. 112,and2ni(2ni - 1)10lddegenerateifnl = n2' 

Remarks (4.3.14) 

1. All states with nl > 1 and n2 > 1 have energies ~ -i, and hence live 
in the continuum beginning at -t. 

2. The operator H(O) possesses a copious commutant, 

These constants divide the spectrum and keep the discrete states from 
decaying into the continuum. 

3. Parity (3.2.11) was not listed separately among the constants, since it can 
be expressed with the angular momentum as in (3.2.22; 1). As states 
evolve according to H(O), the parities of the individual electrons, Pi == 
(-lyi, li = JLf + i - t, are separately conserved. The total parity 
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p == P 1 P z = ( - 1 )11 + 12 is not necessarily (-1 y, however, since L == 
Ll + Lz can have any I such that 111 - Izl :::; I :::; 11 + lz. There thus 
exist 

States of Natural and Unnatural Parity (4.3.15) 

If P = ( - 1)', then the state is said to have natural parity, and if P = ( _1)1 + 1, 

then it has unnatural parity. 

Example (4.3 .16) 

If n1 or nz equals 1, then I equals lz or 11 , and the resultant state has natural 
parity, ( -1)'2 = ( -1)'or (-1)'1 = ( -1)'. Hence the isolated point spectrum 
has natural parity. The first state with unnatural parity has 11 = Iz = I = 1, 
p = +. The wave-function has the form (Xl 1\ xz)f(r1, rz), and if n1 = 
nz = 2, the energy is -t. In the subspace of unnatural parity, the continuum 
begins at E = -i, for n1 = 2, nz = 00. 

Constants of the Motion when (X i= ° (4.3.17) 

If (X i= 0, then in addition to H, the quantities L, P, (J 1, and (J2 are conserved. 

Physical Consequences of Conservation of Parity (4.3.18) 

1. Parity must now be listed separately, since it is independent of L. The 
Hilbert space decomposes into subspaces of natural and unnatural parity, 
which are not mixed by H(rx). Hence discrete states of unnatural parity 
continue to exist within the continuum of natural parity. Just as in (4.3.5) 
the beginning of the continuum of unnatural parity at - i is not affected 
when (X is switched on. Since the eigenvalue of unnatural parity at -! 
varies continuously with (x, it remains isolated from the continuum of this 
part of the Hilbert space for rx sufficiently small. 

2. Eigenstates of H(O) with natural parity and energies E > -t when (X > 0 
are not prevented from decaying into states with one electron in the ground 
state and the other running off to infinity. This is observed as the Auger 
effect. 

3. States of unnatural parity are prevented from decaying to states with one 
electron in the ground state and the other running to infinity, since the 
final state would have natural parity. Conservation of parity likewise 
prevents their creation by direct collisions of electrons with atoms. In 
reality they are not absolutely stable, since they can decay by the inter­
actions neglected in H«(X), for example by electromagnetic radiation. The 
possible transitions are significantly slower than the Auger transitions. 
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4. Scattering theory reveals that there are many more constants in the ab­
solutely continuous part of the spectrum, namely all the constants of H(O), 
such as PI and P 2, after being transformed with the M~ller operators. 

We have seen that the perturbation with a =1= 0 has broken the immense 
symmetry group of H(O) and has separated the highly degenerate unperturbed 
states. Since H' is a positive perturbation, the eigenvalues Ei(a) are increasing 
functions of a. The way they depend on it is roughly as depicted in the figure 
below: 

Be+ + Li+ He W 

I1 12 P i 1 1 
nl n2 J l 

2 OCJ (_1)1+1 -0.125 
continuum for unnatural parity 

2 2 + -0.25 

o (-1)1 -0.5 

2 o 
-0.625 o o + 

o o o + -1 

E(a) 

To locate the eigenvalues as functions of a more exactly, recall that not 
only do they increase monotonically, but that, moreover, the sum of the first 
n of them, n = 1,2,3, ... , is also concave in a by (3.5.23). We can even state a 
more refined proposition on the 

Concavity of the Eigenvalues (4.3.l9) 

Let E(a) be the sum of the n lowest eigenvalues in a subspace of definite quantum 
numbers. Then - ( - E(a»1/2 is concave in a. 

a 
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Proof 

Write H = -!(lp11 2 + Ip212) - ao(1/rl + 1/r2) + a/r12 • Then a dilatation 
argument (cf. (4.3.1» shows that E(a, ao) is of the form aU(a/ao), which is 
concave not just in a alone, but in (a, ao). The condition f" ~ 0 generalizes 
to E,~~E,.o.o - (E, •• l ~ 0, which implies that 2ff" ~ (fY, so 

82 

8a2(-J-f(a»~0. 0 

Remarks (4.3.20) 

1. Eigenvalues can cross at finitely many points, at which f may not be 
differentiable. In such cases, it can be approximated arbitrarily well with 
COO functions, which justifies the proof. 

2. If m is not set equal to 1, then the theorem states that E is concave in the 
three variables (l/m, a, ao). The dedicated reader may check that this 
provides no new information. 

Corollaries (4.3.21) 

1. Linear bounds can be improved by parabolic bounds. For instance, by 
(3.5.32; 1), if (Ho - E1(0»10) = 0, then 

E1(0) + a<01(H')-110)-1 ~ El(a) ~ E1(0) + a<OIH'IO), 

the lower bound holding provided that 

a ~ ao == (EiO) - E1(0»<01(H')-110). 

Since -( -Et(IlC))1/2 is now known to be concave, the linear bounds 
g(a) ~ g(O) + ag'(O), g = -J=!, imply: 

E1(0)( 1 + a: ( ~~~~~ - 1) Y ~ ~1(a) ~ E1(0)( 1 + ~ <0~~6~) y. 
2. If al < a < a2, then 

-F]W + J -f(a1) !,(a) -J -f(a2) + F]W 
< IiI::\ < , 

a - al - 2y -f(a) - a2 - a 

so, ifla) is the eigenvector such that (Ho + aH' - El(a»la) = 0, then we 
obtain bounds on!" and hence on the expectation value of H': 

2 1 
-- (fit(a)E 1(a 1) - IE1(a)l) ~ !,(a) = <ai-la) 
a - a 1 r12 
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Applications (4.3.22) 

1. The ground state of parahelium «ls)2): The vector 10) has the form 
(i! - t j)CfJl(rl)CfJl(r2)/j2, where CfJl(r) = 2 exp( -r), and E1(0) = -1, 
E2(0) = -i. Problem 3 is to calculate that <OII/rdO) = i and <OlrdO) 
= n Hence ~o = ~~~, and 

. { 5 ( 128 ((5))2 2} mm -g'- 1-~105 I-vg =-(1-~·0.2553) 

( 5~)2 
<E(~)< - 1-­
- 1 - 16 

= -(1 - ~. 0.3152)2. 

2. The ground state of orthohelium «ls)(2s)): 

10) = jj(CfJl(r1)CfJir2) - CfJ2(r1)CfJl(r2))fj2, 

where CfJ2(r) = exp( -r/2)(1 - r/2)/j2, E1(0) = -i, E2(0) = -l 

<01_1 10) = 17 _ ~ 
r12 81 729' 

(see Figures 17 and 18), and 

min{- ~ - ~ (1 - -~- (1 _ ~))2 = - ~ (1 - ~. 0.1315)2} 
9 ' 8 0.4348 V 9 8 

5 2 
S - g(1- ~·0.1503). 

3. TheloweststatewithL = 1,i.e.,(1s)(2p): 10) = (i! =+= H)(CfJl(r 1)CfJix2) ± 
CfJ2(xl)CfJl(r2))/2, CfJix) = Y?(O)r exp( -r/2)/j4!, once again El = -i, 
E2 = -i, <OII/rulO) = 2513 ± illl' 

<OlrulO) = 5.2449 =+= 0.1366, ~o = (0.35471, 0.37372), 

{ 55 (0.16123)2} 5 ( 0.2091)2 
min - 9' - g 1 - ~ . 0.15303 S E( ~) S - 8 1 - ~ . 0.1792 . 
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E c+ + + + B + + + Be + T Li + He 
-0.5 

-0.6 

- - ---i------
IL(O) for IS 

I 

-0.7 

I 

-0.8 
x experimental values 

-0.9 

-1.0 L-_-+-~,-+---.J'--+--'_-t-_---+ __ +--_-+-_--+ __ -+--_--+-+ IX 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 17 Linear and parabolic bounds for (1S)2 IS and (1s)(2s) 3S. 

Remarks (4.3.23) 

1. The rate of change at (X = 0 is exactly <0 IH'IO), which shows that (ls)(2s) 
is the more energetically favorable state with n = 2. This is plausible, 
since the s orbitals are more densely concentrated near the nucleus, 
and are thus shielded less by the other electron. By first-order perturbation 
theory the (ls)(2p) state with spin 1 is favored (Hund's rule), since the 
exclusion principle then makes the electrons avoid each other and feel less 
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E C++++B+++Be++Li+ He 
-0.50 

-0.51 

-0.52 

-0.53 
(ls)(2p) lp __ 

(ls)(2p) 3p --------

-0.54 

-0.55 

-0.56 

-0.57 
x experimental values 

-0.58 

-0.59 

-0.60 

-0.61 

-0.62 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 18 Linear and parabolic bounds for (ls)(2p) 3p and (ls)(2p) lp. 

Coulombic repulsion. Our bounds, however, are not yet precise enough 
to prove this tendency for strictly positive IX. 

2. It is easy to see with <n, 11 r 1 n, I) = (3n 2 - 1(1 + 1))/2 that the inequalities 
<r)<1/r) ~ 1 and <r12 ) =s; <r1 + r2 ) are not at all weak. 

3. The main drawback of the results that have been presented is that the 
lower bounds break down when E(rx) > E2 • The discussion in (3.5.32; 1) 
shows that only the use of many-dimensional projections can remedy 
this. 
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Ground States with Two-Dimensional Projections (4.3.24) 

1. Consider the two lowest para states with r:t = 0, 

and calculate the matrices 

The matrix 

( 
<(1s? 1'121(1s)2) 

<(1s)(2s)I'121(1s)2) 

«ls)2I'121(ls)(2s» ) 

«ls)(2s) 1'121 (1s)(2s» 

= ( 2.1875 -0.6371) = -1 
-0.6371 0.1706 - ML , 

'12 '12 ( 

«ls)21_1 l(1s)2) 

«ls)(2s)I-1 l(1s?) 

«ls)21_1 l(1s)(2s» ) 

«ls)(2s)I-1 l(ls)(2s» 
'12 '12 

(
0.625 

- 0.1263 
0.1263) == M . 
0.2318 u 

has eigenvalues 
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(el = £1(0), e2 = £2(0», which, by use of ML and Mu, are respectively 
lower bounds for the first two states, provided that they lie below EiO), 
and upper bounds. 

2. Problem 4 gives the analogous calculation for the other states looked at 
in (4.3.22), with the 2 x 2 matrices of H' and (H,)-1 for the states (ls)(2s) 
and (1s)(3s) and, respectively, (1s)(2p) and (1s)(3p). 
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Upper Bounds using Two-Parameter Trial Functions (4.3.25) 

To comply with the desire of the electron for more freedom of movement, it is 
reasonable to use the functions exp( - yr 1 - f3r 2) ± exp( - f3r 1 - yr 2) and 
Yl (l)r 1 exp( - yr 1 - f3r 2) ± Y1 (2)r 2 exp( - f3r 1 - yr 2) as trial functions for 
the ground states with L = 0, 1 and S = 0, 1, and to minimize the expectation 
value of H as f3 and y vary. The table below lists the optimal parameters as 
functions of IY.. It makes it clear that the outer electrons come nearer to 
escaping when the nuclear charge is smaller. 

Variational Calculations 

state seLl (1s)(1s) 1 S (1s)(2s) 3 S (1s)(2p) 3 P (ls)(2p) 1 P 
rx f3 y f3 y f3 y f3 y 

1. 0.283 1.039 0.000 0.000 0.001 1.001 
0.75 0.452 1.070 0.094 0.982 0.129 0.999 0.123 1.001 
0.5 0.588 1.085 0.161 0.984 0.272 0.997 0.240 1.002 
0.3333 0.695 1.097 0.202 0.979 0.361 0.994 0.322 1.003 
0.25 0.754 1.108 0.222 0.975 0.400 0.993 0.366 1.003 
0.2 0.769 1.082 0.232 0.970 0.424 0.992 0.392 1.001 

Remarks (4.3.26) 

1. Figures 19a, b, and c show the greater detail in the pictures that one 
obtains with the use of two-dimensional projections and the variational 
ansatz (4.3.25). The plot shows the squar '" root of the energy; it is apparent 
that the experimental points lie close to he straight lines, and hence that 
Proposition (4.3.19) is a nearly optimal c )ncavity property. 

2. The parabolic upper bounds (4.3.21) can also be obtained with this 
variational argument, using exp( - rZeff) in place of the ground state of 
Ho and optimizing Zeff' For the IS state this leads to Zeff = 1 - 51Y./16, 
which reflects the partial screening of the nuclear charge. 

3. Our bounds are good enough to separate the states 3 S, 3 P, and 1 P, which 
are degenerate when IY. = 0, and to prove that Hund's rule orders them 
correctly. 

4. With more numerical effort and trial functions having several parameters 
quite accurate upper bounds are obtainable. Temple's inequality (3.5.32; 2) 
then provides complementary lower bounds. Pekeris and Kinoshita 
used this technique to achieve a fantastic accuracy for the ground state. 
For practical purposes the eigenvalue problem can be considered solved 
up to IY. = t (helium). 

The foregoing results are still rather poor for IY. = 1, the negative hydrogen 
ion H-. We know that if IY. < 1, then there are infinitely many bound states 
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He 

-0.55 
-0.75 

-0.6 

-0.65 -0.80 

-0.7 

-0.85 

-0.75 

-0.8 
-0.90 

-0.85 x experimental values 

-0.9 -0.95 

-0.95 

-1.0 -1.0 IX 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 19a Variational calculation, parabolic bounds, and two-dimensional bounds 
for (18)2 IS and (18)(25) 3S. 
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E -F"EC++++ B+++ Be++ Li+ He 

-0.5 -0.70t ____ _ 
-0.71 

-0.72 
-0.525 

-0.73 

-0.55 -0.74 

-0.75 

-0.575 -0.76 

x experimental values 
-0.77 

-0.6 
-0.78 

-0.625 -0.79 

- 0.80 L..-+----L-I---L-.......-l--+-_-+--_-+-_--+--_-t-_-+-_ __+___ 0( 

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 19b Variational calculation, parabolic bounds, and two-dimensional bounds 
for (1s)(2p) 3p. 
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E 
He 

-0.5 
-0.71 

-0.72 
-0.525 

-0.73 

-0.55 -0.74 
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-0.575 
-0.76 

x experimental values 

-0.77 
-0.6 

-0.78 

-0.625 -0.79 

-QW a 
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Figure 19c Variational calculation, parabolic bounds, and two-dimensional bounds 
for (ls)(2p) 1 P. 
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(4.3.8), but if (X = 1 we have as yet definitely found only one state of natural 
parity with the improved upper bounds. What happens to the infinitely 
many other states-do they move into the continuum when (X = 1, or remain 
isolated? The former alternative has been proved recently by Hill [15]. 

