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Modern geochemistry utilizes three powerful tools: (major and trace) 
elements, isotopes, and equations, to study various Earth and 
environmental processes. A combination of the experimental tools 
(elements and isotopes) with theoretical tools (equations) provides 
penetrating insights into the Earth and environmental processes. The aim 
of this book is to link equations more closely with geochemical 
measurements, including elemental abundances and (radiogenic, 
radioactive and stable) isotopic compositions. The importance to use 
equations in scientific research has been best stated by Albert Einstein, 
"Equations are more important to me, because politics is for the present, 
but an equation is something for eternity." 

The book covers many exciting aspects of geochemistry where 
equations have been useful. Chapters 1 to 5 introduce the behaviors of 
trace elements and uranium-series isotope disequilibria during partial 
melting. Chapter 6 describes the behaviors of trace elements during 
crystallization, assimilation and mixing. All the above 6 chapters deal 
with forward modeling of geochemical processes while Chapter 7 
introduces inverse geochemical modeling. Chapters 8 and 9 describe the 
treatments of geochemical data using error analysis and least-square 
fitting. These treatments are applicable not only to geochemical data but 
also to experimental data in other scientific fields. Chapters 10 and 11 
are concerned with mass spectrometry (for the measurement of isotopic 
compositions using mass spectrometers) and clean lab chemistry, with 
emphasis on mass fractionation in ionization processes and single and 
double spike isotope dilution methods. Chapter 12 provides some fun in 
Pb isotope modeling from an uncommon perspective. For example, the 

vii 

Preface

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



... 
Vlll Quantitative Geochemistry 

well-known zircon Concordia plots are treated with the second 
derivatives. Chapter 13 describes geochemical kinematics and dynamics 
and emphasizes the combination of geochemistry with physics. 

Although the mathematical methods in this book include algebra, 
calculus, differential equations, matrix, statistics, and numerical analyses, 
students with background in algebra and calculus alone are able to 
understand most of the contents. In addition, since simple models are 
presented before more complex models and additional parameters are 
added gradually, students should not worry about the difficulties in 
mathematics. 

The book is problem-oriented, and thus does not cover everything in 
geochemistry. It is hoped that the book may help enhance students’ 
abilities to understand, criticize, appreciate, and apply available models 
for deep insights of fundamental geochemical problems. For some 
students in;pired to explore further, they may develop creative models of 
their own, on the basis of a full understanding of the model development 
in this book first. 

In addition to the author’s published and unpublished theoretical 
work, the author heavily drew upon the quantitative models of more than 
a hundred scientists listed in the references. I hope that their scientific 
contributions are correctly acknowledged in the text, and I wish to 
express my sincere thanks to all of them. Note that many equations in 
geochemistry were originally derived by geochemists (in a broad sense) 
themselves, not simply borrowed from chemistry, physics, or 
engineering literature. 

It is also a great pleasure to thank many people individually for their 
help. First and foremost, I would like to express my deepest gratitude to 
Kevin D. McKeegan for his enduring inspiration, support, generosity, 
and mentoring. Sincere thanks also go to Mark T. Harrison for his 
valuable comments and corrections on the manuscript and to Jerry 
Wasserburg for his encouragement “keep doing science”. I have greatly 
benefited from interactions with An Yin, John Wasson, Fred Frey, Alan 
Zindler, Mary Reid, Asish Basu, Vincent Salters, Roy Odom, David D. 
Loper, Sam Mukasa, Craig Manning, Ken Sims and late Denis M. Shaw. 
I learned from An Yin and John Wasson to add physics to geochemical 
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research. I am grateful to Asish Basu for bringing me to USA for 
graduate studies 13 years ago. John Hora generously provided the 
fantastic cover image of the Parinacota volcano. I am thankful to 
Hongwu Xu, Huifang Xu, Ying Ma, Mariana Cosarinsky, and Yingfeng 
Xu for their help with pictures and references. I am indebted to Chee- 
Hok Lim for efficient editing, to Jimmy Low for excellent cover design, 
and to Imperial College Press Chairman Kok Khoo Phua for book 
invitation. Last, but not the least, I thank my wife Yuhong Wang and my 
daughter Joy Zou for their support and encouragement, without which 
this book would not have been completed. 

I’d deeply appreciate hearing about any errors, criticisms, 
suggestions, difficulties encountered, and perhaps gentle word of 
encouragement. The author’s email address is hzou@ess.ucla.edu. 
Additional supporting materials related to this book will be posted on the 
author’ s home page : http : //www2. ess . ucla. edd-hzou . 
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Chapter 1 

Batch Melting 

1.1. Overview of Melting Models 

Partial melting of Earth and planetary materials is a fundamental process 
that contributes to the differentiation and evolution of the Earth. 
Modeling of partial melting using trace element concentrations is often 
required to understand the melt generation and segregation process and 
to interpret the chemical composition of primary melts. The behaviors of 
trace elements during partial melting present a good problem for the 
application of mathematics. 

There are three general models based on the extent of chemical 
equilibrium between the solid and melt: batch, fractional (Schilling and 
Winchester, 1967; Gast, 1968; Shaw, 1970) and dynamic melting 
(Langmuir et al., 1977; McKenzie, 1985; Zou, 1998; Zou, 2000; Zou and 
Reid, 2001). Another model is called continuous melting (Williams and 
Gill, 1989; Albarede, 1995) or critical melting (Maaloe, 1982; Sobolev 
and Shimizu, 1992). Although continuous melting is commonly 
distinguished from dynamic melting in that in the former an excess melt 
is removed from a static column whereas in the latter the entire melting 
region migrates and new fertile material is added to the column, the real 
difference between them is only the aggregation time required to produce 
the magmas. The difference in aggregation time certainly affects the 
activity of a short-lived radioactive nuclide in magmas, however, it will 
not affect the concentration of stable trace elements (Williams and Gill, 
1989). Therefore, although continuous melting and dynamic melting 
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2 Quantitative Geochemistry 

appear different conceptually, for the purpose of   the ma tical treatment 
of stable trace element fractionation, they are rnathemat~~ally identical. 

Among the three general models, the batch melting model assumes 
that melt remains in equi~ibrium with .the solid ~ r o u g ~ o u ~  the melting 
event whereas the fractional melting model assumes that ( 1 )  the melt is 
removed from the initial source as it is formed, (2) only the last drop of 
melt i s  in equilibrium with the residue, and (3) there is no residual melt. 
Dynamic melting involves the retention of a critical fraction of rnek in 
the mantle residue. During dynamic melting, when the meit mass fraction 
in the residue is less than the critical value for melt separation (or the 
critical mass porosity of the residue, a)? there is no melt extraction (as 
in batch melting); when the melt fraction in the residue is greater than 
@ , any infinitesimal excess melt will be extracted from the matrix. 

dynamic \ melting -it- 

residual solid accumulated 
and extracted 
residual melt melt 

Re;. 1.1. A sample diagram showing batch, fractional and dynamic melting models. Filled 
circles represent melts in equilibrium with the residual solid. There is no residual melt for 
the fractional melting model. 
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Butch Melting 3 

The difference between the three basic models can be illustrated in 
the mass porosity of the melting residue ( Y  ) vs. the total partial melting 
degree ( F  ) diagram (Fig. 1.1). For batch melting, the mass porosity is 
equal to the partial melting degree until extraction of melt begins, that is, 
Y = F before melt extraction begins and Y = O  after melt extraction 
takes place; for (perfect) fractional melting, Y = O  during the whole 
melting process; for dynamic melting, Y = F when F < Q, ; Y = Q, 

when F>CD . 
It is noted that the relationship between X and F is also important to 
distinguish the dynamic melting model from both the batch melting and 
the fractional melting models (Fig. 3). 
For batch melting, 

x =o,  
before melt extraction begins, and 

X = F ,  
after melt extraction takes place; 
for fractional melting, 

X = F ;  
and for dynamic melting, 

and, 

X =0,  when F <a, 

when F > Q, (Zou, 1998). 
The slope in the X vs. F diagram for dynamic melting is 1 /(1- Q,) and 
is greater than 1 because 0 < CD < 1 . 

In this chapter, we focus on the batch melting model where melt 
maintains chemical equilibrium with solid, and stays with solid until the 
final extraction. 
Define F as the degree of partial melting, that is, the mass ratio of the 
melt over the initial mass before melting. The balance of the total mass 
and the mass of an element can be presented in Table 1.1. 
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4 Quantitative Geochemistry 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

F 

x 

1 .o 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0.0 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

F 

Fig. 1.2. (a) Mass porosity of melting residue ( Y  ) vs. the total partial melting degree 
( F  ) diagram for batch, fractional, and dynamic melting models. (b) The fraction of 
extracted melt relative to the initial solid before melting starts ( X  ) vs. the total partial 
melting degree ( F ) diagram for the three general models. Critical porosity (0 ) is set at 
0.2 for illustration purpose. 
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Batch Melting 5 

Conservation of 
total mass 
Conservation of the 
mass of an element 

Source Solid Equilibrium 
Melt 

M ,  Mo(1-F)  *' MOF 

CoMo CsMo( l -  F )  +-, W O F  

Mass balance requirement gives 
CLFMo + C, (1 - F ) M ,  = CoMo. ( 1  -2) 

The concentration of the melt ( C , )  in equilibrium with the a multiple- 
phase solid is related to the concentration in the solid ( C, ) by 

C, = DC,, (1.3) 

D = C x ' K ' ,  (1.4) 

where D is the bulk partition coefficient 

where xi is the mineral proportion in the residue and K' is the 
minerallmelt partition coefficient. 
Combination of Eq. (1.2) with (1.3) yields 

n 

LO 
F + D ( l - F )  * 

c, = 

This is the fundamental equation for batch melting. More complex batch 
melting models deal with the changes of the bulk partition coefficient 
D . Although this formula may also be expressed as 

f- 

L O  

D + F(1- D )  
c, = 

Equation (1.5) is convenient if we need to consider the variation of D . 