Bound States for (X = 1 (4.3.27) 

has exactly two nondegenerate eigenvalues if J.l = 1. They develop continu­
ously out of the ground states for (X < 1 in the subspaces of natural and of 
unnatural parity. If the ratio J.l of the masses is sufficiently different from 1, 
then (Jp disappears entirely. 

Remarks (4.3.28) 

1. We shall consider only the subspace of natural parity; the argument 
can be extended to cover unnatural parity as well. 

2. The case J.l #- 1 is realistic for the system pJ.l- e -. Since the Bohr radius 
of a mu on is smaller than rB of the electron by the ratio of the masses, 
a factor of 207, one would guess that it completely shields the proton, 
and that the electron is no longer bound. We shall see that the failure 
to bind happens for much less extreme mass ratios; yet it is difficult to 
find the exact value of J.l at which (Jp disappears. 

3. The strategy of the proof is to find an operator HL ~ H for which it 
can be shown that there is no (or only one) eigenvalue below the con­
tinuum at -!. More effort is required to show that there are no eigenvalues 
in the continuum of the same quantum number, and that part of the 
proof will not be given here. It necessitates verifying that such states 
are unstable under the addition of H'; see [3] and (4.4.13; 3). 

Proof 

(i) J.l > 1t. Let us do the easy part first and show that there exist no bound 
states if J.l > 1t. The ground state of H(O) has energy -(1 + J.l)/2, and 
the continuum begins at - J.l/2. If particle 2-let us call it the muon-is 
excited, then the energy of the state becomes at least -!(1 + J.l/4), 
which is in the continuum as soon as J.l > l If Po is the projection onto 
the ground state 2J.l3/2 exp( - W 2) of the muon, and P = 1 ® Po, then 
clearly 

I P21 2 1 J.l J.l - - - ~ - - P - - (1 - P). 
2J.l r2 2 8 



4.3 Helium-like Atoms 231 

As in (3.5.31) we now use the inequality 

IX1 - x21- 1 ~ P(Plx 1 - x2 IP)-lp == VL(rl)P, 

from which it is easy to calculate 

VL(r1) = [(:3) J d3X2 exp( - 2W2) I Xl - x21 r 1 

[ 1 (1 1 )]-1 = f.l W1 + - - exp( -2W1) -2 +-
f.lr1 f.lr1 

(4.3.29) 

(Problem 3). Since 

I Pl1 2 1 1 1 ----+ >--
2 IX11 IX1-X21- 2' 

we finally get 

H ~ (-!!:. + Ipl1 2 - ~ + VL(r 1))p + (-!!:. - ~)(1- P). 
2 2 r1 8 2 

(4.3.30) 

ToshowthatH ~ -f.l/2itmustbeverifiedthatlpI2/2 - 1/r + VL(r)~O. 
First note that 

1 [1 ( 1 1 )] - 1 - - + r + - - exp( - 2W) - + -
r f.l2r 2f.l f.l2r 

1 [ r2 f.l2 ]- 1 

~ -; I + I _ exp( -2JU') I + ~) 
The Bargmann bound (3.5.37; 1) shows that there is no bound state if 
2 SO" dr/(1 + r2f.l2) = (n/f.l) < 1, that is, if the mass of the muon is 
greater than n times the mass of the electron. 

(ii) f.l = 1. In this case the P used above, projecting onto wave-functions of 
the form !(x1)exp( -W2) does not do the trick, since exp( -r1)!(x2) 
has just as low energy. Hence for two electrons it is preferable to use the 
Hilbert spaces .'Yt f of functions of the form 

(4.3.31) 

As usual the arrows stand for the spin functions, and we may assume that 
! is orthogonal to exp( -r) in Yfi.. The spaces Yfi' are invariant 
under operators of the form 

11 = Po(1) ® h(2) + h(l) ® Po(2) (4.3.32) 
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(the argument of the operator indicates which factor it acts on). The 
space L 2(R3) is mapped into Jt't and fJI(L 2(R3» is mapped into fJI(Jt't) 
by (4.3.31) and (4.3.32) in such a way that 

<ling) = 2«1 ± Po)flh(1 ± Po)g)· (4.3.33) 

The procedure used in the first part of the proof can now be mimicked; 
first project onto the union of the image spaces of the projections &1 
and &2: 

&1 = r12 1/2Po(1)VL(X2)rl//2, 9 2 = r121/2Po(2)VL(xl)r121/2, 

where r12 == IXl - x21 and VL is as in (4.3.29) with Jl = 1. Following the 
notation of (2.2.35) the projection onto the union will be called & 1 V &2' 
As we learned there, 

which can be rewritten for &1 V &2 = 1 - (1 - (1) /\ (1 - (2), 
though it involves lengthy expressions. Fortunately, for our purposes the 
following inequalities are sufficient: 

& 1 /\ & 2 ~ t(& 1 & 2 & 1 + &2 & 1 & 2) <;:> 

& 1 V &2 ~ &1 + &2 - & 1&2 - &2 & 1 + t(& 1&2& 1 + &2 & 1& 2)' 
(4.3.34) 

This can be simplified with the observation that although &1 and &2 
do not commute, they have a common eigenfunction EL 2(R6 ), i.e., 
when normalized, 

1 J16r 12 X(x1, X2) = n 35 exp( -rl - r2), 

This function has eigenvalue -1 for the operator -&1&2 - &2&1 
+ (&1&2&1 + &2&1(2)/2. Since it can be shown (Problem 2) that 
in Jt'i the other eigenvalues of the operator are positive, (4.3.34) leads to 

(4.3.35) 

(from here on we work only in Jt'n, The projection method (3.5.31) then 
shows that 

(4.3.36) 

The next thing to show is that there are no additional negative eigenvalues 
of 

H 1 1(1 12 I 12) -1 -1 o = 2" + 2" Pl + P2 - rl - r 2 . 
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The operator Ho leaves the spaces Jfff invariant and acts on them as 

C 1) (1 1 ~Po) Hof± = 21pl2 - ~ I± = 21pl2 - ~ + 0 f±. 

On the orthogonal complement of Jffi no electron is in the ground state, 
so Ho > t. If p± are the projections onto Jffi, then (4.3.36) allows us to 
write 

-1 +(121 PO(~-;5)) 1 ± 
Ho + r12 2 P- 21pl - ~ + VL(r) + 0 + 4 (1 - P ). 

Since t > 385' we have to verify that h == Ip12/2 - 1/r + VL(r) has only 
one bound state, whereas (1 - P o)h(l - Po) has none. The first statement 
can be proved analytically by noting, as in (i), that h 2 I P 12/2 -
2/r(1 + r)2, but making a more detailed calculation. As in the proof of 
(3.5.36) we find the number of values A ~ 1 for which there is a t/I E L 2 

satisfying 

l!f t/I = ~ (-=-!. ~ r + 1(1 + 1)) t/I = 2..1. t/I. 
2 2 r or2 r2 r(1 + r)2 

With the change of variables r = z/(1 - z), t/I = r1w(z), this becomes the 
hypergeometric equation z(1 - z)w" + 2(1 + 1 - z)w' + 4Aw = 0, the 
well-known properties of which include the requirement that A = 
(n + 21 + 1)(n + 21 + 2)/4, n = 0,1,2, ... ; ..1.= t < 1 only ifn = 1=0. 
Hence there is at most one bound state. The prooffor Jff2 takes a longer 
discussion, and can be read in [15]. 0 

Remarks (4.3.37) 

1. The proof for H- can be generalized for finite but large nuclear masses. 
It is certainly not valid for all nuclear masses, as pe - p has many bound 
states. 

2. If Z > 1 (rx < 1), then a muon in the ground state should effectively 
reduce the nuclear charge at larger distances by 1, and the electronic 
spectrum should be a Balmer spectrum with Z - 1 in place of Z, i.e., 
-(1 - rx)2. To show this mathematically, write 

1 ( 2 I P212) 1 1 rx - Ip11 +- ----+-
2 11 r1 r2 r12 

2 p(_1!. + Ip11z + Ip11zI11 - 1 _ 1 - rx 
2 2111 2111 r1 

+ rx(vL(r1) - r1J) + ( - ~ - ~)(1 -P) 
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and choose III large enough that Ip12/21l1 + a(VL(r) - 1/r) just remains 
20. The value alltill = 1/n of part (i) was improved to alltill = t in part 
(ii), so 

( 11 I P11 2 
( 2a) 1 - a) (11 1) H 2 - - + - 1 - - + -- P + - - - - (1 - P). 

2 2 11 rl 8 2 

Hence, for the state of the electron with principle quantum number n, 

_ ~ (11 + (1 - a)2 (1 _ 2a) -I) < E < _ ~ (11 + _(1_--=-a_)2) 
2 r n2 11 - n - 2 r n2 • 

The upper bound results from the use of trial functions of the form X == 
/p(x l ) exp( - W2)' Since 

f d3x21 X 2 - x 1 1- I exp( - 2W2) If d3x2 exp( - 2W2) 

stays ~ 1/rt. 

<xIHx) ~ - ~ + </plh/p), h> IpI 2 _ 1 - a 
- 2 r' 

The right side then comes from the min-max principle. If 11 '" 200, the 
eigenvalues are estimated in this way to within a few percent. 

For practical purposes the problem of finding the eigenvalues of H can be 
considered solved; the next interesting question is what the eigenfunctions are 
like. Proposition (3.5.33) produces narrow bounds in the L 2 sense for good 
trial functions, but we wish to answer qualitative questions about the electron­
cloud of the two-electron problem, and hope to do so with methods that 
generalize for complex atoms. These questions concern the limits as r --+ 00 

and r --+ 0, and are not only mathematically accessible, but also of interest 
to chemists and nuclear physicists. 

The Asymptotic Behavior of the Electron Density (4.3.38) 

For r > ro, a sufficiently large constant, the one-electron density of the 
ground state, p(x1) = J d3x21 t/J(xt. X2W, satisfies Hoffmann-Ostenhof and 
Morgan's inequality, 

c _r(l-a)/.J2'i -1 exp( -~ r) ::; JPW ::; c+ r(l-a)/J"2""£, -1 exp( -~r), 

where el = - El - t and ro < r < 00, ° < C < c+ < 00. 
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Remark (4.3.39) 

The basic mathematical reason that the averaged eigenfunctions fall off 
exponentially is as follows: The operator exp(is· (Xl + x2)) generates the 
transformation Xi --+ Xi' Pi --+ Pi + S, H --+ H + s· (Pl + P2)/m + 1 s 12 jm == 
Hs. Since the new term is bounded relative to IPll2 + Ip212, the family of 
operators H s is analytic in the sense of (3.5.12). The eigenvectors <Ps are 
connected by exp(is . (Xl + x2)), so 

J d3Xl d3x2Iexp(is· (Xl + X2))<P(Xl, X2W < 00 

for all SE U, some complex neighborhood of the origin. Theorem (4.3.38) 
shows in detail how the ionization energy determines the functional behavior 
at large r. 

The proof proceeds via two lemmas which are of some independent 
interest. We first generalize the fact used in the proof of (3.5.28) that the 

kinetic energy of JP is dominated by the actual kinetic energy. 

The SchrOdinger Inequality (4.3.40) 

( - ~ - ~ + aVL(r) + 81) JP ~ 0, 

where VL is as in (4.3.29), with J1 = 1. 

Proof 

The Schrodinger equation 

implies that 

1 1 f 3 -Ep(r) = - ~ per) -"2 d X2 ljJ*(X b x2)Ll l ljJ(Xl, X2) 

+ Jd3X2 ljJ*(xl, X2) (- Ll22 - ~ + ~) ljJ(x l, X2), 
r2 r12 

where f '3.g == (f Llg + g Llf)j2. The Cauchy-Schwarz inequality can be used 

in the equation LllJP = Vl «V 1P)j2JP) to show that, in the sense of 
distributions, 
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Since /::"lP/2 = 1 V 1 JP 12 + JP /::"1 JP, - JP /::"1 JP = - J I/J*Lil I/J d3x2 -
J IV1I/J12 d3x2 + IVI PI2/4p. The last two terms are then ~O by Cauchy­
Schwarz applied to IVI PI2 = 41J I/J*V1I/J d3x212. Moreover, if -! + aVL(rl) 
~ - i, then the operator inequality 

121 a 121 1 -lp21 -- + - ~ -21p21 - - + aPo VL(rl) ~ - -2 + aVL(rl), 
2 r2 r12 r2 

holds for the last term (see (3.5.31»; otherwise a two-dimensional projection 
is called for. This implies that 

( 1 1 ) 1 
- E - ~ - "2 + a VL(r) P - "2 JP /::,. JP ~ o. o 

Monotony of the Ground-State Wave-Function in the Potential and Sources 
(4.3.41) 

Suppose that f, g, V, and Ware nonnegative on a domain 0, that f and g are 
continuous on n, and that V ~ W, A ~ B. If N ~ Vf + A and /::"g ~ Wg + B 
on 0 and f ~.g on a~, then f ~ g on all ofO. 

Gloss (4.3.42) 

It is assumed that f and g are continuous, so Nand /::"g exist at least in the 
sense of distributions. If 0 is not a bounded region, then it must be assumed 
that f and g vanish at infinity. Although the source terms A and B do not 
appear in the usual Schrodinger equation, they will be needed below. 

Proof 

Let D == {x E 0: g > f}; on D we have L\(g - f) ~ Wg - Vf + B - A ~ O. 
In one dimension a function of positive curvature, i.e., a convex function, 
attains its maximum at one of the end points. Likewise, a subharmonic 
function F on /Rn, i.e., a function for which L\F ~ 0, attains its maximum 
on the boundary. Since continuity makes g = f on aD, g can not exceed f 
on D, and therefore D is empty. 0 

Proof of (4.3.38) 

(i) The upper bound. We know that VL > l/r - l/r3, and by (4.3.40), 

L\ JP ~ 2 (e 1 - 1 ~ a - r~) JP. 
If 
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then 

[ 
1 - rx 

N= 2el-2-r-

U0 - 1) + 2/3AJr- z + 0 - 1)0 - 2)/3r- 3J 
+ 1 + /3/r !. 

Choosing /3 < 0 such that if r > r1' then 

U0 - 1) + 2/3 ~Jr-z + 0 - 1)0 - 2)/3r- 3 < (- ~ - /3rx). 2, ",; ... 1>1 r3 r4 

we can identify the function JP as the 9 of the subharmonic comparison 
lemma (4.3.41). In addition, we have to take ro = max{ - /3, r1' rz}, 
where rz is the largest root of e1 = (1 - rx)/rz + rx/d. Then the assump­
tions of (4.3.41) are satisfied on n = {r: r > ro}, if we take 

rop(ro)exp( A ro) 
c+ ~ rb(1 - 1/3I/ro) . 