Example. For a three mineral phase with 50% olivine (ol), 30% 
clinopyroxene (cpx) and 20% orthopyroxene (opx), if the minerallmelt 
partition coefficients are K"' = 0.01, Kcpx = 0.2 and KOP" = 0.08, the 
bulk partition coefficients between melt and the multi-phase solid is 

Table 1.1 Mass balance during batch melting. The two-way arrows indicate interaction
and equilibrium between solid ande melt.
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Quantitative Geochemistry 
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D=0.10 -.-., 
D=1.5 
A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A-A 

8 

1.2. Modal Batch Melting 

During modal melting, the melting proportion is the same as the mineral 
source proportion and thus XI is constant throughout the melting process 
x i  = xi.  When K’ is also constant ( K ’  = K i ) ,  then the bulk partition 

coefficient D remains constant, Eq. (1.5) becomes 

where 

Do = C x i K ; .  

Example. Calculate C,/Co for three elements with bulk partition 
coefficients of 0.02, 0.10 and 1.5, respectively. From Eq. (1.7) we can 
make Fig. 1.3 by plotting CL/Co vs. F for the three D values. 

Fig. 1.3. Variation of Source-normalized concentrations with the degree of artial melting 
for trace elements with different bulk partition coefficients. 
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Butch Melting 7 

1.3. Nonmodal (Eutectic) Batch Melting 

Modal melting normally does not happen. Due to preferential melting of 
some minerals in the source rock, x' must change. For example, a 
mantle rock may have 10% cpx, but the cpx may contribute 25% of the 
melt as a result of preferential melting of cpx, resulting the decrease of 
xcpx as a function of F during melting. 
The mass conservation for the phase i gives 

Mo(l-F)x'+M,Fp' =MoxA, (1.9) 

where p i  is the fractional contribution of phase i to the melt, x i  is the 

initial fraction of phase i in the source, M ,  (1 - F) is the mass of the 
residual solid, and MoF is the mass of the melt. Equation (1.9) may be 
re-expressed as 

, 4-Fp' 
x =  

1 - F  
(1.10) 

Note that for modal melting, melting proportion is the same as the initial 
mineral proportion in the source ( p' = x;). In this case, Eq. (1.10) 
reduces to 

(1.11) i i  x = x o .  

1.3.1. Eutectic batch melting with constant K' 

When K' is a constant, the bulk partition coefficient becomes 

x;, - ~~i K i  - CXAK; - FCP'K; 
. (1.12) 

1 - F  D = C x ' ( F ) K ' = C  1 - F  0 -  

Defining 

P = C p i K i ,  (1.13) 

we have 
Do - PF 

1-F 
D =  (1.14) 
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8 Quantitative Geochemistry 

Differentiation of D with respect to F gives 

dD/dF = (Do - Po)/(l - F)2 . (1.15) 

If Do < P, , then dD/dF < 0 and D decreases as melting proceeds; and if 
Do > Po, then dD/dF > 0 and D increases during melting (Fig. lb). In 
fact, the relationship Do < Po implies the preferential melting of the 

minerals with high minerallmelt distribution coefficients and thus the 
solid residue is left with higher proportions of minerals of low 
distribution coefficients; the opposite is true for the case where Do > Po. 
Substitution of (1.14) into (1.5) results in 

/. 

L O  

Do + F(l-P) * 

c, = (1.16) 

Equation (1.16) is the famous non-modal batch melting equation from 
Shaw (1970). 

1.3.2. Eutectic batch melting with linear change of K' 

We then expand K ' ( F )  in a Taylor series and only retain terms up to 
the first order 

K ; ( F ) = K ; + ~ F .  (1.17) 

The above simple assumption of linear variation of K' ( F )  as a function 
of F is at least appropriate for evaluating the major effects of decreasing 
or increasing distribution coefficients (Greenland, 1970; Hertogen and 
R., 1976). More complicated forms of the distribution coefficients as a 
function of F can also be assumed; however, they involve more 
parameters and do not necessarily better describe the variations in 
distribution coefficients. 
Substitution of (1.17) and (1.10) into (1.4) gives 

(1.18) 
x; - Fp' D = EX;( F ) K '  ( F) = c (K6 + a ' F )  , 1-F 

or 
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Batch Melting 9 

D=- [ - (Zu 'p ' )  F2 + (-6 + Zu'x;)  F + D o ] .  (1.19) 
1 - F  

Substitution of (1.19) into (1.5) gives 

co c, = 
F + D(l- F )  

(1 .20) 
- CO 

D, + (I - P, + C - 
) F - (C a' p i  ) F * 

1.3.3. Eutectic batch melting with linear change of K ' ,  linear change 

of P' 

If p' is also a function of F , then Eq. (1.9) for mass conservation of 
phase i should be replaced by 

x i  (1 - F )  = xh - [ p i d F ,  (1.21) 

We may assume linear variations in p' during nonmodal melting 

p i = p 6 + b i F ,  (1.22) 

where b' = (p ' (F,)  - ph)/F, , F,,, is the maximum degree of melting 

when one of the phases melt completely, and pi(Fm) is the net 

fractional contribution to the melt when the degree of partial melting is 
F, . By substituting Eq. (1.22) into Eq. (1.21), we have 

x; - Fp; -0.5b'F2 
x =  

1-F 
Combination of Eq. (1.23), (1.17) and (1.4) leads to 

x; - pAF -0.5biF2 
D = C  (Ki + a i F ) ,  

1 - F  
or 

D=- ( 4 F 3  + A, F 2  + A2F + Do), 
1 - F  

(1.23) 

(1.24) 

(1.25) 
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10 

where 

Quantitative Geochemistry 

A, = -( COSa'b') ,  (1.26) 

A, = - z a i p A - z 0 . 5 b i K h ,  (1.27) 

4=C a i xo- i C poKo i i-C - a i x o - P o ,  i (1.28) 

(1.29) D, = C K ~ X ;  . 
Substitution of (1.25) into (1.5) yields 

CO c, = 
Do + (1 + A2 ) F + A, F + 4 F 3  * 

(1.30) 

1.4. Incongruent Batch Melting 

Eutectic melting generates melt only, however, melting reactions in the 
mantle and crust often produce not only melt but also minerals. During 
incongruent melting, x' changes all the time. But it varies in a different 
manner as compared with eutectic melting. 

During partial melting of the crust and the mantle, some minerals 
melt congruently and others melt incongruently. Melting of congruent 
minerals only produces melt, and such a process can be expressed as 

6, + 6 2  +...+ 6, + Liq,, (1.31) 

where 8,, 82, and 8, are minerals that melt congruently and Liq, is 
the liquid formed by congruent melting. 

By comparison, melting of incongruent minerals produces not only 
melt but also minerals, and such a melting reaction process can be 
expressed as 

a, +a2 +..-+a,, + 1, +p2 +...+p,,, + Liq,, (1.32) 

whereal,  a2 and av represents the minerals that melt incongruently, 

PI, p2, and p, are product minerals, and Liq, is the liquid formed by 

melting reactions. As an example, quartz, biotite and sillimanite are a 
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Batch Melting 1 1  

minerals while is a p mineral, in the following melting reactions (in 

mass units) in a biotite-sillimanite-quartz gneiss 
0.27 quartz + 0.43 biotite + 0.30 sillimanite = 0.72 cordierite + 0.28 melt. 

As another example, at 10 kbar, melting of a spinel peridotite has the 
following melting reaction in mass units (Kinzler and Grove, 1992) 

0.82 cpx +0.40 opx +0.08 spinel = 1.0 melt +0.30 olivine 

clinopyroxene (cpx), orthopyroxene (opx) and spinel are a minerals 
whereas olivine is a p mineral. 
In fact, a source rock often contains both congruent minerals and 
incongruent minerals, therefore, a general melting equation is 

(8, +82 + . . - + ~ , ) + ( c z ,  +a2 +...+av) + 
(1.33) 

Liq, +(PI +p2 +*-*+p, + Liq,) 

The minerals (p) that are produced in the melting reaction can be the 
congruent minerals (0) already present in the system or minerals that are 
new to the system. Incongruent melting is common in the process of 
mantle and crust melting (Zeck, 1970; Benito-Garcia and Lopez-Ruiz, 
1992; Kinzler and Grove, 1992; Kinzler, 1997; Gudfinnsson and 
Presnall, 1996; Walter, 1998). 
Let S i  and Lo be the consumed mass of a congruent mineral and the 

mass of the produced melt by congruent melting, respectively. Then, 
according to Eq. (1.31), we have the total consumed mass of all 
congruent minerals as ZSg = L8 . Let S i ,  Sb and La be the converted 

mass of an incongruent mineral, the produced mass of a mineral, and the 
mass of the produced melt, respectively, during incongruent melting, 
then, according to Eq. (1.32), we have X S i  = ESb +La.  The mass 

balance for Eq. (1.33) is 
a P 

(1.34) 
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12 Quantitative Geochemistry 

For a general melting reaction in Eq. (1.33), the degree of partial melting 
( F  ) is the mass fraction of the total melt (L, + L a )  relative to the 

initial amount of the source (M,) , or, 

F = ( L e  + L , ) / M , .  (1.35) 

According to the definitions of S6 , Sf ,  S h  , L,, and La in Eq. (1.33), 

the total mass of the converted minerals is ZS; + x S h  , and the 
[ e  a 1 

total mass of the produced melt is (LO + L a ) .  Therefore, the fractional 
contributions of phase i to the total mass of the converted minerals 
through congruent melting and incongruent melting are, respectively, 

(1.36) 

(1.37) 

The mass fractions of incongruent minerals converted into melt or 
mineral i are, respectively, 

Consequently, we have 

B a 

t' +xt; = 1  
P 

(1.38) 

(1.39) 

(1.40) 

(1.41) 

From (1.36), (1.37) and (1.39), we obtain the mass fraction of net 
converted mineral i relative to the total converted mam as 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Butch Melting 13 

= p h  + pi  - t ' C p L .  (1.42) 
a 

From (1.34), (1.37), (1.39) and (1.41), we get the mass fraction of total 
melt relative to the total converted mass as 

(1.43) 

By dividing Eq. (1.42) by Eq. (1.43), we obtain the mass fraction of net 
converted mineral i relative to the total produced melt 

p; + p;  - t i x p ;  

L@+La l - ( l - t ' ) Z p L  ' 
qi = - a (1.44) 

s:+s;-sg - 

a 

which can be interpreted as the actual fractional contribution of mineral 
i to the total melt. Multiplying Eq. (1.44) by Eq. (1.35) for the definition 
of the degree of partial melting ( F  ), we obtain the mass fraction of net 
converted mass for mineral i relative to the initial source amount (M, ) 

as 

p; + p ;  - t i c p :  

Mo 1 - ( l - t ' ) Z p L  
a F .  (1.45) 

1 sg+s;-s; - 
- Fq' = x, = 

a 

Mass balance of mineral i requires 

~ 1 ,  =x ' ( l -F)+x: .  (1.46) 

Substitution of (1.45) into (1.46) yields the variation of a mineral phase 
proportion as 

xi -q'F x =  
1 - F  ' 

where 

(1.47) 
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14 Quantitative Geochemistry 

qi = a 

1 - (1 - t ' ) C  p;  . 
(1.48) 

a 

Benito-Garcia and Lopez-Ruiz (1992) derived the same equation (1.47) 
from a different approach. The step-by-step approach presented here is 
based on clear definitions and may help to better understand the 
parameters and terms related to the change of mineral proportions in the 
residual solid during incongruent melting. 

Example. Assuming that this are no congruent minerals in the source, 
calculate q i  and xi for the following reaction melting: 

0.06 01 + 0.71 cpx + 0.23 gt = 0.52 melt +0.48 opx 
(ol=olivine; cpx=clinopyroxene; gt=garnet; opx=orthopyroxene) 
Based on definitions, we have 

p: = 0.06, p;'' = 0.71, 

p:' = 0.06, t' = 0.52, 

0.48. tOPX = 

Since there are no congruent minerals we have p i  = 0,  

C p i  = 1 . For incongruent minerals in the reaction (01, cpx, gt), 

p i  = 0 and 
e 

a 

1 qi = P;/ t  7 

qi =-ti l t '  . 
and for newly formed mineral (opx), we have 

Thus, we have 

q"' = 0.06/0.52 = 0.12, 

qcpx = 0.71/0.52 = 1.37 , 

qgf  = 0.23/0.52 = 0.44, 
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Batch Melting 15 

qopx = -0.48/0.52 = -0.92 . 
The variations of the mineral proportions are 

xol - xi1 - 0.12 F 
- 

1-F , 

xcPx -1.37F 
1 - F  

f P X  = 0 
9 

xgt  -0.44F X g f  = 0 

1 - F  
, 

xoPx = xo OPx + 0.92F 
1 -F  

1.4.1. Incongruent batch melting with constant K' 

For constant K' , we have 

K ' = K i .  

Substitution of (1.49) and (1.47) into (1.4) gives 

1 D=- 
1-F 

where 

(1.49) 

Po- c p ;  Z t ' K ;  ( a P ' (1.51) a=%' xo ; -  - 

Substitution of (1 S O )  into (1.5) gives rise to 
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16 Quantitative Geochemistry 

(1.52) 

Example. Find Q, for the melting reaction 
0.06 01 + 0.71 cpx + 0.23 gt = 0.52 melt +0.48 opx. 

Since there are no congruent minerals in the above melting reaction, we 
have C p i  = 1. On the basis of the melting reaction, we have 

a 

pz' = 0.06, p,"" = 0.71,  

pi' = 0.06, t' =0.52, 

toPx = 0.48 . 
Substitution of these parameters into Eq. (1.5 1) gives 

pO'K'J' + p'?"KcPx + p8'K8' -tOPXKOPX 
- - 

0.52 
- 0.06K0' +0.71Kcpx +0.23Kg' -0.48KoPx - 

0.52 

Alternatively, Q, can be obtained using 4' from the example from 
section 1.3.1: 

Q, = zqix; = 0.12K"' + 1 .37Kcpx + 0.44Kg' - 0.92KoPx.  

Example. Find Q, for the melting reaction 

(qz=quartz, bio=biotite, sil=sillimanite; cord=cordirite). 
On the basis of the above melting reaction, we get 

0.27 qz + 0.43 bio + 0.30 sil = 0.72 cord +0.28 melt 

C p k  =1, p z  = 0 . 2 7 ,  
a 
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Batch Melting 17 

bio - pa - 0 . 4 3 ,  p z  =0.30, 

t' = 0 . 2 8 ,  tcord = 0 . 7 2 .  
Substitution of these parameters into Eq. (1.5 1 )  leads to 

6- C t ' K ;  [ p ) - - Po - t c o r d K r d  
t' Qo= t' 

p q Z ~ q Z  + PbloKbio + p S i l ~ S i l  - tcordKcord 
- - 

0.52 
0.27K"' + 0.43Kcpx + 0.30Kg' - 0.72Kopx 

0.28 

1.4.2. Incongruent batch melting with linear change of K '  

We may assume linear variations of distribution coefficients 

K ' ( F ) = K ; + ~ ' F .  (1.53) 

Combination of (1.53),  (1.47) and (1.4) yields 
D = C x ' K '  

( K ; + ~ F )  
X;  - Fq' 

1 - F  
=c (1.54) 

1 
1 - F  

- - -[ -(Zuiqi) F 2  + (-a + c a i x ; )  F + Do] ,  

where 

Do = K i d  and Qo = c q ' x ;  . 

Substitution of Eq. (1.54) into Eq. (1 .5)  results in 

c, = CO (1.55) 
Do + ( I - &  + c u ; x ; ) F - ( C a ' q ' ) F 2  . 

Note that if all a' = 0, then Eq. (1.55) reduces to Eq. (1 .52) .  
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18 Quantitative Geochemistry 

1.4.3. Incongruent batch melting with linear change of K' and linear 
changeof q1 

If qi is also a function of F , then Eq. (1.46) for mass conservation of 
phase i should be replaced by 

xi (1 - F ) = xh - 6' q'dF . (1.56) 

We may assume linear variations in q1 during incongruent melting 

q' =qh + b ' F ,  (1.57) 

where b' = ( p'(F,,) - pb)/F,, , F,,, is the maximum degree of 

melting when one of the phases melt completely, and qi (F,J is the net 
fractional contribution to the melt when the degree of partial melting is 
F,, . Substitution of (1.57) into (1.56) yields 

xh - Fqh -0.5biF2 
x =  

I - F  
Combination of (1.58), (1.53) and (1.4) gives 

D =  
[BoF' + BlF2 + B2F + Do] 

I - F  
7 

where 

(1.58) 

(1.59) 

Bo = - ( x 0 . 5 a i h ' ) ,  (1.60) 

Bl = - x a ' q 6  -x0 .5biKL,  (1.61) 

Do = C Khxh 

Substitution of Eq. (1.59) into Eq. (1.5) results in 

(1.62) 

(1.63) 

c, = CO (1.64) 
D, + (1 + B ~ )  F + B,F' + B ~ F '  ' 
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Batch Melting 19 

Melting modes 

Note that if all b' = 0 ,  then Eq. (1.64) reduces to Eq. (1.55). If alla' = 0 
and all b' = 0 ,  then Eq. (1.64) collapses to Eq. (1  S2). 

Mineral proportions 

1.5. Summary 

Modal melting 

Table 1.2. Summary of variations of mineral proportions and bulk partition coefficients 
during modal, eutectic and incongruent melting. 

. .  I D = Zxf,K' I '  x = x o  
Eutectic Melting 

Incongruent 
melting 

Bulk partition 
coefficients 

K' 

K' 

~ f ,  - Fp' 
1 - F  

~ f ,  - Fq' 

~ f ,  - Fp' 
D = c  1-F x i  ( F )  = 

~ f ,  - Fq' x ' ( F ) =  D = C  
1-F 1-F 

Melting constant linear K ' linear K' and 
linear q' 

Table 1.3. Relationships among different batch melting (BM) models in this chapter. 

Modal Batch Modal BM w/ Modal BM w/ 
Melting constant linear K' 

Incongruent 
Batch Melting 

Modal BM w/ 
linear K' and 
linear q' 

Constant K' 

Incongruent BM 
w/ constant K' 

Linear K' 

Incongruent 
BM w/ linear 
K' 

Linear K' and 

4' 
Incongruent 
BM w/ linear 
K' and linear 

4' 
qi = pi L q' = pi 1 q i  = pi L - -  

Eutectic Batch 1 Eutectic BM w/ I Eutectic BM w/ I Eutectic BM w/ 

 D
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20 Quantitative Geochemistry 

The important equations for the various batch melting models are 
summarized as follows: 

1)  Modal batch melting 

CO 
Do + F(1- Do) 

c, = 

2) Eutectic batch melting 

Constant K' and constant p i  : 

CO c, = 
D o + F ( l - P )  * 

Linear K' and constant pi : 

Linear K' and linear p i  : 

co 
D ~ + ( ~ + A , ) F + ~ F' 

c, = 

where 

A, = -( COSa'b') , 

A, = - x a ' p i  - x 0 . 5 b i K ;  , 

3) Incongruent batch melting 

Constant K' and constant qi : 
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Batch Melting 21 

c, = CO 
D o + F ( l - e , ) '  

Linear K' andconstant qi 

CO c -  
- D o + ( 1 - e , + C a ' n E , ) F - ( C a ' q ' ) F 2  * 

Linear K' and linear qi : 

CO c, = 
Do + (1 + B, ) F + BlF2 + B0F3 ' 

where 

Bo = -( x 0 . 5 a i b ' ) ,  

Bl = - x a ' q ;  - zO.5b 'Ki  , 
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Chapter 2 

Source Residual 
Solid 

Conservation of M ,  M , ( l - F )  
total mass 
Conservation of C,M, C,TM,(l - F )  
the mass of an 
element 

Fractional Melting 

Extracted 
Melt 

M,F 

CM,F 

During batch melting, melt always remains in equilibrium with solid. In 
contrast, during fractional melting, melt is extracted as soon as it is 
generated and only the last drop of extracted melt is in equilibrium with 
the solid. 