(ii) The lower bound. Let cp(x) be the ground state of Iplz/2 - 1/r and t/I be 
the ground state of H (4.3.1). Since cp and t/I are nonnegative, the Cauchy­
Schwarz inequality implies that 

Now, 

0= f d3x z cp(x2)(H - El)t/I(Xl, x2 ) 

= (- ~ - ~ + el)! + rx fd 3X Z cp(xz)t/I(xl, xz). 
2 rl IXl-xzl 

If r 1 is large, then we may estimate 

since cp '" exp( - r) and p remains bounded. Then with the upper bound 

for JP we find that 

~ N ~ (e1 - ~ + r _rx Jr)! + c' exp( -J2e1 - br - 0'), 
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and the assumptions of (4.3.41) can be satisfied by taking g = 

e" exp( -Ar)ri-l(l + /3r- 112); a somewhat longer argument [24] 
is needed to convince one that e" and /3 can be chosen appropriately. 
Since qJ > 0, !(Xl) = 0 only if t/I(x1, x2) = 0 for all X2' In particular, it 
is not possible for! to vanish for all Xl El = (a, (0), as t/I would then be 
o on I x I and therefore on the domain of analyticity containing I x I. 
Thus for all IX11 sufficiently large, !(xl) > 0, and we obtain a lower 
bound of the same asymptotic form as the upper bound. 0 0 

The next topic is the electron density near the nucleus. The equation 
p(O) = (l/2n)<dV/dr> follows from (3.3.5; 4(b» for a particle in a central 
potential V, and a generalization of this equation would be worthwhile. The 
probability that an electron remains at the nucleus is subject to a focusing 
of the electronic waves at the origin, which is not easy to understand from the 
particle point of view. For a convex potential like V = r2, dV/dr increases 
with r, so p(O) is greater for the more highly excited states. Classically, a 
lessened p(O) is to be expected for V = r2, since the particle flies through the 
origin with a greater speed. If the potential is concave, like -1/r, then the 
ordering of p(O) accords with classical intuition. 

Bounds for p(O) (4.3.43) 

where 

Proof 

p(O) = f d3Xl d3x2It/11(Xl' x2W ()3(xl ), 

Plz{O) = f d3Xl d3x2It/11(Xl, x2)12 153(Xl - x2), 

Ht/ll = E1t/11' 

The upper bound (which holds for all eigenvectors). If U(Xl' x2) = 
rlt/ll(x l, x2), the Schrodinger equation becomes 

82 
- ~u + Wu = 0, 

url 

-2 2 2 2ac 
W = rl ILt! - il2 - - + - - 2E. 

rl r12 
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Since 

_ 1 f 3 3 OU OZU - 2 
p(O) - - -2 d Xl d X2 -0 -0 2 r 1 • 

n r 1 r1 

With the integration by parts in (3.3.5; 4), 

1 f 3 3 OU -2 p(O) = - - d Xl d X2 -0 r1 Wu 
2n rl 

Since 11/1 112 is symmetric in Xl and Xz, the latter term contributes negatively: 

The lower bound. This part of the proof requires a lemma: 

A Bound on the Mean-Square Deviation (4.3.44) 

(~a)2 < <11 [a, [H, a]] 11), 
- 2(E2 - El) 

where H 11) = El 11), and it is assumed that the two lowest eigenvalues 
El and E2 are :5;inf O'esSl that 11) E D(a), and ~a is calculated with 11). 

Proof 

<1la(Ha - aH)11) = -<1 I (Ha - aH)aI1) 

= <1la(l - 11) (11)(Ha - aH)11) 

~ (E2 - E1)(<1laZ I1) - <1laI1)2). 0 

If we now set a = PI in the lemma, then 

I~ 12=<1 12)=IE 1«1~1(-1/r1+ct/r12)I) 
PI PI 1 - 2(Ez - El) 

2n 
E 2 - El [p(O) - ctp I Z{O)]. DD 
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Remarks (4.3.45) 

1. We calculated only the contribution from L = 0 to p(O) in (3.3.5; 4(b», but 
since 11/1,,2 '" r21 for reasonable potentials, the term I L 12 /r3 contributes 
nothing in the case of a single particle. 

2. If P denotes the spherical average of p(r) at the nucleus, then its derivative 
satisfies the cusp condition 

~ = -2p(0). a-I 
dr r=O 

(4.3.46) 

This can be seen by multiplying the equation u" = Wu by 1/1 and integrating 
over 0 and x2 : 

~~ = :1t f (1/1 WI/I - 1/1 ::i 1/1) dO dX2' 

In the limit r -+ 0, the only contribution is - 2r 11 from W, yielding 
(4.3.46). Hence we have the bounds 

- ! <1/111 r- 21 1/1 1) 5: ddP I 5: - ! I Ell (E2 - El) - 2ap12(0). 1t rr=O 1t 
The section closes with a discussion of more general expectation values 

of rV. The first facts of interest are the 

Monotonic Properties of <aV) (4.3.47) 

If a is a positive operator, then the functions IR -+ iR: v -+ <aV)l/v increase 
monotonically, and the functions v -+ -In<aV) are concave. 

Proof 

This follows immediately from Holder's inequality when the expectation 
values are written in a spectral representation. D 

Remarks (4.3.48) 

1. If the only available estimates for <aV) with certain values of v are not 
very satisfactory, then (4.3.47) can help out by using better estimates for 
other values of v and interpolating. 

2. Often the calculation of expectation values of an operator can be reduced 
to finding accurate bounds for some energy; for instance, if E(P) is the 
eigenvalue of H + Pb, then <b) = oE(P)/iJp. Since E(P) is concave, bounds 
on oE/oP can be obtained from bounds on E(P). In this way our knowledge 
of E(a) gives us the expectation value of l/r12' and thereby, with the virial 
theorem, of < Ipll2) = < Ip212) = IEI and (l/r1) = <1/r2)' 
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The line of reasoning indicated in Remark 2 will not be pursued further, 
as it soon leads to extensive computations. Instead, we shall only cite some 
general inequalities for expectation values involving rand p. Since they 
are simply variants of the indeterminacy relations, and the more detailed 
form of the interaction does not enter, numerically they leave much to be 
desired in our special cases. 

Lower Bounds for <rv/Iv (4.3.49) 

v = 2: Since Ip12/2 + r 2w2/2 ~ 3w/2, it follows that if w = t<lpI2) 
then <r2) ~ 9/4< Ip12) and <r2/12 ~ i< Ip12) -1/2. 

v = 1: I p 12/2 + gr ~ (g/2)2 /3 . c, where c is the first zero of the Airy 
function Ai(x), c = 2.338 .... Then <r) ~ 1.2446< Ip12) -1/2. 

v = -1: Ip12/2 - rt/r ~ -rt2/2:(1/r)-1 ~ <lpI2)-1/2. 
v = -2: By(2.5.23;6),lpI2/2 - 1/8r2 ~ 0,so(1/r2)-1 /2 ~ -!<lpI2)-1/2. 

Upper Bounds for <rv)l/v (4.3.50) 

If we take a = x1rj-1 in (4.3.44), and note that in a rotationally invariant 
state <a) = ° and [a, [H, a]] = IVal2 = r2q - 2(2 + q2), then <r2q ) 
::; (2 + q2)<r2q - 2)(2(E2 - E1»-I. Combining this with earlier results we 
get some useful inequalities for integral values of v, - 2 ::; v ::; 2: 

v = 2: With q = 1 in the formula just derived, 

<r2)1/2::; j3fi(E2 - E1)-1/2. 

V = 1: With q = -!, <r) ::; i(1/r)(E2 - E1)-1 ::; i< IpI2/12/(E2 - El)' 
As an imprecise inequality is used twice, the result is very weak. 

v = - 1: In the case of interest the virial theorem implies that < l/r 1) 
~ IE11, (1/r1)-1 ::; IE1 1- 1 (in atomic units). 

v = -2: With q = 0 in the formula, <r- 2)-1/2 ::; (E2 - E1)-1/2. 

The thrust of these inequalities is that an average of r can not get too small 
without increasing the kinetic energy greatly, and it can not get too large with­
out reducing the spacing of the eigenvalues. If El and E2 are taken as known 
for helium, then with the virial theorem the following bounds are found for 
<rv)l/V in atomic units, some of which can be improved with (4.3.48; 1): 

v lower bound upper bound 

2 0.88 1.408 
0.73 2.535 

-1 0.587 0.689 
-2 0.293 1.150 

By Corollary (4.3.21; 2), (1/r)-l ~ 0.61. These inequalities are too general 
to be more precise; much greater numerical effort would be called for. 
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Since (r- 2 ) is important for calculating p(O), we shall improve the result 
for v = -2 with the aid of (2.2.33; 3). It follows from i(a*b - b*a) ~ 
(a*a) + (b*b) with a = Pr + ic/r and b, c E ~ that 

<r- 2 )c(1 - c) + <r- 1)2bc - b2 - (lpI2) ~ o. 
If this is optimized in band c, then 

<r- 2 )2 _ 4<lpI2)<r-2) + 4<r- 1)2<lpI2) ~ O=> 

(r- 2 ) ~ 2<lpI2)(1 ± J1 - <r- 1)2/<lpI2». 
Then the virial theorem finally produces 

Bounds for <r- 2 ) given El (4.3.51) 

Given two electrons and IX > 0, 

<r- 2 ) ~ 21E11(1 ± J1 - IE11)· 

Problems (4.3.52) 

1. Show that the operator with integral kernel <P(X)VL(X) I x - x'l VL(x')<p(x') has only 
one positive eigenvalue, and the rest of its spectrum is negative. (Hint: dominate 
I x - y I as the integral kernel of a quadratic form by a form with kernel f(x)f(y). 

2. Show that r;}/2({l}JI{l}J2 + (l}J2{l}JI)r"lF2 has only one positive eigenvalue on the space 
of symmetric functions, and conclude that rli 2 rlF2(&\ + &'2 - Ix><xl)r1F 2 • 

3. Calculate <011/rI210) and <OlrdO) in (4.3.21; 1). Note that the normalization of 

<pI(r) above did not contain the angular factor 1/ Fn. 
4. Calculate the 2 x 2 matrices Mi: 1 and ML for (ls2p) and (ls3p) (see (4.3.24; 2». 

5. Calculate the screened potential of (4.3.7). 

6. Show that for Cou]omb systems <V2) = 3E2 + <T2),whereTand Varerespectively 
the kinetic and the potential energy, and expectation values are taken with eigen­
vectors of H. 

Solutions (4.3.53) 

1. Let f(x, y) = 8rc f d3q(exp(iq· x) - l)(exp( -iq· y) - 1)/lql4 -Ixl-Iyl + Ix - YI. 
Then note that f(x, y) = 0, since !'lx/(x, y) = !'lyf(x, y) = f(O, y) = f(x, 0) = 0 
and f(AX, AY) = Af(x, y). The integral is evidently the kernel of a positive form. 
Consequently, 

Ix - yl :-::; Ixl + Iyl 

= t(1 + Ixl)(1 + Iyi) -!Cl - Ixl)(1 - Iyl) 

:-::;!Cl + Ixl)(1 + Iyl) 
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as a form inequality. The proposition then follows from the min-max principle 
applied to the operators obtained by multiplying on both sides by CfJ VL. 

2. The operator PO(1)VL(x2)r12PO(2)VL(X1) + PO(2)VL(x1)r12Po(1)VL(X2) = K(2) has 
the expectation values 

where 

and 

K(1)(X2,XZ) = CfJ1(X2)VL(x2)lx2 - xZIVL(X2)CfJ1(XZ), 

provided that <I>(x1, x2) = <I>(X2' Xl)' By problem 1, K(l) and thus K(2) each have 
only one positive eigenvalue, and the same must be true of & 1 & 2 + &2 &1' Since 
we know that the positive eigenvalue is 2 and that 1 X> is the associated eigenvector, 
&1&2 + &2&1 <2Ix><xl· The proposition then follows from &1&2&1 +&2&1&2 

~ 2Ix><xl· 

For <0Ir1210> the z-integral is S~l dz(ri + d - 2r1r2z)1/2/2 instead of 
S~ 1 dz(ri + r~ - r 1r2z)-1/2/2. 

~[«lS2P) ± (2pls)lrul(ls2p) ± (2p1s» «ls2p) ± (2p1s) I rul(ls3p) ± (3P1S»] 
2 «ls3p) ± (3p1s)lr12l(ls2p) ± (2p1s» «ls3p) ± (3p1s)1rt21(ls3p) ± (3p1s» . 

Symmetric: 

M-I = [ 5.11 -1.77] 
-1.77 12.58' 

M = [0.21 
0.02 

0.02] 
0.08 ' 

El 2 = - 5.17 + ~ (0.206 + 0.08) += J(- 5 +: (0.206 - 0.08»)2 + rx2 0.0292, 
, 144 - 2 144 2 

E1,2 = -0.590 + rx0.145 += J(-0.035 + rxO.061)2 + rx 20.OOO84. 

Antisymmetric: 

M-I = [ 5.38 -1.65] 
-1.65 12,64' 

M = [0.194 
0.025 

0.025] 
0,082 ' 

E1• 2 = -0,590 + rx0.138 += J(-0.035 + rxO.056)2 + rx20.OOO64, 
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6. It follows from V = H - Tthat d V = d T if the deviation is calculated in an eigen­
state of H. The proposition then follows from the virial theorem. 

4.4 Scattering Theory of Simple Atoms 

After the point spectrum of two particles in a Coulomb field has been 
analyzed, we are ready to study the continuous spectrum. Its physical 
significance can be understood by seeing how scattering theory applies 
in this case. 

The scattering of several particles is a set of complicated diffraction problems 
in 1R3n, with potentials falling off in some directions but not in others. Due 
to the lack of simplicity the subject has long been used as a proving ground 
for any conceivable assumption or approximation, the validity of which was 
wholly obscure. Our first job will be to make physical sense of the continuous 
spectrum. We have seen that the wave-functions of the bound states fall off 
exponentially, making the particles localized near the nucleus. One would 
expect that in the other states one or more particles are asymptotically free. 
The first step in proving this is to show that there is no singular spectrum, 
which is associated with particles that wander arbitrarily far away but 
keep returning on occasion. The only known realistic examples of non trivial 
singular spectrum are some clever models due to D. B. Pearson in which 
the potential consists of an array of barriers as for a band model, but for 
which the allowed bands are Cantor sets, and the energy spectrum is IR + • 

The potentials either extend to infinity or fall off very slowly, and one would 
not expect any singular spectrum in scattering from an atom. In fact, it 
does not exist for Coulomb systems [22]. 

We next wish to exclude the possibility, mentioned in (3.4.10; 1), of waves 
entering the region of interaction, never to come out again. The relative 
compactness of the potentials, which was a key fact in the proof of asymptotic 
completeness for one-particle scattering, is now lacking. L. Faddeev was 
the first to figure out how to group compact parts of the resolvent. For 
energies less than the ionization energy it is straightforward to prove exis­
tence and completeness of the Maller operators, yet above the ionization 
threshold there is still no simple way to verify asymptotic completeness. 

A physicist's work has only begun with the proof of existence of the wave­
operators; actual calculations of what can be measured are needed. What 
accuracy can be guaranteed for the numerical results of various computa­
tions? The experience of volume n, §3.4, prepares us for the worst, as the 
interference effects in diffraction problems get so complicated as to make a 
mockery of mankind's calculating skills. In consequence it is all the more 
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welcome to learn that the persistent efforts of L. Spruch, R. Blankenbecler, 
R. Sugar, and many others in recent decades have led to operator inequalities 
that bound the scattering parameters in many limiting cases with amazing 
precision. 

Let us start by bettering our understanding of (J ess and discovering the 
fate of the discrete states of Ho that are embedded in the continuum. Our 
earlier analysis made ready use of the compactness of the V(Ho - Z)-l 
occurringin(H - Z)-l = (Ho - z)-l(l + V(Ho - Z)-l)-l, but, as already 
mentioned, this fact breaks down for several particles interacting through 
pair potentials. Wf! therefore start by finding a representation of the resolvent 
in which the effect of the interaction on the spectrum can be deduced with 
arguments about compactness. We shall restrict ourselves to the 3-body 
problem, though the method clearly generalizes to n particles. 

If the potentials are relatively bounded, the resolvent can always be 
expanded in a norm-convergent series, 

00 3 3 

(H(a) - Z)-l = L L ... L (-ltRovY1RovY2'" RovynRo, 
n=OY1=1 Yn=l 

1 Z Z 
T= 2(lpll + IPzl), (4.4.1) 

with the proviso that d(z, Sp(T)) = d(z, IR+) = Ilm zl when Re z > 0 or 
I z I when Re z ~ 0 is large enough, for 

II~ RoI/I11 ~ alll/lll + allRoI/I11 ~ (a + a[d(z, 1R+)r1)11I/I11. 

With only one electron all the summands other than the first, Ro, were com­
pact. Since any norm limit of compact operators is compact, we concluded 
that the essential spectrum remains unchanged. The situation at hand is 
different, since the operators act on tensor products, and even though each 
contribution is compact on one factor when n > 0, it is not compact on both. 
In order to understand how the resolvent factorizes, write Ro as the norm­
convergent integral 

f d~/2ni 

Ro = cCilpllZ - ~)(iIPzIZ - z + ~)' (4.4.2) 

where the contour of complex integration IS C = (IR + - ia) u ( - ia, ia) 
u (IR+ + ia), 0 < a < Ilm zl. Then 

1 f d~l d~z 1 1 1 
Ro-;:;Ro = CxC (2ni)z (ilpllZ - ~l)rl (ilpllZ - ~2) 

1 1 
® (!IPzIZ - z + ~1) (ilPzlz - z + ~2)' (4.4.3) 
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and the integrand is of the form compact ® bounded. Yet if there are two 
different potentials, both factors become compact: 

R ~R ~R _fd~ld~2d~3 1 ~ 1 1 
o rl 0 r2 0 - (2ni)3 (!IPlI2 - ~l) rl (!IPlI2 - ~2) (!IPlI2 - ~3) 

1 1 1 1 

® (!lp212 - Z + ~l) (!lp212 - Z + ~2) r2 (!lp212 - z + ~3)" 
(4.4.4) 

This is also the case ifrl or r2 is replaced with r12. Hence, while the contribu­
tions to (4.4.1) having all Yi equal are not compact, all the others are. There 
is a graphical shorthand for the terms in (4.4.1), whereby electrons are drawn 
as lines and interactions 1/r y are drawn as wavy lines connecting electronic 
lines if Y = (12) and extending outward from electronic lines if Y = 1 or 2: 

etc. The graphs of the products in (4.4.1) are the graphs of the factors joined 
together, so the set of graphs contains the whole algebraic structure of the 
operators. The noncompact operators are the disconnected graphs, which 
means that the electronic lines are either not connected to one another or not 
connected to the outside. The connected graphs, that is, the compact opera­
tors, are an ideal of the algebra. Thus, with the notation 

+ + + ... 

+ + + 

the graphical representation of the resolvent equation is 

R= --c>- + -c>- + =er - 2 

[ -c>- I Ot + + -c>- + + <SI ! 

C=:) 
I =cx;= + + - 2 2 
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The translation of this as formulas is known as the 

Weinberg-Van Winter Equation (4.4.5) 

R = D + JR, 

( 1 )-1 ( 1 )-1 ( rx )-1 D= T---z + T---z + T+--z 
r1 r2 r12 

( 1 )-1( 1 rx) ( 1 )-1( 1 rx) J= T---z --+- + T---z --+-
r1 r2 r12 r2 r1 r12 

( rx )-1(1 1) 1( 1 1 rx) - T + -- - z - + - - 2(T - z)- - - - - + -
r12 r 1 r2 r1 r2 r12 

_11( 1 )-1( 1 rx) = (T - z) - T - - - z - - + -
r1 r1 r2 r12 

11( 1 )-1( 1 rx) + (T - z)- - T - - - z - - +-
r2 r2 r1 r12 

1 rx ( rx )-1(1 1) + (T - z)- - T + - - z - + - . 
r12 r12 r1 r2 

Consequences (4.4.6) 

As shown above, J is compact for d(z, IR) sufficiently large. Moreover, its 
compactness extends by analyticity to the whole region C\IR+ u,~)= 1 

{ -1/2n2} (Problem 3). This means that (1 - J(Z))-l has only isolated poles 
of finite multiplicity in the region of analyticity, and the only additional 
singularities of R(z) = (1 - J(Z))-l D(z) are those of D(z). This reasoning 
leads to a result due to Hunziker, Van Winter, and Zhislin, generalizing 
(4.3.5) for not necessarily positive rx. 

The HVZ Theorem (4.4.7) 

a.ss(H(rx)) = a.ss (T - ~) u a.ss (T - ~) u a.ss (T + ~). 
r1 r2 r12 

Remark (4.4.8) 

This result casts more light on Remark (4.3.6; 1). The essential spectrum 
describes particles that escape to infinity, so a.ss begins at the various 
ionization energies. 
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In order to eliminate the possibility of (J sing' we look at the H(IX) dilated 
with a complex parameter r as in (4.1.16): 

Hir) == U(r)H(IX)U- 1(r) = exp(2r)T + exp(r)V, 

(Hir) - Z)-l = (1 - J)-lD, 

( exp(r) )-1 ( exp(r) )-1 
D = exp(2r)T - -r1- - z + exp(2r)T - ----r;- - Z 

+ exp(2r)T + - z - 2(exp(2r)T - Z)-l, (
IX exp( r) ) - 1 

r12 

exp(2r)J = (T - exp( - 2r)z)-1 - T - - exp( - 2r)z 1 (exp(-r) )-1 
r1 r1 

( 1 IX) 1 x --+- +(T-exp(-2r)z)-1-
r2 r12 r2 

x (T _ exp( -r) _ exp( _2r)z)-1 (_ ! + ~) 
r2 r1 r12 

+ (T - exp( -2r)z)-1 ~ (T + IX exp( -r) - exp( -2r)z) 
'12 r12 

x (! + !). (4.4.9) 
r1 r2 

The operator J is again compact, so (1 - J) - 1 affects only the point spectrum 
of Hir). The essential spectrum originates from D, which, however, contains 
only the sorts of expressions encountered in (4.1.16). Since 

(J(A @ 1 + 1 @ B) = (J(A) + (J(B) 

(see [3], section XIII.9) and 

( IpI2 exP(r)) {-l} 
(J exp(2r) 2 - -r- = n~l 2n2 u exp(2r)[R+ 

(see (4.1.17; 2», 

( 1 2 2 exP(r») 
(J exp(2r)2:(lp11 + Ip21 ) - -r1-

U {2-! + eXP(2r)[R+} u exp(2' [R+. 
n~ 1 n 

This means that the continuum starting at each energy -1/2n2 gets swung 
out into the complex plane by the dilatation (see Figure 20): 
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z plane 

-t 

Figure 20 Sp(exp(2,H<lpI12 + Ip212) - exp(,)/rl) when Im exp(2,) < O. 

As a consequence, the matrix elements of the resolvent in the dense set D of 
entire vectors with respect to UCr) can be continued analytically past the 
real axis, since it intersects (Jess only at Un { -1/2n2} u {O}. As in (4.1.16), 
we conclude the 

Absence of Singular Spectrum (4.4.10) 

(JsiniH~) = 0, so (JesiH~) = (JaiH~). 
Because < U- 1(r*)<I' I (H~ - Z)-l U- 1(r)l/I) = <<pI (H~(r) - Z)-ll/1), the 

spectrum of H~(r) reflects the singularities that occur when matrix elements 
of the resolvent are continued analytically. The next topic to investigate is 
how the eigenvalues in the continuum of Ho move onto the second sh~et of 
z when the perturbation r:J./r12 is switched on after this analytic continuation. 
We start by noting the 

Spectrum of Ho(r) (4.4.11) 

(J (Ho(r» = (J (Ho(O» = U { __ 1 __ 1_}, 
p p n.m~l 2n2 2m2 

(JacCHo(r» = U {- 212 + eXP(2r)IR+} U {exp(2r)IR+}. 
n~l n 

As to the eigenvalues of the non-Hermitian operator H~(r), ifIm exp(2r) < 0, 
then some of them may have negative imaginary parts. The argument of 
(4.1.17), by which the eigenvalues were analytic in r and invariant for real r, 
and therefore constant, works only assuming that they remain isolated. But 
(Jess sweeps over the eigenvalues with negative imaginary parts as Im r --+ 0, 
invalidating the argument. In fact, the eigenvalues Un.m~2 {-1/2n2 -

112m2 } of Ho(r) move to complex positions as r:J.lr12 is turned on with r 
fixed, unless their movement is prevented by some selection rule. Since the 
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continuum of Ho(') swings out of the way, the eigenvalues are isolated 
for Im • < 0 and cx = 0, and lowest-order perturbation theory (3.5.18) can 
be used to compute their displacement as cx/r12 is turned on (the derivation 
of the perturbation-theoretic formula (3.5.18) did not require the operator 
to be Hermitian). As expected, the position of an eigenvalue is independent 
of " which merely specifies which complex half-plane the limit to real values 
is to be taken from. 

Perturbation Theory of the Complex Eigenvalues (4.4.12) 

Let I.) = U(')IO) in the notation of(3.5.18), taking 10) and E(O) as the eigen­
vector and eigenvalue of H 0(')' Then the eigenvalue of Ha.<.) is 

E(cx) = E(O) + cx(.1 exp(.) I.) _ cx2 ('1 exp(.) P.l(Ho(') 
r12 r12 

_ E(0»- 1P.l exp(.) I.) + 0(cx2) 

r12 

= E(O) + cx(OI_1 10) - cx2 lim(01 ~ P .l(Ho(O) 
r12 e~O r12 

Remarb (4.4.13) 

1. To 0(cx2), the imaginary part of E(cx) is 

x 

1 1 
ImE(cx) = -ncx2(01-P.lb(Ho - E(O»P.l-IO), 

r12 r12 

a formula known as Fermi's golden rule. Although this is certainly an 
eigenvalue of HII{.) for sufficiently large Im " the Hermitian operator 
Hri0), of course, has no complex eigenvalues. They only appear when 
the matrix elements of the resolvent are continued analytically (see 
Figure 21). 

Figure 21 The motion of the eigenvalues of Ha(r) for ex > O. 
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2. The interpretation of the poles as resonances is based on the lifetime 
(4.2.11) as well as on the scattering operator V - V(H - E) - 1 V. If \l is 
small, they are the dominant contribution to the resolvent at E = Re(E(\l», 
and in that case Im E(\l) determines the probability of decay. 

3. For the states of unnatural parity, Ho(O) has no continuum in the subspace 
of equal quantum numbers, so P.l (j(H(O) - Eo)P.l vanishes, and thus so 
does Im E(rx). However, for the other states, Im E(\l) < 0; this answers 
the question that arose earlier about Up (H(\l» embedded in the continuum. 
For sufficiently small rx, it develops continuously out of the eigenvalues 
-1/2n2 - 112m2 of H(O), which have Im E(\l) = O. 

The next problem is to show that the vectors associated with uac(H(\l» 
are scattering states, in order to be able eventually to calculate the relevant 
scattering parameters with accuracies good enough for comparison with 
experimental data. This is a formidable goal, so we shall content ourselves 
with the simplest nontrivial situation, where an electron e- scatters from 
an atom consisting of a Jl- and a p. We consider only energies less than 
1 Ke V, so the muon remains in the ground state. If the energy is great enough 
to excite the muon to higher bound states, then the calculation is quite similar 
in principle, but much more complicated to write out. If the muon can be 
ionized, then the ordinary Meller operators do not exist, and recourse must 
be had to comparison with the kind of modified time-evolution of (4.1.19; 2). 
The Coulomb field is screened only provided that the muon remains bounded. 
Only then is the range of the interaction short enough for the scattering 
theory of §3.4 to work. As in (3.4.16) we shall study the 

Channel Hamiltonian (4.4.l4) 

1 1 
11 = --+-, 

'2 '12 

P1(E) == e(E - H l ) = 1<fJ><<fJ1 ® e( E + ~ - IP~12) for E < -~, 

Ql(E) == e(E - H), 

3/2. I P11 2 1 <fJ('l) = 2Jl exp( - W1) IS the ground state of-2- - -. 
Jl '1 
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This notation allows the principal result to be stated: 

The One-Channel M4tller Operators (4.4.15) 

IfE < -J1,/8, then the Mfiller operators 

n1± = s-lim Ql(E)exp(iHt)exp( -iH1t)Pl(E) 
t-+ ± 00 

and 

nf± = s-lim PI (E)exp(iHlt)exp( -iHt)Ql(E) 
t-+ ± 00 

exist and are complete, 

nf± n1± = P1(E), 

Remarks (4.4.16) 

1. It is crucial that the effective interaction between e- and J1,-p falls off 
faster than l/r; if there were a nucleus of charge Z > 1 instead of p, it 
would be necessary to choose 

HI = Ip112 + Ip212 _ Z _ Z - 1. 
2J1, 2 rl r2 

2. The scattering of e + from J1, - p is the same, with some changes of sign. 
3. If the electronic spins are parallel, the scattering of e - from a hydrogen 

atom is complicated by the Pauli principle: Since HI is not invariant 
under permutation of the two electrons, exp(iHt)exp( - iH It) does not 
send the subspace of antisymmetric states to itself. It is necessary instead to 
take the limit of exp(iHt)exp( - iH It)ll/Il) ± exp(iHt)exp( - iH2 t)11/I2), 
which is equivalent to an antisymmetrization of the scattering amplitude. 

4. If the electronic spins are anti parallel, then H has a bound state, which 
must be known precisely to calculate the scattering length; if there is an 
eigenvalue at zero, the scattering length becomes infinite. 

5. The S-matrix in the interaction representation, Sll = nf+n1-, satisfies 
the unitarity condition Sf 1 S 11 = S 11 Sf 1 = PI (E). 

Proof of (4.4.15) 

As in the proof of (3.4.11), we check whether 

Ql(E)exp(iHt)I1 exp(-iH1t)Pl(E) 

and 
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are integrable in time. The conditions of (3.4.11) for Hand Hl have to be 
met after multiplication by Ql and, respectively, P b so the supremum needs 
to be taken only over 

w E I == (- ~ + 15 - ~ - 15) 15 ! 0 2 '8 ' . 