Table 2.1. Mass balance during fractional melting. Note that, in contrast with batch 
melting, there are no exchanges between the extracted melt and the residual solid 

(no two-way arrows in the table). 

There are several ways to derive the fundamental equation for fractional 
melting. Here we choose an approach that can be easily understood. 
The mass conservation for a trace element requires 

c , ~ ( l - F ) + C F = C , .  (2.1) 
- 

C, is the concentration in the solid and C is the concentration in the 

accumulated extracted melt and is related to the instantaneous melt C, 

by 

23 
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24 Quantitative Geochemistry 

1 
F 

- 
C = - jC ,dF.  

The solid is in equilibrium with the instantaneous melt, or, the last drop 
of the extracted (aggregated) melt by the following relationship 

c, = CiD,  (2.3) 

and D is the bulk partition coefficient. 
Note that the residual solid is in equilibrium with instantaneous melt, 
rather than extracted melt. The relationship between C and C, can be 

rewritten as 

- 

By combining Eqs. (2.2), (2.3), and (2.4), we obtain the differential 
equation 

d ( C F )  - D(1- F ) -  +CF=C, ,  
dF 

or 
d ( C F )  1 dF 

C,-CF D l - F ‘  
-- - - -  

This is a fundamental equation for fractional melting. D can remain 
constant or change with F . This fundamental equation for fractional 
melting is a differential equation while that for batch melting is an 
algebraic equation. If Dchanges, it is more difficult to derive the 
equations for fractional melting than batch melting due to the necessity 
of solving differential equations for fractional melting. 

2.1. Modal Fractional Melting with Constant D 

Assuming D is a constant, D = Do, the solution to (2.6) for the extracted 
fractional melt is 

- co c =-[l- F (1 - F)”” 1. 
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Fractional Melting 
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For instantaneous melt, we get 

25 

For residual solid, we have 

(2.9) 
(1 /DO)--] c, =Doc f  =C,(l-F) . 

It can be shown that Eqs. (2.7) and (2.9) satisfies the mass balance 
equation (2.1). 

Example. Plot the variations in trace element concentrations in 
instantaneous melt and extracted melt for an incompatible element with 
Do =0.02 during fractional melting. From Eq. (2.7) for extracted melt 
and Eq. (2.8) for instantaneous melt, when Do =0.02, we can calculate 
the source-normalized concentrations c/ Co and Cr / Co at different 

degrees of melting in Fig. 2.1. 

Fractional Melting, D=0.02 1. 

t I I I I 
0.00 0.05 0.10 0.15 0.20 

F 

Fig. 2.1 The trace element behaviors of an incompatible element in the instantaneous 
fractional melt and extracted fractional melt. 
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30 - 
25 - 

gn 20- 
0 

15 - 

10 - 

5 -  

Example. Compare the concentrations of a highly incompatible trace 
element with Do = 0.02 in the extracted melt produced by batch melting 
and the extracted melt generated by fractional melting. 
Assuming constant bulk partition coefficient, from Eq. (1.7) for batch 
melting and Eq. (2.7) for fractional melting, we can make Figure 2.2 to 
show the behavior of a highly incompatible element with Do =0.02 

during batch melting and fractional melting. 

D=0.02 

0 1  I I I I 

0.00 0.05 0.10 0.15 0.20 

F 

Fig. 2.2. Comparison of the concentration of an incompatible element ( D = 0.02) in the 
extracted batch melt with the concentration in the extracted fractional melt in the course 
of partial melting. 

It can be seen from Fig. 2.2 that the incompatible element 
concentration in the extracted melt from fractional melting is higher than 
that from batch melting. This is due to the fact that fractional melting is 
more efficient in removing incompatible elements from the source rocks. 
The differences between the extracted batch melt and the extracted 
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fractional become less significant at large degrees of partial melting, for 
example, when F > 20%. 

2.2. Nonmodal (Eutectic) Fractional Melting 

2.2.1. Eutectic fractional melting with constant K' 

As shown in the section 1.3 for eutectic batch melting, the variation of 
mineral proportions during eutectic melting is (Shaw, 1970) 

x i  - Fp' 
x i ( F ) =  

1-F ' 
(2.10) 

and the variation of the bulk partition coefficient is 

where Do = C XAK; and P = p'K; . 

Substitution of Eq. (2.1 1 )  into Eq. (2.6) yields 

dF d ( Z F )  - -  - 
c,-CF D,-PF'  

Integration of Eq. (2.12) gives 

F 

The concentrations in the instantaneous melt is 

(2.12) 

(2.13) 

(2.14) 

and the concentration in the solid is 
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1 - 
Cs=&[ l -KF)  P P  . (2.15) 

2.2.2. Eutectic fractional melting with linear K' 

From section 1.3.2, the bulk partition coefficient for linear K' is 

x: - Fp' D = EX' ( F)K' ( F) = C ( K i  +a'F).  (2.16) 
1-F 

Equation (2.16) can be written as 

(AF2  + BF + Do), D=- 
1-F 

(2.17) 
1 

where 

A =-(&'pi),  (2.18) 

. .  
B = -8 + C a' xi . (2.19) 

Substitution of Eq. (2.17) into Eq. (2.6) leads to 

_ -  
Co-FC, AF2+BF+Do.  

(2.20) 

When all a' = 0,  then A = 0,  and B = -Po this differential equation 
(2.20) reduces to (2.12). When A # 0 ,  the solutions to Eq. (2.20) have 
the three cases (Hertogen and Gijbels, 1976). After corrections of their 
Eq. (A-1) and Eq. (A-3) as suggested by Apted and Roy (1981), the 
solutions are given below. 
If A = B 2 - 4 A D o > 0 , t h e n  

(2AF+B+h)(B-h)  
(2.21) 

(2AF + B - h ) ( B + h )  
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Fractional Melting 

B - h  4 A  
B +  h (2AF + B -  h)’ 

= Co- 

29 

(2AF + B + h) (  B - h )  
(2AF + B - h ) ( B + h )  

d ( F C L )  
dF 

Cr = 

(2.22) 

where 

h = J B 2 - 4 A D o  ; 

if A = 0, then 

(2.23) 
2 

F 2 A F + B  B 

(2.24) 
4 A  C, 2 

Cr = 
(2AF + B )  

and if A < 0 ,  then 

C=- 1-exp - arctan--arctan B 2 A F + B ) ] } ,  (2.25) 
- “ {  F [:( k k 

where 
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2.3. Incongruent Fractional Melting 

2.3.1. Incongruent fractional melting with constant K' 

From section 1.4, the variation of a mineral phase during incongruent 
melting is described by the following relationship 

i X: - q'F 
x =  

1 - F  ' 

where 

p ;  + p i  -tic p i  
a 

1 
q' = 

l - ( l - t b p :  . 

(2.27) 

(2.28) 

a 

For constant K' , the bulk partition coefficient D is obtained by 

3 (2.29) 
X: - Fq' Do - QQF K' = 

1-F D = C X ' ( F ) K '  = C  0 1-F 
where 

Substitution of Eq. (2.29) into (2.6) yields 

(2.3 1) 

- 
The solution to Eq. (2.31) with initial condition C: = C, for the extracted 
melt is 

(2.32) 
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Fractional Melting 

Consequently, the concentration in the residual melt is 

The concentration in the residual solid is 

31 

(2.33) 

(2.34) 

2.3.2. Incongruent fractional melting with linear K'  

From section 1.4.2, the variation of the bulk partition coefficient is 

(KA + u ' F )  . (2.35) 
x; - Fq' D = CX' ( F )  K' ( F )  = C 
1-F 

Equation (2.35) can be re-expressed as 

D=- ( A F ~ + B F + D , ) ,  (2.36) 
1-F 

where 

A =-(Ca'q ' ) ,  (2.37) 
. .  

B =-a +CU'X; .  (2.38) 

Substitution of Eq. (2.36) into (2.6) yields 

(2.39) dF d ( F C L )  _ -  - 
c,, -xc, AF' +BF +D, ' 

When A # 0 ,  the solutions to Eq. (2.39) have the following three cases. 

I f  A = B2 - 4AD0 > 0 , then 

(2.40) 
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B - h  4AC0 Cr =- 
B +  h (2AF + B - h)2 

(W-1 (2AF + B +  h ) (  B - h )  
, (2.41) 

(2AF + B -  h ) (  B +  h )  

where h = , / B 2  - 4AD0 ; 

if A=O,then 

c,C"[I-exp( 2 
F 2 A F + B  B 

4AC0 
(2AF + B )  

c, = 

and if A < 0 ,  then 

B 
C=- 1-exp - xctan--arctan 
- ''1 F [:( k k 

4A C, 
k 2  

Cr =- 

B 
arctan - 

- arctan 

1 ' 2A:+B]  

(2.42) 

(2.43) 

(2.44) 

where k = d w .  

2.3.3. Incongruent fractional melting with linear K' and linear qi 

From section 1.4.3, the variation of mineral proportion during 
incongruent melting with linear qi is 

xi - qiF - 0.5biF2 
(2.46) i x =  

l-F 

The bulk partition coefficient is 

xi -qiF -0.5b'F2 
D = C  ( K ;  + d ~ ) .  (2.47) l-F 
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Equation (2.47) can be written as 

D = -  ( A , , F 3 + A , F Z + A , F + D 0 ) ,  (2.48) 
1 - F  

where 

A,, = - (c 0.5a'b') , (2.49) 

A, = -c a'q; - 0.5b'KA , (2.50) 

4 = C a ' x ;  - C q i K i ,  (2.51) 

(2.52) 4 = D,, = c K ; ~ ;  . 
Combination of Eq. (2.48) and Eq. (2.6) yields 

(2.53) 
dF 

4 F 3  + A , F 2  + A 2 F + A 3  ' 
d (CLF)  _ -  - 
C, -C,F 

Equation (2.53) can be solved numerically by the Runge-Kutta method 
(see Appendix 2A). Explicit solutions of (2.53) are given here. 
When all b' = 0 ,  then A,, = 0 ,  and Eq. (2.53) reduces to Eq. (2.39). 