(i) SUpwEI 11 Ft t5(H1 - w)FtII. For this part it is intuitively clear that 
for w < - Jl/8, 

t5(IP11 2 _ ~ + Ip21 2 _ w) = Icp)<cpl ® t5(IP212 - W _ ~); 
2Jl r1 2 2 2 

and this is derived formally in Problem 1. With k2/2 = w + Jl/2, we find 

Tr(Ft (j(H1 - w)Ft)" 

= f d3X1 ... d3xnu(X1)gk(X1 - X2)U(X2)gk(X2 - x3) ... gk(Xn - Xl), 

where 

and 

gk(X) = 4 \ sin kr 
n r 

U(x) = fd3xIICP(x'WII1(X,XI)1 

= fd3XIICP(XIWII!I-lx ~ xIII· 

The potential u is larger than the potential 

Vex) = f d3x'l cp(X') 12 (I X ~ xii - I~ I) = (Jl + ~) exp( - 2)lr) (4.4.17) 

(see (4.3.7», which is the potential due to the proton shielded by the 
muon-cloud. However, the dipole expansion 1/lx - xii = l/r 
+ (x . x')/r3 + OCr - 3) shows that Jl '" r - 2 as r --+ 00. We thus have a 
one-body situation of the kind treated in (3.4.11). Since U has only a l/r 
singularity at the origin, (3.4.14; 1) shows that indeed 

sup 11 Ft t5(H 1 - w) Ftll < 00. 
WEI 

(ii) sup 11 Ft t5(H - w)FtII. 
WEI 

t5(H - w) = - lm - ----1 l' (1 1) 
2ni doH - w - ill H - w + ill . 
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The resolvent still has the same structure as in (4.4.5) in the trivial 
generalization to J.l > 1, so 

and it is again a question of showing the boundedness of jI; D(z)jI; 
and the compactness of jI; J(z)/ jI;. We already know this if z is 
not real, and it only remains to see what happens for z E [ - J.l/2 + ~ ± ie, 
- J.l/8 - ~ ± ie] = I, ~ > 0, e ! 0. The only singular part of D(z) is 

+(l-Icp><cpl®l) _1 ___ +_2 __ Z , ( IP 12 1 Ip 12 )-1 
2J.l r l 2 

and in fact only the first term in this expression. If the muon is excited, 
its energy becomes ~ - J.l/8, and the second term is uniformly bounded 
by 1/~ for all z E I. In part (i) we found that 

is bounded (the proof also works for the term with ~(lpI2 - z) replaced 
by (lpl2 - Z)-l). Similarly, the only term in question in AJ/A is 

and in fact again only the contribution from the muon in the ground 
state. To prove the compactness of 

we argue as in (3.4.13). It is rather easy (Problem 2) to convince oneself 

that K = JI1(Xl, x2)(T - z)-1(1/rl)lcp(xl»<CP(Xl)I~(lp212 -w) x 
JI l(Xl, x2» belongs to C6'4 and is Holder continuous in w. This guaran­
tees the compactness of the operator in question for z = x + iy, 
- J.l/2 < x < 0, as y ! ° (Problem 2). The points Zi at which J(z) has 
eigenvalue 1 are eigenvalues of H with finite multiplicity. The associated 
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eigenfunctions fall off exponentially (4.3.38), so Ft 1/1 is in .ft. The 

operator Ft J(z)/ Ft also has eigenvalue 1 iff z equals one of the Zi' 

Since we know that there is no eigenvalue of H in the interval I, 
(1 - jI;J(Z)/jI;)-l is bounded uniformly on I, and thus so is 

sup 11 Ft c5(H - w)FtII < 00. o 
WE I 

Once it is known that the M/3ller operators exist, and hence that the 
S-matrix is well defined, it becomes possible to calculate the scattering 
amplitude of e - from JI- - p. This is a matter of finding the expectation value 
of 11 - I1(H - E)-1 I 1 with E = - fJ/2 + k2/2 in the (unnormalizable) 
state <p(x1)exp(ik· x2). Physical intuition says that the large mass of the 
muon prevents an electron of low energy from having much influence on it. 
As a consequence, the electron should simply feel the familiar effective 
potential Vr = 1 ® v, where v is as in (4.4.17). This feeling can at least be 
tested by using Vr as the comparison potential in Kohn's variational principle 
(3.6.29) and substituting for 0t; setting k = 0 for this purpose, we get a 

Variational Principle for the Scattering Length (4.4.18) 

The scattering length is the expectation value of 

x (H + ~r\I1 - Vt)Vt-17;, 

7;= Vr- Vr(Ht+~r\, 

in the state <p(x 1) ® 1. 

Calculation of the Three Contributions to T (4.4.19) 

(i) 7;. This amounts to the scattering of an electron by a short-range 
potential Vr. There is no interaction between the muon and the electron, 
so everything factorizes. Since Vr is radially symmetric, 7; could be 
evaluated numerically on a computer. However, it is hardly worth the 
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trouble, since with the actual value Il = 207, V, is such a small perturba­
tion that the first Born approximation aB has an accuracy measured in 
%. To see this, refer to (3.6.24) and calculate the quantity defined there, 

= f~ (V(k»)2 2n2 
(2n)3 4n I k I 

1 100 [lkl2 + 81l2]2 1 7 
="2 0 dk2 [lkl2 +41l2]4 = 41l26' 

since the Fourier transform of I <p(xW is (1 + IkI2/41l2)-2, so 

v(k) -1 ( (41l2)2) 
4n = Ikl2 1 - (lkl2 + 41l2)2 . 

The scattering length at is thus equal to ail ± IIKII/(l - IIKII» 
= ail ± 0.002), and a calculation of aB yields 

f d3X v(O) 1 1 . 
aB = 4; v(x) = 4n = - 2112 = -"2 (206.8)-2. (Bohr radIUS) 

= -0.619 x 10- 13 cm. 

(ii) The term linear in 11 - V, vanishes: Clearly, 

( (IP 12 )-1 ) = <p(x1) ® V, - v, + -Ikl2 V, exp(ik. '(2), 

and J d3x11<p(x1W(I1(x1, x2) - V,(x2» is zero by definition. The V, we 
have chosen is optimal in the sense that the difference between (T) 
and (r,) is quadratic in 11 - V,. 

(iii) To estimate the effect of (H + 1l/2) - 1 in the last term, recall from §4.3 
that H has no bound state, so H + 1l/2 ~ O. Indeed, H dominated a 
certain one-particle Hamiltonian with no bound states: 

Il [I P21 2 1 ] (31l 1 1 - Y 2) 
H + 2. ~ -2- - r2 + VL(r2) P + 8 - 2y + -2- lp21 

x (1 - P) = H L , 

P = 1<p)(<p1 ® 1, 
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where we used Ip12/2 - 1/r ~ -1/21 + (1 - 1)lp12/2 for ° < 1 < 1 in 
the last term. Let us finally choose 1 to optimize the bound. If a ~ b > 0, 
then a - 1 ~ b - 1 (2.2.38; 11), so we arrive at the upper bound 

( )-1 (I 12 1 )-1 
H + ~ ~ Hi 1 = P P~ - r2 + VL(r2) 

( 1 - 1 2 1 3J.l) - 1 + (1 - P) -2-1 P21 - 21 + 8 . 

Zero would be a trivial lower bound for (H + J.l/2) - 1, but it is not good 
enough to assess how much difference the correction to 7; makes. For 
this purpose we can use the projection methods of (3.5.31), and take P' 
in (H + J.l/2)-1 ~ P'(P'(H + J.l/2)p')-1.p' as the projection I lp' > <lp' I 
® 1 with some q/. Then 

since 

p,(IP212 
_ ~ + _1 )p, ~ p,lp212, 

2 r1 r12 2 

fd3X'P(X') 1 
---<­Ix - x'l - r 

for any spherically symmetric p. Let P'(lptI2/2J.l - 1/rt)p' be IltP'. The 
not exactly known resolvent is thus finally bounded by the following 
one-particle operators: 

Since V; has been chosen so that P(Il - V;)P = 0, only the last term 
on the right contributes to T, and so the bounds on the scattering length 
are 

The term 

<1/117;11/1> - IIR(It - V;)Vt-t7;I/I11 2 ~ <I/IITII/I> 
~ <1/117;11/1> - IIP'R'(It - V;)Vt-t7;I/I11 2, 

vt- t 7;1/1 = lp(x1) ® (1 + !lp21- 2V;(X2»-1·1 == lp(xt) ® I/It(x2) 

factorizes as (ground state of the muon) ® (scattering wave-function 
of the electron). The second factor can be evaluated by numerical 
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integration of the radial SchrOdinger equation, but once more it is 
hardly worth the trouble, since the Born approximation 1/11 ~ 1 is quite 
good. Specifically, the norm of 1 P 1- 2 V;/2 in Loo is 

1 f d3x' V.(x') 3 
IItlpl- 2V;1I00 = -8 sup 1 1 '1 = -8 ' lt x x-x Ji 

so 111/11 - 11100 ::;; IItlpl-2V;1I00 = 0.001. As a consequence, 1/11 can be 
replaced with 1 in the following integrals to an accuracy on the order 
of %'00 after which they are all elementary by Fourier transformation: 

2 f 3 3 3' exp( - K 1 X2 - X2D IIRU1 - V;)I/I/II = d Xl d X2 d X2 2 (1)1 ' 1I/II(x2) 
1t - y x2 - X2 

The corresponding contribution to the upper bound is 

fd3X1 d3Xl d3X2 d3X2 q>'(X1)q>(X1)( -1:21 + IX1 ~ x21- V;(X2») 
exp( - K' I X2 - X2i) (1 1 , ) " , 

. 2ltlx2 - x21 -IX21 + IXl - x21- V;(x2) q>(X1)q>(X1)· 

If q>' is now chosen as (1 + I1r)exp( - pr) and the bounds are optimized 
in 11, p, and y, then there result the following 

Bounds for the Scattering Length of e- - (PJi) (4.4.20) 

The scattering length a = <1/1 I TI/I)/4lt satisfies 

13 ( 2 )-1 -0.70 X 10- 13 cm = al - T Ji- 5/2 1 - J3ii 

::;; a ::;; -0.62 x 10- 13 cm. 
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Remarks (4.4.21) 

1. Although muonium Il-P is about rblll '" 2.4 x 10- 11 cm. across, the 
scattering length is smaller by a factor 11- 1: The kinetic energy prevents 
the wave-function from reacting much to a short-range potential. This 
explains why muonium diffuses through matter without significant 
interaction with the electrons. 

2. The deviation from at can be interpreted as a virtual excitation ofthe muon. 
The lower bound shows that the ratio between the correction to at and at 
goes to 0 as /1- 1/ 2 when /1 -+ co. It is still on the order of 10% for the muon. 

3. If k > 0, then (H - E) - 1 is no longer positive, and the resolvent must be 
analyzed more carefully. 

Problems (4.4.22) 

1. Prove that b( IpI IZ /2/1 - l/rl + 1 Pzlz /2 - w) = 1 <P ><<P 1 ® b( IPzlz/2 - w - /1/2) for 
w < 3/1/8 (see the proof of (4.4.15». 

2. Show that 

belongs to rg 4 if z < 0. 

3. Show that if fez) is an analytic family of operators on a connected, open region G 
and fez) is compact in a neighborhood of Zo E G, then fez) is compact for all z E G. 
(Hint: the series expansion 

is convergent in norm on a sufficiently small neighborhood of Zo. Show that all 
f(n)(zo) are compact and use the method of overlapping discs described, for example, 
in [17]. 

Solutions (4.4.23) 

1. Use b(a ® 1 + 1 ® b) = S~oo dex b(a - ex) ® b(ex + b): 

dex b _1_ - - - ex ® b _2_ - W + ex = dex b ® b foo (IP I
Z 1 ) (IP IZ 

) fW 
- 00 2/1 r 2 - 00 

= 1<p><<p1 ® b(IP{ - w - ~). 
2. The operator is of the form 

Jf 1(X 1, xZ)I!/t(x1»<!/t(x1)lb(lp2f - w)Jf1(X1, x2), 

where !/t(x1) = ((Ipd + w)/2 - z)-I(I/r1)<p(x 1). If z < 0, then this function is as 
good as qJ, since £lex) = S d3x' 1!/t(xW 1 f 1 (x, x') 1 has the same l/r2 behavior as 
u(x). Hence we conclude from (3.4.13; 2) that Tr(KK*)2 < 00. 
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3. j(n)(zo) = (n !/2ni) Seo (J(z)/(z - zor 1) dz is the norm-limit of Riemann sums of 
compact operators and therefore compact, provided that Co is a circle in the region 
of compactness of zoo However, the power series converges on the largest circle 
about Zo completely contained in the domain of analyticity G. Hence compactness 
can be continued to the whole region G in analogy with analytic continuation 
through overlapping discs. 

4.5 Complex Atoms 

The motion of the inner electrons in a large atom can be approximated 
to within a few percent by motion in an averagedfield. 

The first genuinely many-body problem that we shall discuss in much depth 
is that of an infinitely heavy atomic nucleus of charge Z and N electrons. The 
methods will be the same as those developed for helium, though the Pauli 
exclusion principle will now emerge as the decisive fact. Insofar as the inter­
electronic repulsion can be neglected, these ideas lead to the familiar shell 
structure of atoms, which is so evident in the periodic table of the elements. 
To date it has not been possible to determine whether electronic shells are 
also predicted by the Schrodinger equation including the effect of the electrons 
on one another. A derivation would require extraordinarily tight upper and 
lower bounds for the energy eigenvalues. It is easy to get upper bounds with 
variational procedures, elementary calculations providing about 10 % 
accuracy and more elaborate ones attaining about 1 %. The methods that 
have been presented for lower bounds break down, however, as the ground 
state is pushed well into the continuum of Ho by the interelectronic repulsion, 
though lower bounds with an accuracy of a few percent are obtainable with 
another strategy. Unfortunately, the accuracy is with respect to the total 
energy, which goes as Z 2N 1/3 eV, amounting to MeV for large atoms, while 
the energy differences of importance for the shell structure and, for that 
matter, all of chemistry are only a few eV. The required precision is far too 
great, so we shall have to make do with the qualitative traits of the spectrum, 
which are due to various conserved quantities. 

We follow the steps of §4.3. 

The Normal Form HN of the Hamiltonian (4.5.1) 

1 N NIl 
H = - L Ipd2 - Ze2 L - + e2L--

2m i = 1 i = 1 1 xd i > j 1 Xi - X j 1 
can be transformed to Z2e4 mHN , where 

1~( 2 1) ,,1 , 
HN(rx) = -2.L... Ipd - -I -.1 + rx .L....I . _ .1 = Ho + rxH, 

1=1 XI I» XI X) 

by a dilatation of the coordinates. 
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Remarks (4.5.2) 

1. The potential energy is once again a-bounded relative to the kinetic 
energy, and H is self-adjoint on the domain of the kinetic energy and 
bounded from below. 

2. The analysis ofthe resolvent in (4.4.5) can be adapted for the many-electron 
Hamiltonian. All the connected graphs in the expansion of the resolvent 
are compact, and the noncompact parts correspond to distributions of 
the nucleus and electrons into groups within which the particles interact, 
but which are not bound together. The clusters determine where the 
essential spectrum of the overall Hamiltonian begins, and if a > 0, 
Theorem (4.4.7) generalizes: 

The HVZ Theorem (4.5.3) 

N-l 

(Jes.(HN(a» = U Sp(HM(a». 
M=2 

The point spectrum also resembles that of (4.3.10) and (4.3.19); the effect 
of dilatations on the Hamiltonian implies the 

Concavity of the Ground-State Energy (4.5.4) 

The functions El (a) and also - .J - El (a) are concave in a. 