When A,, # 0, there are three cases and the solutions to Eq. (2.53) 
depend on the discriminant of the cubic polynomial in the denominator 
of the right-hand side of Eq. (2.53), 

A = A,,'q2 - 64444 + 4 4 4 3  + 4q34 -34242. (2.54) 

( 1 )  I f  A > 0,  the cubic polynomial 4 X 3  + A , X 2  + 4 X  + A ,  has one 
real root r, and two complex conjugate roots r2 and r3,  and Eq. (2.53) 
can be rewritten as 

, (2.55) 
d ( C ~ F )  dF ( 2 F + B ) d F  
C, -C,F X - I ;  F 2 + B F + q  F 2 + B F + q  

where F2 + B F + v = ( F - r , ) ( F - r , ) ,  and r,, r2 and r3 can be 

obtained using the Cardan (or Tartaglia's) method. The solution to Eq. 
(2.55) is 

dF 
+ W  + V  - - -u- 
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B arctan - 
77 

-arctan- a 
, (2.56) 

where 

(2) If A = 0,  the cubic polynomial has one single real root r, and a 
double real root r2 ,  then 

= J477 - B2 , 

+V- +W (2.3 /) I _  - -u- 
di 

C,-C,F F - 5  F - r ,  ( F - r 2 ) 2 ’  

where r, and r2 can be obtained using the Cardan’s method. The 
solution to Eq. (2.57) is 

(3) If A < 0, the cubic polynomial has three different real roots rl , r2 
and r3, then 

(2.59) d(cF) - dF dF dF 
Co-C,F F - r ,  F - r ,  F - r ,  

+v-+w-, - -14.- 

where rl , r2 and r3 can be obtained using the Trigonometrical method 
for the cubic polynomial. The solution to Eq. (2.59) is 

- C, =- F [I -lL[ F - r ,  121 F - r ,  
(2.60) 

2.4. Summary of Equations 

Fundamental equation for fractional melting: 
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d ( C F )  - 1 dF - --- 
Co-CF D I - F  

1) Modal fractional melting with constant D 

- C=-[l-(l-F)””], co 
F 

CO (l/Do)-l c --(1-F) . 
- Do 

2) Eutectic fractional melting with constant K’ 

3) Incongruent fractional melting 

Constant K‘ 
Differential equation: 

- dF - -  
Co-CLF D o - G F  

Solution: 

Linear K‘ 
Differential equation: 
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Incongruent 
Fractional 

Quantitative Geochemistry 

Constant K '  Linear K '  Linear K '  andlinear q' 

Incongruent FM Incongruent Incongruent FM w/ 
w/ constant K '  FM w/ linear linear K '  and linear q' 

dF - _ -  co-xcL A F ' + B F + D ,  ' 

Solutions depend on A = B2 - 4AQ. Analytical solutions for A > 0, 
A = 0,  and A < 0 are given in (2.40), (2.42) and (2.44), respectively. 

Modal 
Fractional 

Linear K' and linear qi 

Differential equation: 

Modal FM w/ Modal FM w/ Modal FM w/ linear K' 
constant linear K' and linear q' 

I -  . 
dF d (CLF) - -  - 

C,,-CLF 4 F 3 + A , F 2 + 4 F + A 3  ' 
The differential equation can be solved numerically by the Runga-Kutta 
method. Analytical solutions depend on 

A = &2A.,2 - 6 4 4 4 4  +4&A3 + 4 4 3 4  -3q24'. 
The solutions for A > 0 ,  A = 0 ,  and A < 0 are given in (2.56), (2.58) and 
(2.60), respectively. 
The relationships among various fractional melting models are 
summarized in Table 2.2. 

Table 2.2. Relationships among different fractional melting (FM) models. 

linear K '  
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Appendix 2A. Runge-Kutta Method 

The Runga-Kutta method is an effective numerical method of solving 
differential equations. Consider the following first-order differential 
equation 

Y = F ( x , y )  9 

with initial condition 

According to Taylor’s expansion series, we have 

Y(X0) = Yo * 

Y;+1 = Y (x;+1) = Y (x + Ax) 

= y (  x; ) + (Ax)  y’(x; ) + + (Ax)2 y y x ;  ) + . .. 
Since 

aF aF = -(xi, y; ) + --(Xi 9 y; ) F ( x ;  9 Y ;  1 9  ax aY 
we have 

i=O,  1 , 2  ,... n-1. 

Algorithm can be rewritten in the following way: 

According to Taylor’s formula, we have, for the terms in Ax 
1 aF aF - F  + ( k ) - + ( h ) - F  = F ( x + h x , y ,  + ( h ) F ( x ; , y ; ) ) .  
2 ax aY 

Thus, we obtain the second order Runge-Kutta algorithm: 
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M 2  = F ( x i + A x , y i + ( A x ) F ( x i , y i ) .  

The most commonly used the Runge-Kutta method is that of fourth 
order, consisting of the following algorithm: 

Y,+] = y ( x J + + ( h x ) ( N ,  +2N,+2N, +&) ’  (2.61) 

where 

N ]  = W ; , y , )  3 

N4 = F ( X i  + Ax, yi + ( A x > N 3 ) .  

An Application using the Runge-Kutta method 

Find y(0.2) from the first order differential equation -=--, with 

the initial condition: y ( 0 )  = 1 . 
From initial condition, we have 

dY x 
d x Y  

xo = o ,  yo = l .  

If we use step Ax = 0.2, then we get 

0 
1 

Nl = F(x0,  Y o )  = -- = 0 
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- 0+0.5x0.2 

= -0.1, 

-- 
1+0.5xO.2xO 

0 + 0.5 x0.2 
1 + 0.5 ~ 0 . 2 ~  (-0.1) 

-- - 

= -0.10101, 

N4 = F ( x i + A x , y , + ( h ) N , )  

1 +0.2x(-0.10101) 
= -0.20412. 

Using the initial condition y ( x o ) = l  and the step Ax=O.2,  and 
substituting Nl , N 2  , N3 and N4 into Eq. (2.61), we get 

Y l =  y(xo)+*(Ax)(N,  + 2 N ,  +2N,  +N4) 
0.2 
6 

=1+-( 0 + 2 * (-0.1) + 2 * (-0.10101) - 0.20412) 

= 0.979795. 
We can compare the above numerical result from the Runga-Kutta 
method with the exact analytical solution. The exact solution to 
dy/& = - x /  y , y(O) = 1 is 

y =  F I-x , 

and yields y(0.2) = 0.979796. 
The numerical result from the Runge-Kutta method (0.979795) using 
step Ax = 0.2 is different from the exact solution (0.979796) only in the 
sixth digit. 
We may certainly use a smaller step, for example, Ax = 0.1, to calculate 
y(O.2) . For the step Ax = 0.1 , we can calculate y(O.1) for the first step 
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40 Quantitative Geochemistry 

using the Runge-Kutta method (Eq. (2.61)) and the initial condition 
y(0) = 1 . For the second step, we can calculate y (0 .2 )  from y(O.1) 
and Eq. (2.61). However, for this application, since the step Ax = 0.2 is 
able to generate accurate value for y(0.2), smaller steps are not highly 
necessary. 
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Chapter 3 

Porosity 

Dynamic Melting 

Batch Fractional 
= F before extraction 
= 0 after extraction 

= 0 

The batch melting assumes no melt extraction during melting until the 
end whereas the fractional melting assumes any infinitesimal melt is 
extracted from the solid as soon as it is produced. Both models are end- 
member models. The reality might be in between. A more realistic 
scenario is that when the degree of partial melting is smaller than a 
critical value, the melt is in equilibrium with the solid and there is no 
melt extraction; when the degree of partial melting is greater than this 
critical value, any extra melt is extracted. 

We use the physical concept of the dynamic melting model proposed 
by McKenzie (1985) for the situation where the rate of melting and 
volume porosity are constant and finite while the system of matrix and 
interstitial fluid is moving. This requires that the melt in excess of 
porosity be extracted from the matrix at the same rate at which it is 
formed (the details of the model are shown in Fig. 3 of McKenzie, 1985). 

The essential differences between the batch melting, fractional 
melting and dynamic melting models have been given by (Zou, 1998) 
and can be summarized in Table 3.1, 

= 0 before extraction 
= F after extraction 

Table 3.1 Comparison of three melting models. 

= F X 

Dynamic 
= F  when F S @  
= @  when F > @  
= O  when F I @  

F - @  
1-@ 

when F > @ - -- 

41 
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42 Quantitative Geochemistry 

The mass balance of total mass and the mass of an element can be 
summarized in Table 3.2. 

Table 3.2. Mass balance for dynamic melting. 

Source 

Conservation 

of the mass 
of an element 

Extracted 
Melt 
MOX 
- 
CMoX 

Residual melt 

Mo(l - X ) @  

C,Mo(l - X ) @  

Residual Solid 

Mass conservation for a trace element in dynamic melting requires 

CsMo(I-X)(l-@)+CfMo(l-X)<P+~MoX =CoMo.  (3.1) 

The concentration in residual solid is related to the concentration in 
residual melt by 

C, = C f D ,  (3.2) 

where D is the bulk partition coefficient between solid and the residual 
melt. The concentration in residual melt is related to the concentration in 
the extracted melt by 

Combination of ( 3 4 ,  (3.2) and (3.3) yields 
- 

or 

(3.3) 

(3.4) 
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Dynamic Metting 43 

The term @ + (1 - @)D can be regarded as effective partition coefficient 
between the latest drop of extracted melt and total residue (residual solid 
+ residual melt). Eq. (3.5) is the fundamental equation for dynamic 
melting. 