The Virial Theorem (4.5.5) 

If (H(a) - E)t/J = 0, then 

E = -<t/JI f IP;/2 1t/J) =! <t/JI- £ _1 + a L 1 It/J). 
i = 1 2 2 i = 1 I x;/ i > j I Xi - X j I 

Remarks (4.5.6) 

1. As before, it follows that there are no eigenvalues E ~ O. 
2. If E(a) is known, then (4.5.5) together with 

cE=<t/JIL 1 It/J) ca i>jl~ -xjl 

allows the expectation values of 1/lx;/ to be determined, too. 

It is furthermore true that positive ions and atoms have infinitely many 
bound states. Because of the symmetry requirements on the wave-function 
the proof is more difficult than for helium. 
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The Infinitude of the Point Spectrum (4.5.7) 

If ex < 1/(N - 1), then Hiex) has an infinite point spectrum. 

Proof 

We follow the time-honored recipe of the proof of (4.3.8), but this time the 
exclusion principle comes into play. To take care of the symmetry, assume a 
trial function 

N 

'Pn,t(x1 ••• xN) = % L CPn(rjr)x(x1,···, Xj' ... , XN), 
j= 1 

where X is the antisymmetrized, normalized ground state of HN - b with 
energy EN _ l' The symbol x j is used to indicate the absence of the coordinate 
Xj' which stands for both the spatial and the spin coordinates of the j-th 
particle. For the present we assume only that cP E C<XJ and CPn(r) =F 0 only for 
n < r < n + 1, n = 1, 2, .... The % is a normalization constant. Since H 
is real, we may suppose that cP and X are real: 

%2Jl (-l)jktl (-l)k f d3Xl ... d3xN CPn(tr)cpnCrrk)x(x 1 ••. xj ... xN) 

X X(x1 ... xk ... xN) = 1. 

The mixed terms like f d3x 1 ... d3xN({Jn(rr l )({Jn(tr2)X(X2 ... XN)x(XI, X3 , •• ·, 

xN) cause trouble. However, we know that the functions X fall off exponen­
tially, as the argument leading to (4.3.39) does not depend on the number of 
particles: consider the group generated by exp(isr 1); by analytic continuation, 
for some (j > 0, exp(srl)X(Xl"'" XN-I) E:Yf for all s, Isl < (j.1t then follows 
that the mixed term is O(exp( - 2r (j» as! ---t 00, because IIexp( -sr)CPn(rr)11 ~ 
exp( -nsr), and so %2 = N + O(exp( -2r (j». If (1fJIHNIfJ) is calculated 
next, there are some more mixed terms: 

Ipl2 1 
O(exp( -2r (j» + (CPIT - -;: + ocV(r)lcp) + EN-I(OC), 

Because of the exponential fall-off, VCr) = (N - l)lr + O(exp( - 2r (j» as 
r ---t 00. All told, if r is sufficiently large and ex < 1/(N - 1), then 

('Pn,tIHNI'Pn,t) = EN- 1 + r-2(CPnll~12 CPn) - (1 - ex(N - 1» 

1 I J; 
X (CPnl-ICPn)r- + O(exp( -2r u» < EN- t · 

r 
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Although the functions \I' n are not orthogonal, it is still true that <\I' n I \I' n' > 
= bn,n' + O(exp( -2r b)). They can thus be orthogonalized in the limit 
r --+ 00 without affecting the inequality < H N > ~ EN _ l' The off-diagonal 
matrix elements <\I' •. rIHNI\I'n'.r> are all likewise O(exp( -2rb)). If r is 
sufficiently large, then for any nE 71+ there is an n-dimensional subspace 
on which all eigenvalues of HN lie below EN - 1, which proves (4.5.7) 0 

Bound States within the Continuum (4.5.8) 

The continuous spectrum between EN _ 1 and 0 usually has embedded 
eigenvalues, of states whose decay is forbidden by conservation laws. 
Consider as an example lithium, N = 3. The ground state is the (1s)2(2s) 
configuration 2S+. The lowest state with spin! is (1s)(2s)(2p), i.e., 4p-, 
which is well within the continuum of the 2S+ states (1S)2( oos). Moreover, the 
states of unnatural parity 4p+ of the (1s)(2p)2 configuration are within the 
continuum of the 2S+ states. (The notation is (2S+1)e.) 

It would take us too far afield to go into great detail about the host of 
energy levels. To gain an overview of the dependence of the energy on N, it is 
most convenient to investigate the ground states of atoms with full shells. 
They are milestones in the periodic table, and their theoretical analysis is 
relatively straightforward. 

Upper Bounds for E1(1Y.) Using Eigenfunctions of H(O) (4.5.9) 

The most primitive estimate is the expectation value of H in the ground state 
of H(O), which is easy to find; the Balmer levels are simply filled up with the 
available electrons in accordance with the exclusion principle. If the states 
with quantum numbers (n, I, 13 , s) are enumerated with the index j, then the 
wave-function of the N noninteracting particles is 

1 N 
'P(X1 '" xN) = --L (-1)P n I/I/xp), 

jN! p j=l 
(4.5.10) 

where Pj is a permutation of 1 ... N. Since the levels of energy -lj2n2 
are 2n2-fold degenerate, the eigenvalue of H(O) with this eigenfunction and 
filled n-shells for n $ no is 

where 

1 no 2n2 

E = - - L -2 = - nO' 
2 n= 1 n 

no 

N=2L .= 1 

2 2n~ + 3n~ + nO n = -----'--~~ 
3 
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(see Problem (4.5.29». The calculation of (I/!IHII/!) requires in addition the 
evaluation of 

('PIH'I'P) = N(N - 1) ('1'1_1 1'1') 
2 r12 

=! fd3Xl d3X2 L (I I/!J{XlW I I/!i'(X2) 12 
2 Ixl -x2I j ,i' 

- I/! iXl)I/! p(x 2)I/!1-(Xl)I/!1(X2»' (4.5.11) 

The latter part of this, known as the exchange term, only occurs if I/! j and I/! j' 
have the same spin, since the scalar product includes the scalar product in 
spin space as a factor. The exchange term is ~O for allj andj': 

f
d3Xl d3X2 * 
I I P (Xl)P(X2) ~ 0 Xl - X2 

holds because the Fourier transform 1/2n2k2 of 1/lxl is positive. 
The exchange term was calculated for the simplest states in §43 and was 

about 10% as large as the first term. If it is ignored when j #: j', then at any 
rate there results an upper bound. The remaining term simplifies for closed 
L-shells when it is noted that 

(4.5.12) 

for r2 > r1' and otherwise r1 +-+ r2' Since L~= _I 1 Yj"(n) 12 is independent 
ofthe angles, it is clear that the first contribution to the sum Lj,j' is spherically 
symmetric, and when the angular integration is done, the term with 1 #: 0 in 
the decomposition (4.5.12) cancels out: 

('PIH'I'P) ~ ~ f d3Xl d3X2j~j'II/!J{XlWII/!j'(X2)12 

x (9(rl - r2) + 9(r2 - rl») 
r2 rl 

Because ofthe virial theorem, (I/!iI1/rll/!i) = l/n2,j = (n, I, 13 , s), so 

('PIH'I'P) ~ ~ n'~l2n22n'2 min{:2, n~2} = n~l4ntl n,2 
1 4 3 2 

= 3" [no + 4no + 5no + 2no] 

(4.5.13) 
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(see the Problem). The net result is that 

< I I a 4 3 2 'P H 'P) ::; -no + 3 [no + 4no + 5no + 2noJ· 

As N ..... 00, no = (3N/2)1/3 + 0(1), and ih = O(I/N), then 

( 3)1 /3 ( aN) E::; _N 1/3 2: 1 - 2 + 0(1). (4.5.14) 

Because of (4.5.4), Equation (4.5.13) can be bettered with a parabolic bound, 
as before, and since H' > 0, we obtain 

Rough Bounds for EN for Neutral Atoms (4.5.15) 

If aN = N IZ = 1, then to O(N -1/3) the lowest eigenvalue EN of H N is 

(3)1/3 EN (3)1/3( 1)2 - 2: = -1.145 ::; N1/3 ::; - 2: 1 - 4 = -0.6439. 

Remarks (4.5.16) 

1. This eigenvalue EN is Z-2e-4m-1 times the eigenvalue of the H of (4.5.1), 
so the dependence on Nand Z anticipated in (1.2.11) is verified. 

2. An estimate 0(N- 1/ 3 ) is useless for actual atoms, since the corrections 
neglected in (4.5.14) with the replacement of L~' = 1 (nY by n3/3 are still 
about 50 % for no = 10, which makes N = 770. 

3. The estimate (4.5.13) is not very good for electrons within the same shell. 
For instance, the right side is 1 for (ls)2, while in reality the left side is 
only i (see (4.3.22; 1)). However, it is pretty accurate for electrons in 
different shells; for (ls)(2s) it gives 0.25 instead of 0.2318. In all the error 
is not so bad for large atoms, since it is the interaction between shells that 
causes EN to be '" N 1/3. 

4. If et is arbitrary, then the upper bound is _G)1/3 N 1/3(l - etN 14)2, which 
has the maximum m7!3et - 1/3 when Net = 4. Thus a more favorable trial 
function when N > 4Z/7 is the one having all additional electrons at 
infinity with energy 0; with it, EIN 1/3 ::; _(~)7/3 = -0.6978. According 
to Thomas-Fermi theory (see volume IV) the correct asymptotic value is 
-0.77. 

E 1 (et) Estimated with Trial Functions having Two Parameters (4.5.17) 

In the effort to improve eigenvalue bounds, we recall that the parabolic 
bounds corresponded to the use oftrial functions exp(idr)'P with an optimized 
dilatation parameter r. This takes the partial screening of the field of the 
nucleus into account, which is clearly most significant for the external 
electrons. It would thus make more sense to stretch the different t/I j with 
different r j . Although this would ruin the orthogonality of the t/lj, which 
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is essential for the calculation, it is still compatible with orthogonality to 
dilate the ljJ's with different I independently. In order to have more flexibility 
in the choice of trial functions, let us use eigenfunctions of a Hamiltonian 
containing an additional1/r2 potential, since the eigenvalues are known in 
that case. If the angular momentum is I, we shall take 

HI = P:Pr + (I + C>1)(l + C>I + 1) _ ~ 
2 r2 r' 

which has eigenvalues 
2 

'LI -2 
Enrol = - "2 (nr + 1+ C>I + 1) . 

Later, 'Cl and C>I will be optimized. The expectation values of 1/r and 1/r2, 
and therefore of 1 P 12 can be calculated by taking derivatives of E by 'C and, 
respectively, c>: with n = nr + 1+ 1, 

(~) = 'C1(n + C>1)-2, 

<lpI2) = 'Cf(n + C>1)-3(n - c>~I~; !\). 
To fill the shells in order, the sets of quantum numbers (n, I, 13 , s) will be 
enumerated with an indexj. Each I-shell must be filled with 21 + 1 or 2(21 + 1) 
electrons to be spheric ally symmetric. In that case, 

j'<j 

where v(n, 1) is the occupation number, and C>I is allowed to vary only as long 
as n + bl is monotonic in j. The optimal value of <H) as a function of'C is 
attained when 

_" ( I) 1 - aN(n, I) [" v(n', I) (, _ bl(l + t) )]-1 
'Cl - 1... v n, 2 L.- 3 n I 1 ' 

n (n + C>I) n' (n + bl ) bl + +"2 
i.e., 

<H) = -! I {I v(n, I) 1 - aN(n; 1)}2 {I v(n', 1) 3 (n' _ bl(l + t)1 )}-1. 
2 I n (n + C>I) n' (n + bl) C>I + I + "2" 

(4.5.18) 

The optimization by bl has to be done on a computer, and improves the result 
of our earlier ansatz that C>I = 0 by several percent. The table given below 
contains calculations of energies for several typical atoms, along with the 
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screening constants and the b,. Note that because of (4.5.13), Formula 
(4.5.18) is still a strict upper bound even for a spherical configuration plus 
one more electron. 

configuration <lo 61 D2 63 <l4 <l5 EN- 7/3 EN-7j3 

of non-filled by by 
Z n-shells TO r 1 r 2 T3 T4 r 5 (4.5, 18) Hartree-F ock 

-0.03 -0.39 
10 2S2p33p3 -0.524 -0.594 

0.86 0.28 

-0.01 0 -0.82 
20 3d54d5 -0.562 -0.620 

0.94 0.69 0.17 

-0.01 -0.11 0 0 
40 3ld104f14 -0.591 -0.646 

0.96 0.72 0.48 0.19 

-0.02 -0.09 -0.19 0 0 0 
60 4d 5f7 5g96h 11 -0.607 -0.648 

0.94 0.78 0.53 0.40 0.27 0.10 

-0.02 -0.17 -0.59 -0.86 0 
80 4S1p6dl0f145d5f7g9 -0.613 -0.656 

0.94 0.73 0.41 0.20 0.06 

Remarkably, this simple analytical ansatz arrives nearly within 10 % 
of the correct values. The road to greater precision is rocky, but the trip is 
made easier by the reasonable assumption of a 

Self-Consistent Field (4.5.19) 

Hartree and Fock discovered one of the favorite methods for inventing good 
trial functions. The first step is to take the infimum of ('1'1 H'I') when 'I' is 
a product or determinantal trial function (4.5.10). The question immediately 
arises of whether the infimum is actually a minimum, i.e., whether there are 
minimizing t/lj. If so, they satisfy the appropriate variational equations, 

N 

(HIJICfJ;)(x) = L eijCfJix), i = 1··· N, 
j= 1 

(HIJICfJ)(x) = {- ~ - I~I + auIJI(x)}CfJ(X) - a(K",CfJ)(x), 

U ( ) = ~ fd 3 1 1 CfJ;(x') 12 
IJI x L. XI'I' ;=1 x - x 
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where eij are the Lagrange multipliers due to the orthonormalization. Since 
H'I' is self-adjoint, ejj is a Hermitian matrix, and can thus be put into diagonal 
form eij = Dijej. Hence we look for the N lowest eigenvalues of H'I" If 
IX ~ IIN (positive ions and neutral atoms), then, as has recently been proved 
in [18], minimizing solutions exist, but an analytical solution of this system 
of non linear equations is hardly to be hoped for. An iterative procedure on a 
computer is called for, and even if this also fails to find exact solutions, 
< t/! I Ht/! > is at least still an upper bound for the lowest eigenvalue. The pro­
cedure is unfortunately very cumbersome, especially because of the exchange 
terms K<p. The upper bounds obtained are also shown in the table for 
comparison. It is assumed that these values are within a few percent of the 
exact values. Granting that accuracy, the product ansatz of (4.5.10) is not 
at all bad, which suggests looking for lower bounds by using effective one­
particle potentials approaching the Coulombic repulsion of the electrons 
from below. The principal theoretical shortcoming so far is the lack of a good 
lower bound; great refinement of the upper bound does not help much. The 
methods used in §4.3 are of no value because of the huge number of levels of 
H(O). Some help is provided by the 

Lower Bound for Interactions of Positive Type (4.5.20) 

Let Vex) be a potential of positive type (i.e., with a Fourier transform V(k) 
~ 0, V(O) < (0), and suppose CI>(x) E L 1(~3) n L CX)(~3), so that ~(k) exists. 
Then 

Proof 

It follows from 

that 

n~m V(xn - xm) ~ ntl f d3x p(x)V(x - xn) - ~ V(O) 

-~ f d3x d3x' p(x)p(x') Vex - x'). 