3.1. Modal Dynamic Melting with Constant D 

If D is a constant, then by integrating both sides from 0 to X , we have 

For residual melt, 
- 

For residual solid 
C, = DOCf 

For total residue, 

(3.9) 
l/[O+(l-O)Dn]-l c,e,T =@cf +(l-@)Cs =C0(l-X) 

Example. Calculate the concentration of an incompatible element 
normalized by the initial source concentration (C/C, ) with bulk 
partition coefficient D = 0.02 in the extracted dynamic melt and residual 
melt. Assuming q9 = 0.01 . 
By substituting D = 0.02 and q9 = 0.01 into Eq. (3.6), we can obtain the 
source-normalized concentration in the extracted melt c/Co as a 
function of X . The results are plotted in Fig. 3.1. Similarly, substituting 
D=O.O2 and @ = O . O l  into Eq. (3.7), we can obtain the source 
normalized concentration in the residual melt C f / C o  as a function of 
X . The results are also plotted in Fig. 3.1. Note that after melt extraction 
begins, residual melt is more depleted in incompatible elements than the 
extracted melt. At about 15% of melting, the residual melt does not 
contain much incompatible elements. 
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30 

Quantitative Geochemistry 

X 

Fig. 3.1. Behaviors of an incompatible element in residual melt and extracted melt. 

D=0.02; Extracted Melt 

Porosity 

-0- 0.01 
-4- 0.03 

Fig. 3.2. Variation of an incompatible element concentration with D = 0.02 in the 
extracted melt during melting at different porosities. When porosity is zero, it is perfect 
fractional melting. 
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Dynamic Melting 

35 1 

45 

D=0.02; Residual Melt 

Fig. 3.3. Variations of the concentration in the residual melt as a function of the fraction 
of the extracted melt. (A) is for linear vertical scale (B) is for log vertical scale (to show 
the differences at high X ). 
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46 Quantitative Geochemistry 

The effects of varying critical porosity on the concentrations of 
incompatible elements in the extracted melt are displayed in Fig. 3.2. The 
incompatible element concentrations in the extracted melt increase with 
the decrease in the critical porosity, owing to more efficient removal of 
incompatible elements at lower critical porosity. 

Figure 3.3 illustrates the effects of varying critical porosity on the 
incompatible element concentrations in the instantaneous melt. The 
incompatible elements decrease more quickly with the decrease of the 
critical porosity. 

3.2. Eutectic Dynamic Melting 

3.2.1. Eutectic dynamic melting with constant K' 

According to Chapter 1, the variation of the mineral proportions ( x i )  in 
the source rocks as a function of the degree of partial melting ( F  ) is 
given by 

; X; - Fp' 
x =  

1-F  ' 
(3.10) 

where x; is the initial mineral proportion and p' is the melting 
proportion. The bulk partition coefficient is given by 

D = Z x ' K '  . (3.11) 
Assuming constant K' and substituting Eq. (3.11) into Eq. (3.10), we 
have 

Do-P,F 
D =  

1-F ' 

where 
. .  

Do = X x ' K A ,  

Po = X p i K A .  

F = @ ( l - X ) + X .  
F is related to X by 

(3.12) 

(3.13) 

(3.14) 

(3.15) 
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Dynamic Melting 

We can express D as a function of X 

Do - Po [ X + @(I - X ) ]  
(1 - X)(1-@) 

D =  

Substitution of Eq. (3.16) into the fundamental Eq. (3.5) gives 
I -. 

d (  XCL) dX 
Co - xc, = [Do + a( 1 - Po)] - [ 0 + po (1 - q] x 

The solution to Eq. (3.17) is 
"@+( l-@)P,] 

47 

(3.16) 

(3.17) 

(3.18) 

For residual melt, 

(3.19) 
{1/[@+(1-@)PI}-l Po + @(l - Po) 

- 
- CO - 

Do + @(1- Po) Do + @(l - Po) 

For residual solid, 
c, = DC, . 

c,,, =@Cr +(l-@)C,. 

For total residue, 

(3.20) 

(3.21) 

3.2.2. Eutectic dynamic melting with linear change of K' 

We assume linear variation of mineral melt partition coefficient 

K' = Ki +a'F . (3.22) 

Combination of (3.22), (3.10) and (3.1 1) results in 

X: - Fp' 
1-F 

D = c x ' ( F )  K' ( F )  = c ( K i  + a ' F ) .  (3.23) 
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48 Quantitative Geochemistry 

The following relationship between F and X ,  which is the fraction of the 
extracted melt relative to the initial solid, is necessary to express D, as 

a function of X (Zou, 1998) 
F = x +( l -X)@.  (3.24) 

F = @ + ( 1 4 )  x . (3.25) 

We prefer the expression in Eq. (3.24) because both F and X are 
relative to the original mass before melting but <p is relative to the total 
residue. By substituting Eq. (3.24) into Eq. (3.24), we obtain 

Although the above equation can also be written as 

x; - [ x + (1 - x )@I p i  

1-[X+(l-X)@] 
D = C  {KA +ui[X +(l-X)@]}. (3.26) 

If 0 = 0 and a' = 0 for all i , which is the case for perfect fractional 
melting with constant mineravmelt distribution coefficients, Eq. (3.26) 
reduces to the following equation of Shaw (1970): 

Ds/f = (Do - POF)/(1 - F )  7 
(3.27) 

where Do = CxAKi is the initial bulk distribution coefficient and 

Po = c p i  K6 is the weighted distribution coefficient of the total melt. 

Substitution of (3.26) into the fundamental equation (3.5) for dynamic 
melting gives 

(3.28) dX - 
d ( X c )  

c0 -xC -  AX^ +BX + Q  ' 

where 

A = -(Zuipi)(l -@)" (3.29) 

(3.30) B = -@ -(Po - xuix;)(l -@) - 2@(1 - - @ ) ( C u i p i ) ,  

and 

E = @ +Do -@( Po - caix; )  - (Caip')@2. (3.31) 

Note that D is related to A ,  B and E by 
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Dynamic Melting 49 

B-h 4A 
=Co- 

B + h  (2AX+B-h)2 

(3.32) 

(2AX +B+h)(B-h)  
(2AX+B-h)(B+h)  

When, all a' = 0,  that mineral/melt partition coefficient remain 
constant, then A = O ,  B=-Q,-P,(l-Q,) and E=Do+@(1-P0) .  

Therefore, Eq. (3.28) reduces to (3.17). 
When A # 0 ,  the solutions to Eqn. 15 have the following three cases. 
If A=B2-4AE>O.then 

- C = -  c o  

X 

d ( X C )  

dX 
cr =- 

(2AX + B + h)( B - h) 
(3.33) 

(2AX + B - h ) ( B + h )  

(3.34) 

where h = JB2 - 4AE ; 
if A = O ,  then 

4AC0 c -  
- (2AX + B) 

and if A < 0 ,  then 

(3.35) 

(3.36) 

C=- 1-exp - arctan--arctan B 2AX +B)]], (3.37) 
- "( X [:( k k 
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50 Quantitative Geochemistry 

4AC0 1 c -  Tl+( 2 , + 7  

(3.38) 
B 

k 

where k = 44AE- B2 . 
For all the above three cases, the concentration in the residual solid is 

C, = DCf . (3.39) 

3.3. Incongruent Dynamic Melting 

3.3.1. Incongruent dynamic melting with constant K' 

The variation of mineral proportion during incongruent melting is 

xi - q'F x' = 
1-F ' 

where 

p ; + p : , - t i z p : ,  

1 - (1 - t' )c p:, 
qi = a 

a 

The bulk partition coefficient is 

(3.40) 

(3.41) 

(3.42) 

For constant K' = K i  , combination of (3.40), (3.41) and (3.42) gives the 
bulk partition coefficient 

(3.43) 

where 
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Dynamic Melting 51 

QQ= (3.44) 
l - ( l - t f )  c p ;  1 . 

Substitution of Eq. (3.43) into Eq. (3.5) yields the differential equation 
for incongruent dynamic melting (IDM) (Zou and Reid, 2001) 

dX d(C,X) - 
Co-C,X - [Do+~( l -Qo) ] - [Qo+~(1-QQ)]X ' 

The solution to Eq. (3.45) for the extracted melt is 

Consequently, the concentration in the residual melt is 

a(%) cj = ax 

The concentration in the residual solid is 
Cs = C j D .  

where D is given by Eq. (3.42). 
The concentration in the total residue is 

c,, =@cf +(1-@)Cs. 

3.3.2. Incongruent dynamic melting with linear change of K' 

We may assume linear variations of distribution coefficients 

K' = K6 +aF . 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

(3.49) 
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Combination of (3.40), (3.41), (3.42) and (3.49) gives the bulk partition 
coefficient D for linear change of K' . And the term @+(l-@)D, 
which is effective partition coefficient, is given by 

(3.50) 
1 

1 - x  
@ + ( 1 - @ ) D = - ( U X 2  +VX + W ) ,  

where 

u=-(&'q')(1-@)2, (3.5 1) 

V =-@-(a - c a i x i ) ( l  -@) - 2@(1 -@)( Ca'q') , (3.52) 

and 

W = @ + Do - @ ( Q, - 1 a'x; ) - (c a'q' ) @' . (3.53) 

4' and Q, are given by Eq. (3.41) and (3.44), respectively. 
Note that D is related to U ,V and W by 

D =  [ UX2 1-x +vx +w -@)/l-@) (3.54) 

Combination of Eq. (3.50) with the governing equation (3.5) results in 

dX d(XCL) _ -  - 
C , - X C ,  ux2+vx+w (3.55) 

When, all a' = 0,  in other words, U = 0, then from (3.51), (3.52) and 
(3.53), we obtain V =-[a +@(l-Q,)] and W = D o  +@(l-Q,) and 

Eq. (3.55) reduces to Eq. (3.17). 
When U # 0 ,  the solutions to Eq. (3.55) have the following three 
scenarios. 
If A = V 2  -4UW > O ,  then 

(3.56) 
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Dynamic Melting 53 

d ( X C L )  

dX 
c, = 

w-1 
=C,- V-h 4 u  1(2UX+V+h)(V-h) 

v + h (2ux + v - h)2 (2ux + v - h)(  v + h )  

(3.57) 

where h = J V 2 - 4 U W ;  
if A = 0, then 

c -  4 u c 0  2 e x p ( 2 u x + v  2); v 
- ( 2 u x  +v)  

(3.58) 

(3.59) 

and if A < 0 ,  then 

V 2ux (3.60) C -- 1-exp - arctan--arctan 
- 

X 
4uc0 1 c -  -7- f 2 U X + V I 2  

I + \  k I (3.61) 

k 
V 

where k = J4UW -V2  . 
The concentration in the solid residue is 

C, = DCf , 

where D is given by Eq. (3.54). 