Now set CI>(x) = J d3x' p(x')V(x - x'); the proposition then follows by 
Fourier transformation. 0 
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Remarks (4.5.21) 

1. The significance of (4.5.20) is that a pair interaction is bounded by an 
effective one-particle potential <1>. 

2. The degree to which <I> is arbitrary may seem surprising. A poor choice 
of <1>, however, renders (4.5.20) a triviality, saying that something positive 
is greater than something negative. 

The Atomic Potential Bounded Below (4.5.22) 

We have seen that a V of positive type can be estimated from below with 
arbitrary one-particle potentia Is, at the cost of a constant. Since the Coulomb 
potential becomes infinite at 0, it is first necessary to find a smaller function 
finite at 0 and with a positive Fourier transformation; 

(4.5.23) 

will do. The effective repulsive potential 

<I>(x) = fd3' n(x') 
x I 'I' x-x 

where n(x) is the electron density, should be fairly realistic and lead to the 
best result. Then (transforming back to x-space), 

Since tJ. appears only in the constants, it can be optimized immediately, so 
we may set 

As an analytically convenient approximation to n(x) we use the semi­
empirical expression (for N = Z), 

r + 2(9/2N)1/3 
t1>(x) = N [r + (9/2N)1/3]2' 

N 2/ 3 6(9/2N)1/3 
n(x) = 4nr [r + (9/2N)1/3]4' 

~ { } = ~ (~)1/3 N 7/ 3 + ~ (~)1/3 N 5/ 3 
2 5 9 2 7 . 

(4.5.25) 



270 4 Atomic Systems 

Although the Schrodinger equation can not be solved analytically with this 
potential, the solution of a radial equation poses no difficulty for a computer. 
The following one-particle levels are found for 

H = Z - - - - + <l>N(X) --2[ L\ Z 
N - 2 r ~jl 

n Ho Hlo H2o H40 

1 0 -0.5 -0.395 -0.412 -0.436 
2 0 -0.125 -0.112 -0.084 -0.083 
2 -0.125 -0.103 -0.077 -0.079 
3 0 -0.055 -0.097 -0.053 -0.036 
3 -0.055 -0.051 -0.034 
3 2 -0.055 -0.051 -0.031 
4 0 -0.031 -0.051 -0.028 
4 1 -0.031 -0.028 
4 2 -0.031 -0.028 

After these levels have been filled up, the resultant lower bounds compare 
with the Hartree-Fock upper bounds as follows: 

N 

10 
20 
40 
60 
80 

Remarks (4.5.27) 

-0.761 
-0.730 
-0.715 
-0.712 
-0.711 

-0.594 
-0.620 
-0.646 
-0.648 
-0.656 

(4.5.26) 

1. This method works better for larger N. Indeed, one of the most important 
results of Thomas-Fermi theory (see volume IV) is that the product 
ansatz for the wave-functions in an averaged field becomes exact as N -+ 00. 

2. The potential (4.5.25) guessed here is still not the best possible. If n(x) 
= c exp( - 1.56r), then the lower bound one gets is - 0.698 for Z = N = 
36. 

3. In volume IV, (4.5.24) will be recognized as a special case of a family 
of inequalities of Thomas-Fermi theory. In this case all the inequalities 
are, however, numerically about equally accurate. 

4. Unlike the upper bounds, these lower bounds work just as well for the 
individual excited states; the n-th eigenvalue of the lower-bound Hamil­
tonian lies below the true n-th elgenvalue. 
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5. The lower bounds depend critically on the form of,¥ as an antisymmetrized 
product, whereas the upper bounds can be improved significantly by the 
use of linear combinations of determinants. 

6. The bounds that have been derived reveal that the asymptotic value -0.77 
is approached from above, but that the exact value is still not very close 
to -0.77 when N = 80. 

7. The relativistic effects are comparable to the theoretical errors for heavy 
elements. The experimental values lie within the bounds found here, 
after relativistic corrections. 

As to the properties of the electron density p(x), there is an immediate 
generalization of the upper bounds of §4.3 as r -+ 00 and r = 0 to the case of 
N electrons. For the purposes of a qualitative discussion it suffices to have 

Bounds for (rV) (4.5.28) 

In §1.2 it was explained why the average value of r should go as N- 1/ 3• This 
does not mean that heavier atoms are smaller than lighter ones. What is 
perceived as the size of an atom is the diameter of the outermost electronic 
orbital, whereas the mean value of r is dominated by the dense interior 
electron-cloud. In order to see whether the conjecture of §1.2 is a rigorous 
consequence of quantum mechanics, let us find some bounds for <rv)l/v. 
If v = - 1, then the virial theorem yields 

/1)-1 NZ 
\~ ~ 2IENI' 

so if N = Z, then by (4.5.14), 

/1)-1 1 
\~ ~ N- 1/3(O.6978)-1 '2 (1 + O(N- 1/ 3 )). 

On the other hand, for fermions with spin i, 

L ~ - p - 2: _P2N 1/ 3 - (1 + O(N- 1/ 3 )), 
N (I 12 1) (3)1/3 

i= 1 2 ri 2 
P > 0, 

so 

If 

and 



272 4 Atomic Systems 

then 

(~) -1 ~ N-1/3Gf1/3 ~(1 + O(N- 1/ 3». 

The result, to O(N- 1/3),is that 0.436 =:;; N 1/3 (1/r> -1 =:;; 0.716. The asymptotic 
Thomas-Fermi value is 0.556. If v = 2, then we obtain a lower bound by 
filling up the harmonic-oscillator levels: 

1 N 3~3 

"2 i~1 (lpd2 + co21X i 12) ~ coN4/3 4 (1 + O(N- 1/3», 

so 

" 2 1/3 2 1/2 - 1/3 ( 
N ) (3N)8/3 61/39N 1/ 3 

i:-1 lxd ~ 16(I Ipil2> ~ 32 => N (r > ~ 0.71 to O(N ). 

These rough numbers provide only an overview; for particular atoms one 
can do much better with the more accurate values of (4.5.26) for E. 

Problem (4.5.29) 

CalculateI:~ 1 nV for v = 1, 2, and 3. 

Solution (4.5.30) 

As a consequence of the binomial theorem, 

(no + ly+! -1 = (v + 1)~nV + (v; 1)~nv-! + ... + (v: 1) ~n + no, 

from which the individual sums can be determined recursively. The results are: 

v = 1: -!-(n~ + no), 

v = 2: i(2n~ + 3n~ + no), 

v = 3: i{nri + 2n6 + n5). 

4.6 Nuclear Motion and Simple Molecules 

The large masses of atomic nuclei make them move so slowly within 
atoms and molecules that to a high degree of approximation they can 
be treated as static centers of force. 

In the previous sections atomic nuclei were considered as fixed centers of 
force, but the validity of this approximation remains to be determined. 
The question is of central importance in molecular theory, which, as we 
shall see shortly, is based on the Born-Oppenheimer approximation (4.6.11), 
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in which the nuclei are at first regarded as fixed while the electrons move in 
the field of the static force centers. The energy of the system of electrons 
then serves as the potential in which the nuclei move. The intuition behind 
this approximation is that the light electrons move much more rapidly 
than the heavy nuclei, so from the standpoint of the electrons the potential 
is nearly static. Plausible as this may sound, it does not release us from the 
obligation to investigate whether this conceptual division of the action 
actually follows from an analysis of the Schrodinger equation of the whole 
atomic or molecular system. 

Separation of the Center-of-Mass of an Atom (4.6.1) 

We shall initially continue to investigate the case of an atom with N electrons. 
Let (ro, ko) and (rI' kb ... , rN' kN) be the positions and momenta of the 
nucleus of mass M and, respectively, the electrons of mass m. (The symbols 
Xi are reserved for the relative coordinates below.) The kinetic energy is 

Iko l2 N Ikil2 
T= 2M + .L -2-' 

.=1 m 

In everything before now the limit I/M ..... ° was taken. Yet it is not possible 
to carry out any sort of perturbative expansion in I/M, at least directly. 
If I/M = 0, then the states are infinitely degenerate, and if I/M < 0, then 
T is not even positive definite. Let us introduce center-of-mass and relative 
coordinates Xo and Xl' ... , XN: 

Xo = (Mro + m it/i) (M + Nm)-l, i = 1, ... , N. 

In order to calculate the momenta conjugate to these coordinates, write Tin 
terms of the velocities: 

N 

2T = Mltl2 + m L Itd2 
i= 1 

N m2 
1 N 12 = (M + Nm)l xol2 + m .L Ixd2 - M N .L Xi . 

• =1 + m .=1 

The momenta are thus 

Pi=O:=m(xi-I.xj m ). 
oXi j=l M+Nm 

When substituted in above, this yields the 

Kinetic Energy in Center-of-Mass and Relative Coordinates (4.6.2) 

IPol2 M + m N 2 1 
T = 2(M + N ) + 2 M .L Ipd + M . ~ Pi' Pj' m m .=1 .»>0 



274 4 Atomic Systems 

Remarks (4.6.3) 

1. We see there are three terms, the kinetic energy of the center of mass with 
the total mass; the kinetic energy of the electrons, with reduced masses 
depending on the nuclear mass; and finally a correction on the order of 
l/M, known as the Hughes-Eckart term. Since it is obviously bounded 
relative to the second term, nothing prevents it from being handled with 
analytic perturbation theory. Note, however, that it can be either positive 
or negative. 

2. Since the Hughes-Eckart term is not compact relative to T, it is a 
reasonable question whether it influences the essential spectrum. We 
have seen that without the correction the essential spectrum o(I:l]J begins 
at the lowest point of the spectrum of H N _ 1. This is physically reasonable, 
and is interpreted as the threshold of ionization. Expressed differently, 
we have proved that without the term on the order of 1/M, inf (Jess(T + VN) 

= inf Sp(T + VN - 1), where VN - 1 is the potential neglecting the last 
particle. But this state of affairs should not be affected by the presence of the 
Hughes-Eckart term. Indeed, the compactness of the individual terms 
is not destroy;ed by a relatively bounded perturbation. 

Estimate of the Effect of a Finite Nuclear Mass on the Energy EigenvaJues 
(4.6.4) 

Since the center-of-mass motion separates off, we consider only the relative 
energy, which can also be written 

Hr = I. Ipil 2 + IIf=1 pd2 + V. 
i=l 2m 2M 

Because mass has the dimensions of energy in units where h = e = 1, and no 
other constants encumbered with dimensions appear, the ground-state 
energy must be of the form 

The coefficient of 1/M in Hr is positive, so /increases mono tonically. Since E 
must be concave in (1/m, 1/M), it follows that 

a2E a2E ( a2E )2 
a(1/m)2 a(1/M)2 - a(1/m)a(1/M) ;?: 0, 

so f" :s; 2(fY / j, and - 1/ j is concave. Since / is negative, this is a stronger 
concavity property than f" < O. 

1 1 1'(0) m 
/(m/M) :s; - /(0) + /(0)2 M' 
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so 

(m) 1(0) 
I M ::::; 1 - (f'(O)/I(O))(m/M) . 

(4.6.5) 

We use the inequality l1:f=l Pil 2 ::::; N 1:f=l IPil2 to bound 1'(0): If the 
expectation value of H is calculated in the ground state for m/M = 0, then 
<1:i Ip;l2) = 2m E(m/M = 0) = 2ml/(0)1. As a consequence, 

1(0) ::::;/(:) ::::;/(0)(1- N:), (4.6.6) 

from which it follows that 0 ::::; 1'(0) ::::; N 1/(0) I. With the aid of (4.6.5), 
Inequality (4.6.6) is refined to 

o (m) 1(0) I( ) ::::; I M ::::; 1 + N m/M' (4.6.7) 

Remarks (4.6.8) 

1. If N = 1, this method improves the upper bound 1(0)(1 - m/M) to 
1(0)/(1 + m/M), which is the exact result for the correction due to the 
reduced mass. 

2. If N = 2 and Z = 1, then the upper bound is good enough to prove 
the binding of e - J1 + e - but not of e - e + e -. In that case I (0) is the energy 
ofH-, -0.528, and it would be necessary to have 

-0.528 -0.5 
1 + 2(m/M) < 1 + (m/M)' 

i.e., m/M < 0.06. It requires highly sophisticated trial functions to show 
the existence of a bound state of e - e + e - . 

3. For neutral atoms, M 2 N proton masses, and the correction for nuclear 
motion is less than 0.1 % of the energy for M = 00. This means that the 
ratio of the nuclear velocity to the electronic velocities is O(m/M). 

We now take up the problem with % nuclei, the coordinates of which will 
be written as capital letters. We first write down the 

Molecular Hamiltonian (4.6.9) 
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Remarks (4.6.10) 

1. There are no new difficulties in verifying self-adjointness and semibounded­
ness. 

2. The general conclusions that were drawn about the Coulomb potential 
from its behavior under dilatations are still valid. 

3. The motion of the center of mass will henceforth be considered as separ­
ated off. 

The Hamiltonian (4.6.9) describes a fairly intractable many-body problem. 
In order to be able to frame detailed propositions about it, we shall rely on 
the extreme ratio of the masses, m/Mk < 0.001, to break the motion into 
that of fast electrons and slow nuclei. The expectation is that the nuclei 
can be considered static for the motion of the electrons, so we next investigate 
the accuracy of this description. 

The Born-Oppenheimer Approximation (4.6.11) 

The first step is to find the energy eigenvalues En(X), X = (Xl' ... , X.,.,.), 
of H 00' These become the potentials for the motion of the nuclei, so the next 
step is to find the eigenvalues Enj of 

_ .,.,. IPk l2 

Hk = L -2 - + EiX). 
k=l Mk 

The Accuracy of the Born-Oppenheimer Approximation (4.6.12) 

Let El be the lowest eigenvalue of H, 'P x(x) the ground state of H 00' and CI>(X) 
that of Hk • Then, defining x = (Xl, ... , XN), 

Proof 

The lower bound follows from the operator inequalities 

The upper bound. If 'P x(x )CI>(X) is used as a trial function, then clearly the 
expectation value of H 00 is El (X) and, on the one hand, H k produces Ell' On 
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the other hand, since the electron wave-functions depend on the nuclear 
coordinates, the operator I{=l IPk I2/2Mk also acts on '¥x(x); 

.[ a<l>(X) a'¥x(x)] 
Pk '¥x(x)<I>(X) = -I ,¥x<x) aXk + <I>(X) ax;:- . 

When squared and combined with <E 1(X) the first term yielded Ell, while 
the second term is the correction in (4.6.12). Because of the normalization 
of,¥x(x) the mixed terms drop out when integrated by d3Nx: 

fd3NX('¥k(X) a~~~x) + a~~~x),¥x(X)) = a~k fd3Nxl'¥x(xW = O. 0 

Remarks (4.6.13) 

1. The only dependence on M k in the integral is that of <1>. Provided that 
this quantity remains finite as Mk ~ 00, the difference between the bounds 
is O(maxk {l/Md). 

2. The vibrational energy of the nuclei is on the order of (E(X)"/Mk)1/2 
= O(Mk' 1/2). The Born-Oppenheimer approximation is thus accurate 
enough that it makes sense to calculate this energy. 

3. Rotational energy is inversely proportional to the moment of inertia, 
so for the nuclei it is O(M k- 1). This is comparable to the error of the 
approximation, and it will thus not be possible to make any firm state­
ments about it. 

We shall now survey some general properties of E(X). 

Lower Bound: The Energy ofthe United Atom (4.6.14) 

Disregarding the nuclear repulsion, E(X) has its in./imum when Xi = Xk for 
all i and k. 

Proof 
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and the expression in the curly brackets { } is precisely the Hamiltonian of 
an atom of charge Z. If its lowest eigenvalue is denoted E(N, Z), then 

" ZkZI E(X) ~ e< L. IX X I + E(N, Z). 
k>l k - I 

o 

Remark (4.6.15) 

Proposition (4.6.14) means that the electrons would prefer the nuclei to 
be all bunched together. To understand how molecules are formed it remains 
to be determined where this attraction balances the Coulombic repulsion of 
the nuclei. 

The Effects of the Dilatation Group (4.6.16) 

Let Xi = RXi • Consider the coordinates Xi as fixed, so that the molecule 
preserves its shape as it expands or contracts as R varies. If H 00 = T + V, 
where T = Li I Pi 12 /2m, then the expectation values with the electronic wave­
function I ) such that H 00 I ) = E(R) I ) satisfy 

Proof 

<T) = - E(R) - R aE(R) 
oR 

< V) = 2E(R) + R aE(R) oR . 

The operator H 00 is put into the form 

Hoo = m~2 (f Ip;l2 + mRe<V) , 

by a dilatation Xi --+ Rxi, Pi --+ R - 1p;, where V depends on Xi and Xi' but 
not on R. Hence E(R) is of the form (1/mR 2)f(e<mR), where we will not bother 
to indicate the dependence on Xi' By the Feynman-Hellmann Theorem 
(3.5.19; 2), <V) = e«a/ae<)E and <T) = E - <V) = maE/a(l/m), which 
shows (4.6.16). 0 

Remarks (4.6.17) 

1. At the equilibrium position, where aE/aR = 0, the virial theorem for the 
electrons as usual states that < V) = 2E = - 2< T). If aE/aR =F 0, then 
the kinetic energy is less than IEI when aE/aR is greater than 0, and vice 
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versa. This agrees with physical intuition, according to which if R is too 
small the kinetic energy of the electrons is too large. 

2. A false argument for the formation of molecules is sometimes advanced, 
that their greater volume allows some savings in the kinetic energy of 
the electrons. It is certainly true that < T) < I < V) 1/2 as R is decreased 
from infinity to the region where oE/oR > O. However, <T) = IEI at the 
equilibrium position, and is thus greater than in an atom if I E I is to be 
greater than the energy of the isolated atoms. 

3. Of course, the virial theorem also holds for H as a whole. If « :} denotes 
the expectation value in the ground state El of H, and 1k denotes the 
kinetic energy of the nuclei, then 

IE11 = «T:} + «1k:} < IElll = <T), 

so 

This shows that the expectation value calculated in the Born-Oppen­
heimer approximation is within O(M;; 1) of the exact expectation value. 

4. Since V is bounded relative to T, isolated eigenvalues are analytic in 0(. 

Therefore f is analytic, so E(R) is analytic in R for R =f:. 0, provided that 
the eigenvalues remain isolated. 

Upper Bound to E1(R) (4.6.18) 

Let Ro be the equilibrium position, i.e., 0 E do R IR = Ro = O. Then for all R > 0, 

R5 ( R - Ro) E1(R) ~ E1(Ro) R2 1 + 2 Ro . 

Proof 

In the proof of (4.6.16) it was shown that El = (1/mR 2)f(O(mR), where f was 
some concave function by (3.5.23). Therefore R2E1(R) is concave in R, and 
is always less than its tangent (see Figure 22): 

R2E(R) ~ RiE(R 1) + (R - R 1)(2R1E(R 1) + RiE'(R 1)) 

for all Rand R1• Proposition (4.6.18) follows with Rl = Ro. D 

Application to Diatomic Molecules (4.6.19) 

If there are two nuclei, R may be identified with I Xl - X21, and the upper 
bound for the nuclear motion is 
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whereMcm = Ml + M 2 ,M = M lM2/(Ml + M 2),and Pis the momentum 
conjugate to Xl - X2 • Since the potential is a superposition of l/R and 1/R2 
potentials, the SchrOdinger equation can be solved analytically (Problem 
(4.6.29», producing the general inequality 

1 
where x = 4R~ M 1 E(Ro) I' (4.6.20) 

Remarks (4.6.21) 

1. Since 1 Eo(R) 1 "" m and Ro "" m - l, we see explicitly that Ell - E(Ro) 
= O«m/M) 1/2). 

2. Inequality (4.6.20) is too general to be numerically accurate in special 
cases. For instance, for Ht and H2 it states that the zero-point energies 
of vibration, Ell - E(Ro), are less than 0.24 and, respectively, 0.49 eV, 
whereas the observed values are roughly 0.14 and 0.26 eY. 

As was shown in (4.6.14), E1(X) is always greater than the sum of the 
ground-state energy of the united atom and the Coulomb repulsion of the 
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nuclei. The amount by which the ground state of a diatomic molecule can 
exceed this lower bound can be estimated by a 

Bound to E1(X) in terms ofthe Electron Density (4.6.22) 

Let p(x) be the electron density of the ground state of 

and let E(N, Z) be the ground-state energy. For a diatomic molecule, 

Z Z f (1 2) E(N, Z) ~ E1(R) - lR 2 ~ E(N, Z) + Z d3x p(x) - - - , 
r5,R/2 r R 

Proof 

Consider HOC! as a function HR of the vector variable R = Xl - X2 and 
average over the angle. This affects only the potential 

i (Zl Z2) 
- i: 1 I Xi - R/21 + I Xi + R/21 ' 

which is turned into the potential 

- L - + Z L - - - E> - - ri , N Z N (1 2) (R ) 
i:lri i:l ri R 2 

R = IRI, ri = IXd, 

of a spherical shell of radius RI2 and charge Z. By the min-max principle, 
the expectation value of 

fdn ZlZ2 ~ (1 2) (R ) - HR = HN,z + -- + Z 1... - - - E> - - ri 
4n R i: 1 ri R 2 

in the ground state of HN,z is an upper bound to El(R). o 

Remark (4.6.23) 

As R -t 0 the bound reduces to 

E(N, Z) ~ E1(R) - Z~2 ~ E(N, Z) + ~n R2p(O). 
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Thus, after the Coulombic term Z1Z2/R is subtracted off, the energy E(R) 
approaches E(N, Z) with a horizontal tangent as R -+ O. This also follows 
from the fact proved in [19] with a somewhat more difficult argument, 
that, although E(R) is not analytic at R = 0, it is at least C2 there. 

The rough outlines of the general features of the important observables 
are now known. We shall conclude by working out some of the finer details 
for especially simple molecules. 

The Properties of E1(R) for Hi (4.6.24) 

If% = 2,N = 1,Z1 = Z2,andX1 - X2 = R,thenHoo of(4.6.9)isunitarily 
equivalent to ZimH, where 

H = Ipl2 _ et _ et + ~ 
2 Ix - R/21 Ix + R/21 R' 

If E1(R) is the lowest eigenfunction of H, then 

(i) E1(R) - et/R increases monotonically in R; and 
(ii) R2E1(R) - Ret is concave and decreasing in R. 

Proof 

(ii) This follows from (4.6.16). Since H - etlR decreases as a function of et, 

- R E1 -- =--J<O a ( 2 ( et)) et a 
aR R R aet ' 

where J = R2 times the lowest eigenvalue of H - et/R. 
(i) This is less trivial, and requires a variant of (4.3.41) for not necessarily 

positive potentials: 

Monotony of the Schrooinger Wave-Function in the Potential (4.6.25) 

Let n be an open set c /Rn, and 

(i) f, 9 E CO(n), f, 9 > 0, 
(ii) f(x), g(x) -+ 0 as I x I -+ 00, 

(iii) f(x) ~ g(x) for all x E an, 
(iv) N, I1g E L 1(0.), 
(v) suppose that V(x) < W(x) for all x E 0. and that, in the sense of distribu­

tions, -N + Vf ~ 0 and -l1g + Wg ~ O. 

Then f(x) ~ g(x) for all x E n. 
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Proof 

To avoid some complications the proof will be sketched for sufficiently 
nice g, f, and n. Let D = {x E n: g(x) > f(x)} as in the proof of (4.3.41). 
Assumptions (i), (ii), and (iii) imply that 9 = f on aD. Because of (i) and (iv), 
with Green's theorem, 

0< (W - V)fg d3x S ((f I1g - gl1f)d3x = f dS f: (g - f), JD JD oD un 

where a/an is the derivative in the direction of the outward normal to aD. 
Since glaD = JiaD and 9 > f on D, the difference 9 - f can not increase in the 
outward direction, so we conclude that D = 0. 0 

The proof of(4.6.24) can now be completed. The operator H - lI../R is unitarily 
equivalent to 

By the Feynman-Hellmann theorem, 

= lI.. J~oo J~oc dy dz Loo dx(x - R) [(x - R? + y2 + Z2] - 3/2 

X [1/I 2(2R - x, y, z) - 1/12(x, y, z)], 

where 1/1 is the ground-state eigenfunction of hand e1 = El - lI../R is its 
eigenvalue. But now 1/I(2R - x, y, z) ~ I/I(x, y, z) for all x > R, since the 
assumptions of (4.6.25) are satisfied with n = {(x, y, z): x > R}, f = 1/I(2R 
-x, y, z), and 9 = I/I(x, y, z): As in (3.5.28), 1/1 is nonnegative, and it can in 
fact be proved strictly positive [3]. The functions f and 9 are equal on an 
= {(x, y, z): x = R}, and we take 

and 

-lI.. lI.. lI.. 

V == [(x _ 2R)2 + i + z2r /2 - [(x - R)2 + i + Z2]1/2 - E1(R) + R' 

Clearly, W> V for all x > R. Therefore aedaR ~ o. DD 
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Remarks (4.6.26) 

1. With (4.6.l6) it now follows that <V) - 2E1 ~ -rl./R for all R. 
2. If H is of the form of (4.6.24), then 

a~ (El - i) 
rI. (R-h R+h) 

= 4 <1/1 I [(x _ R/2)2 + y2 + Z2]3/2 + [(x + R/2)2 + y2 + Z2]3/2 

xll/l)~O 

means that the electron prefers to be between the two nuclei. 
3. It is certainly not true that all eigenstates are mono tonic in the internuclear 

separation. For example, as R -+ 00 the eigenvector with eigenvalue eiR) 
that becomes the 2p state when R = 0 is asymptotically 

up to normalization. The corresponding eigenvalue is that of the ground 
state of the hydrogen atom, and thus the same as e2(0). Since eiR) is not 
constant, it is definitely not monotonic in R. 

Bounds for E1(R) for Hi (4.6.27) 

The most convenient methods are the Rayleigh-Ritz variational principle 
and Temple's inequality (3.5.32; 2). An accuracy of 0.1 % is attainable with 
the trial functions 

( PR2V2) (rl.RIl) 1/1 = 1 + -4- exp - -2- , 

(11, v) = ~ (Ix - ~I ± Ix + ~I), 
by adjusting the parameters rI. and P (see the table and Figure 23). 

Remarks (4.6.28) 

1. For lack of a better lower bound, the value -0.5 + l/R was used for the 
energy EiR) of the next higher gerade (even) state. 

2. The bounds become inaccurate in the regime of large R. It can be shown 
[20] that E 1(R) goes asymptotically as -9/4R4 as R -+ 00. The expres­
sions for the gerade and ungerade states are the same to all orders in a 
formall/R expansion; however, it is feasible to calculate the gap between 
them [23]. 
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EILB s E1(R) S ElUB for Hi 
Temple Rayleigh-Ritz 

R 

EILB r:t. fi ElU8 r:t. fi 

0.2 -1.929 1.91 0.64 -1.929 1.94 0.67 
0.4 -1.801 1.80 0.61 -1.801 1.84 0.61 
0.6 -1.672 1.71 0.58 -1.671 1.75 0.57 
0.8 -1.555 1.62 0.55 -1.554 1.67 0.54 
1.0 -1.452 1.55 0.52 -1.451 1.59 0.52 
1.2 - 1.363 1.49 0.50 -1.362 1.53 0.50 
1.4 -1.285 1.44 0.49 -1.284 1.48 0.48 
1.6 -1.217 1.40 0.48 -1.216 1.43 0.46 
1.8 -1.157 1.36 0.47 -1.156 1.39 0.45 
2.0 -1.104 1.32 0.47 -1.102 1.35 0.45 

UB:inf<1/IIH1/I) 

-1.2 

-1.3 

-1.4 

-1.5 

-1.6 

-1.7 

-1.8 

-1.9 

~------+-------~-------+--------~-R 
0.5 1.0 1.5 2.0 

Figure 23 Bounds to E1(R) for Hi. 
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3. Since the relativistic corrections approach the level of 0.1 %, it is not 
worthwhile to pursue greater accuracy within the framework of the 
Schrodinger equation. 

4. The eigenvalues Ei of Hi can be calculated to arbitrary accuracy as a 
continued fraction. 

5. The increased density of states makes it more difficult to obtain accurate 
lower bounds when there are more electrons in the molecule. One first 
needs a rough lower bound for E2 to get a better one for El' It takes a 
rather more laborious computation to reach the accuracy we have gotten 
for Hi [21]. 

Problem (4.6.29) 

Study the Schrodinger equation with H = Ip12/2 + a/r2 - p/r. 

Solution (4.6.30) 

Replace t(t + 1) with t(t + 1) + 2a (cf. (I: 3.4.24; 6)). 

Some Difficult Problems 

1. Investigate the three-body Coulomb system with charges +, -, -, and masses m1, 

m2, 1. For what region of the mlo m2-plane does there exist a point spectrum (cf. 
(4.3.27))? In particular, is there a bound state of e+ H? 

2. Two helium atoms attract with a Van der Waals potential, E 1(R) - -1/R6 as 
R -+ 00. Find a lower bound to E 1(R) with a flat enough potential minimum to show 
that two helium atoms do not bind. 

3. Find bounds for the imaginary parts of the resonances E of (4.4.13; 1). 

4. Bound the scattering cross-section for e - - H near the resonances (4.4.13; 1). 

5. Prove asymptotic completeness for the scattering of e - - H above the ionization 
energy. 

6. Study the mono tonic properties of E1(R) - ZIZ2/R for complicated diatomic 
molecules. 

7. In what sense does the Born-Oppenheimer approximation converge? The operator 
H -+ H", as Mk -+ 00, but how does H ",(R) converge as R -+ 00 and to what? 

8. The proof of (4.3.38) provides no numerical values for c ± or ro. Find some. 

9. The upper bound (4.3.43) for p(O) is the exact value if there is only one particle, 
while the lower bound is too small by a factor 136' With more electrons the upper 
bound degrades somewhat and the lower bound gets much worse. Find better 
lower bounds. 
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