(3.62) 
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3.3.3. Incongruent dynamic melting with linear Ki and linear qi 

From section 1.4.2, the variation of bulk partition coefficient with linear 
K' and linear qi is given by 

i X; - Fqk -0.5biF2 
x =  

l-F 

A combination of (3.24), (3.42), (3.49) and (3.63) gives 
D =  

(3.63) 

xk -qA[X +(1-X)@]-0.5bi[X +(1-X)@I2 c l- [X+( l -X)0 ]  a"X+(l-X)@] 

(3.64) 
And the effective partition coefficient is 

@ + (1 -cD)D =- (A,,X3+AlX2+A,X+A3),  (3.65) 
1 - x  

where 

A, = - ( EO.5aib') (1 - @)' , 

A, =-C[a'(qh+b'@)](l-cD) 2 

-c[ (4; + b'@) ( K ;  + a'@)]( 1 -a), 

- c [ 0 . 5 b i  (Kh + ai@)](l - 0)2, 

A, = - O + z [ a i ( x ;  -qh@-0.5bi@)](1-@) 

A3 = @ + C( KA + d@)( X; - qh@ - 0.5b'Q2) . 

Note that D is related to A,, 4, A, and 4 by 

= [ 4 X 3  + AIX + A2X + A3 
1 - x  

(3.66) 

(3.67) 

(3.68) 

(3.69) 

(3.70) 
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Dynamic Melting 55  

X 2 + B X + q  

Combination of (3.65) with the governing differential equation (3 .5)  
yields 

(3 .71)  
dX - - -  

C , - C , X  & X 3 + A , X 2 + A 2 X + A 3  * 

Equation (3.7 1) can be solved numerically using the Runge-Kutta 
method. Analytical solutions are also presented here. When all b’ = 0, 
Eq. (3.71) collapses to Eq. (3.55).  When A, # 0,  there are three cases 
and the solutions to Eq. (3.7l)depend on the discriminant of the cubic 
polynomial in the denominator of the right-hand side of Eq. (3.71),  

A = &2A32 - 6&A1A2A3 + 4&A: + 4AI3A3 - 3A12A22. (3.72) 

(1 )  If A > O ,  the cubic polynomial & X 3  + A l X 2  + A 2 X  +A3 has one real 
root 5 and two complex conjugate roots r2 and r3,  and Eq. (3.71) can 
be written as 

dX 
=u- + V  + W  , (3.73) 

d(qx) dX ( 2 X + B ) d X  
C , - q X  X - r ,  X 2 + B X + q  X 2 + B X + q  

where X 2 + B X + q = ( X - r , ) ( X - r 3 ) ,  and rl, r2 and r3 can be 
obtained using the Cardan (or Tartaglia’s) method. The solution to Eq. 
(3.73) is 

f 
1- 

CO 
L -  X 

- c -- 
L[ X - r ,  

where /z = J4q - B2 ; 

(2) If A = O ,  the cubic polynomial has one single real root rl and a 
double real root r2 , then 

(3.75) dX 
+ W  + V -  - -u- 

dX d(cX) - dX 
C,-C,X x - r ,  X - r ,  ( x - r , 1 2 ’  
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56 Quantitative Geochemistry 

where rl and r, can be obtained using the Cardan's method. The 
solution to Eq. (3.75) is 

(3) If A < 0 ,  the cubic polynomial has three different real roots rl , r2 
and r3,  then 

(3.77) d(cX) - d X  d X  d X  

C o - C L X  X - r ,  X - r ,  X - r ,  
+v-++-, - -7.4- 

where rl , r2 and r3 can be obtained using the Trigonometrical method 

for the cubic polynomial. The solution to Eq. (3.77) is 

- c -0 [ 1-' I 1'1 - " 1'1 - r3 1"). (3.78) 
L -  X X - r ,  X - r ,  X - r ,  

3.4. Summary of Equations 

Fundamental equation for dynamic melting: 

1 d X  - - d ( c X )  
c,-cx @ + ( l - @ ) D l - x  

I )  Modal dynamic melting with constant D 
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Dynamic Melting 57 

2) Eutectic dynamic melting with constant K'  

Differential Equation: 

dX d ( X C L )  _ -  - 

co -xc, [Do +(r,(l-P0)]-[~+Po(1-@)]X . 

Solution: 

{l/[ O+(l -@) 6]}4 
Po+<P(l-P) 

[l- O 
c -  

- Do+@(l-Po) Do+@(l-Po) 

3) Incongruent dynamic melting 

Constant K' 
Differential equation: 

Solution: 

Linear K' 

Differential equation: 
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Incongruent 
Dynamic 
Melting 

Quantitative Geochemistry 

Incongruent DM 
w/ constant K' 

dX d ( X C L )  -- - 
C , - X C ,  ux2+vx+w a 

Eutectic 
Dynamic 
Melting 

Analytical solutions depend on A = V 2  - 4UW and are given in (3.56) to 
(3.61). 

Eutectic DM w/ Eutectic DM Eutectic DM w/ 
constant wllinear K' linear K' and 

linear q' 

Linear K' and Linear q' 

Differential equation: 

dX d ( C , X )  - -  - 
Co-CLX & X 3 + A l X 2 + A 2 X + A 3 .  

Analytical solutions depend on 

A = h2A3' - 6A,,AlA2A3 + 4 4 A :  + 4A,3A3 - 3A12A2* 

and are given in (3.74),  (3.76) and (3.78).  

Modal 
Dynamic 
Melting 

Table 3.3. Relationships among different dynamic melting models, from complex to 
simple models, in this chapter. 

Modal DM w/ Modal DM w/ Modal DM w/ 
constant K' linear K' linear K' and 

linear q' 

Constant K' Linear K' 

Incongruent 
DM w/ linear 
K' 

Linear K' and I 
d 
Incongruent DM 
w/ linear K' and 
linear q' 
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Dynamic Melting 59 

For various quantitative treatments of trace element behaviors during 
dynamic melting, readers can find these treatments from the literature 
(Maaloe, 1982; McKenzie, 1985; Williams and Gill, 1989; Sobolev and 
Shimizu, 1992; Albarede, 1995; Zou, 1998; Shaw, 2000; Zou, 2000; Zou 
and Reid, 2001). 
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Chapter 4 

Open-system Melting 

Chapters 1 to 3 consider melting and melt extraction. In this chapter, we 
further take into account input of materials into the melting zone. 

Melting in the crust and the mantle sometimes can be a open-system 
process (Navon and Stolper, 1987; Iwamori, 1993; O'Hara, 1995; Ozawa 
and Shimizu, 1995; Spiegelman, 1996; Vernieres et al., 1997; Zou, 1998; 
Shaw, 2000). Ozawa and Shimizu (1995) proposed a quantitative open- 
system melting model to explain the trace element patterns in ophiolites 
from a volcanic arc environment where fluid enters into the melting 
zone. Shaw (2000) suggested that, in addition to fluid, solid may enter 
into the melting zone. Besides volcanic arc environment, the addition of 
fluid and solid into the melting zone may take place in other tectonic 
settings. Melting below continents may be often related to fluid addition. 
In this chapter, we discuss models for open-system batch melting and 
open-system dynamic melting. 

4.l.Open-system Batch Melting (OBM) 

4.1.1. OBM with one-time instantaneous addition of melt 

The one-time addition of fluids can be regarded as a one-time fluid 
metasomatism of the solid rocks just as it starts melting. This is a 
potential important model for mantle metasomatism. 
The mass balance of the total mass gives 

Mf+Ms=M,+M,, 

60 
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Open-system Melting 61 

where M ,  is the mass of the melt, M ,  is the mass of the solid, M ,  the 

mass of the source before melting, and M a  the mass of the added melt. 
The balance of the mass of an element requires 

C,M, +C,M, =C,M, + C a M a ,  (4.2) 

where C f  is the concentration of an element in the melt, C,T is the 

concentration in the solid, C,, is the concentration in the source before 
melting, and Ca is the concentration in the added melt. 
The amount of one-time fluid metasomatism is related to the mass of the 
melting zone source rocks by 

M a  = wM, . (4.3) 
Note that M a  is independent of F in this one-time addition model. 
The mass of the residual solid is given by 

M ,  = (1 - F)M, .  

M ,  = M ,  +Mi,, - M ,  =(o+ F ) M ,  . 

C, (w+ F ) M ,  + C, (1  - F ) M ,  = C,M, + C,UM,. 

(4.4) 

(4.5) 

(4.6) 

The mass of the melt is 

Substitution of (4.3), (4.4) and (4.5) into (4.2) results in 

The concentration in the solid is related to the concentration in the melt 
by 

C,  = DC, . (4.7) 

Combination of (4.6) and (4.7) gives 

(4.8) 
c, + c a w  c -  

- ( a + F ) + D ( l - F ) .  

When the bulk partition coefficient is given by 

we get 
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62 Quantitative Geochemistry 

c, +caw c -  
'-(o+D0)+(1-Q)F * 

(4.10) 

Problem. What if it is complete disequilibrium between melt and solid? 
For complete disequilibrium, we have 

c, =co. (4.11) 

Substitution of (4.1 1) into (4.6) we obtain 

C, (O+ F ) M o  + Co(l - F ) M o  = CoMo + CaUMo. (4.12) 

Consequently, we obtain 

CoF + Cuw 
w+F 

c, = (4.13) 

4.1.2. OBM with continuous addition of melt 

Fluid addition may be a one-time event or a continuous process. For the 
situation of continuous process, the total amount of fluids increases with 
the degree of melting. Thus, we can assume (Ozawa and Shimizu, 1995) 

M u  = p F M o .  (4.14) 

Note that for one-time metasomatism, M a  is not related to the degree of 
melting. 

The balance of the total mass requires 

M ,  + M ,  = M,+M,.  

The balance of the mass for an element gives 
C,M, + C , T M ,  =CoMo + C , M , .  

The mass of the residual solid is given by 

M ,  = ( l - F ) M , .  

The mass of the added fluid is 

M ,  = p F M o .  

(4.15) 

(4.16) 

(4.17) 

(4.18) 
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Open-systern Melting 63 

Substituting Eqs. (4.17) and (4.18) into Eq. (4.15) gives 

M f = M, +Mi, -44, = (1+P)FM0. (4.19) 

Substituting Eqs. (4.17), (4.18) and (4.19) into Eq. (4.16), we have 
Cf (1+p)FM0 + C , ( l - F ) M ,  =CoMo+C,PFMo. 

The concentration in the solid is related to that in the melt by 
C, = DCr . 

Substitution of Eq. (4.21) into Eq. (4.20) yields 
C, (1 + P ) F M ,  + DC, (1 - F ) M o  = C,Mo + C a p F M ,  

Consequently, 

co + CuPF 
" = ( l + P ) F + D ( I - F ) .  

Since 

Do - PF D = E X i &  = 
1 - F  ' 

we have 

4.1.3. OBM with continuous addition offluids and solid 

Mass balance of the total mass requires 
M , + M , = M o + M a + M b .  

Mass balance of the trace element requires 
C, M ,  + C,M, = C,M, + C,M, + C,M,. 

The mass of the total melt is 

M, = ( F  +&F)Mo.  

The mass of the added melt is 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

(4.28) 
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64 Quantitative Geochemistry 

M ,  = P r F M o .  (4.29) 

The mass of added solid is 
Mb = P ( I - y ) F M o .  (4.30) 

Substitution of (4.28), (4.29) and (4.30) into Eq. (4.26) yields 

M ,  = [ 1 - ( 1 - P + P r ) ] .  (4.3 1) 

Substitution of (4.28), (4.29), (4.30) and (4.31) into Eq. (4.27) gives 

(4.32) 

The concentration in the melt is related to the concentration in the solid 
by a bulk partition coefficient 

C f F ( 1  + PrW, + c, [I-  F(1 - P  + P r ) ] M o  

= COM, + ~ , P y F , M ,  + C,P<1- r)FcM,. 

C, = DC, . 

Eq. (4.32) can be written as 

(4.33) 
= Cf F ( 1  + P y ) M ,  + DCf [ l  - F (1 - P + fly)]  Mo.  

We now need to find the variation of the bulk partition coefficient D as 
a function of the degree of melting. Mass balance of mineral i gives 

[ '0 + caPYFc  + c b P ( l  - r)&lM0 

M,x,,, + M,x?, = p i L  + M,Xi .  (4.34) 

Note that we chose L instead of M, + M , because mineral i does not 

contribute to the formation of added melt. By substituting Eqs. (4.30) and 
(4.3 1 )  into Eq. (4.34), we have 

xi,o + P(1 - r)Fx:, - PiF 
1 - (1 -P  + P W  

- - xi,, - [ p i  - P ( ~ - Y ) x ? ~ I F  
1 - ( 1  - P + P Y F  

x .  = 

(4.35) 

The bulk partition coefficient is 

(4.36) 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Open-system Melting 65 

whereD, = ~ X ~ , ~ K ~ ,  4 = c p , K , ,  and D,b = ~ X : ~ K , .  

From Eqs. (4.36) and (4.33) we obtain 

4.2.Open-system Dynamic Melting (ODM) 

4.2.1. ODM with continuous addition of melt 

Mass balance of the total mass requires 
M , + M , + M ,  =M,+M, .  (4.38) 

Mass balance of the trace element requires 
C,M,+C,M, +C,M, =CoMo+C,M,.  (4.39) 

Differentiation of (4.38) and (4.39) gives, respectively, 
d M , + d M ,  + d M ,  =dM, ,  (4.40) 

M,dC, +C,dM, +d(C,M,)+M,dC, +C,dM, =C,dM,. (4.41) 

The only assumption so far is a constant C,. Another piece of 
information arises from the exchange of the melt from the residual melt 
to extracted melt 

d (C,M, ) = C, d M ,  . (4.42) 

Equation (4.40) can be written 
d M ,  =dM, -dM, -dM, .  (4.43) 

Substitution of (4.42) and (4.43) into (4.41) yields 
M,dCf + M,dC, = (Cf - C,)dM, + (C,  - C,)dM,. (4.44) 

Define 
M ,  = ( l - F ) M o ,  (4.45) 
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M a  = PFMO 9 (4.46) 

a = M , / M ,  7 (4.47) 

M , = a(1- F ) M o .  (4.48) 

Substitution of (4.45), (4.46) and (4.48) into Eq. (4.38) results in 

M , = [ ( l + a + p ) F - a ] M , .  (4.49) 

From Eq. (4.45), we have 
d M ,  =-ModF.  (4.50) 

Substitution of Eq. (4.50) into Eq. (4.44) gives 
a(1- F)dCf  + (1 - F)dC,  = (C, - C,  )dF + (C,  - C, ) P d F .  (4.5 1) 

The concentration in the solid is related to the concentration in the 
residual melt by 

C, = DCf . (4.52) 

Differentiation of Eq. (4.52) using chain rule yields 
dC, = DdCf + C, dD . (4.53) 

Since 
D o - e F  

D =  
1-F  ’ 

we have 

dF 
D o - P  

dD = 
(1 - F ) 2  

Substitution of (4.54) and (4.55) into (4.53) gives 
dC, = DdC, + C, dD 

dF. 
Do - PF D o - P  

- - dC, + C f  
1 - F  (1 - F)2 

Substitution of Eq. (4.56) into Eq. (4.5 1) yields 

(4.54) 

(4.55) 

(4.56) 

(4.57) 
dF dCf  - 

( P - I - P ) C ,  + C A p - ( D o + a ) - ( P + a ) F  ’ 
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According to Eq. (4.25), the initial condition when the melting extraction 
starts is 

(4.58) 

where Fc is the critical melting degree after which melt extraction starts. 

Solution to Eq. (4.57) for the concentration in the residual melt is 

. (4.59) 

Do +a-(a+ P)F, 

Equation (4.59) is identical to Eq. A3 in Ozawa and Shimizu (1995). The 
concentration in the cumulated melt is (Zou, 1998) 

X 
1 

X 
1 c, =- 

F - F ,  P - p - I  

Do + a - ( a + P ) F  
Do + c z - ( ~ +  P)F, 

(4.60) 

4.2.2. ODM with continuous addition of melt and solid 

The idea of continuous input of both melt and solid into the melting zone 
was first proposed by Shaw (2000) and Shaw (2006). Here we present a 
further full development of the model on the basis of the idea. 
Mass balance of the total mass requires 

M e  + M  f + M ,  = M o  + M a  + M ,  . (4.61) 
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Mass balance of the trace element requires 

C,M,+C,M, +C,M, =C,M,+C,M, +CbM,. (4.62) 

Differentiation of Eq. (4.61) gives 

dM,  = - d ( M ,  + M , ) + d ( M ,  + M b ) .  (4.63) 

Assuming constant C,  and Cb , differentiation of Eq. (4.62) yields 

d (C,M,) + d (C, M , ) + d (C,M,) = C,dM, + CbdMb . (4.64) 

Since the change of the mass of the trace element is due to the extraction 
of the residual melt, we have 

d ( C,M, ) = C , d M ,  . (4.65) 

Substitution of Eq. (4.63) into Eq. (4.65) results in 

d ( C e M e )  =-Cfd  ( M ,  + M , )  + Cf d ( M ,  + M b )  . (4.66) 

Substitution of Eq. (4.66) into Eq. (4.64) gives 

-cf d ( M f  +M,)+Cf d ( M ,  + M b )  +d(CfMf ) +d(C,M, )  

= C,dM, + cbdMb.  

Let us define 
M ,  = a M , .  

(4.67) 

(4.68) 

The rate of addition is taken to be constant and is equal to p per unit of 
melting F 

M,+M,=PFM,. (4.69) 

We also assume that the material added contributes to both melt and 
solid in mass proportions y and (1 - y) 

M a  = W M ,  9 (4.70) 

(4.7 1) Mb = (1 - y)’)pFMO 
The mass of the total residual solid is 

M , = (1 - F ) M ,  + p (1 - y)  FM, = [ 1 - ( 1 - p + py) F ] M ,  . (4.72) 
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The mass of the residual melt is 

M ,  = a[l - (1 - p + p ~ )  F ]  M ,  . 

Me = { [ ( a + l ) ( l - ~  + PY)] -a] ’ ~ 0 .  

(4.73) 

The mass of the extracted melt is 

(4.74) 

The total mass of residual melt and extracted melt is 
M , + M ,  = F M , + ~ ~ F M , = ( l + ~ ~ ) F M , .  (4.75) 

Differentiation of (4.70), (4.71), (4.72), and (4.73) with respect to F 
yields 

d M ,  = # M , d F ,  (4.76) 

d M ,  = (1 - y )  p M o d F  , 

d M ,  = -a( 1 - p + f ly)  M,dF . 

(4.77) 

d M ,  = - ( l - P + p y ) M o d F ,  (4.78) 

(4.79) 

Assuming chemical equilibrium between the residual solid and the 
residual melt, we have 

C, = DC, . (4.80) 

Mass balance of mineral i gives 

M,xi,, + M,$, = p iL+  M,x,  . (4.81) 

Note that we chose L instead of M e  + M ,  because mineral i does not 

contribute to the formation of added melt. 

(4.82) 
The bulk partition coefficient is 
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where Do = , q. = c p i K i  and D,b = c $,Ki . Note that 

when p = 0 or 7 = 1 , Eq. (4.83) is reduced to the familiar expression of 

Shaw (1970) 

D = ( D, - P F ) / ( I  - F )  . (4.84) 

Differentiation of Eq. (4.83) with respect to F gives 

Differentiation of (4.80), we have 

dC, = DdC, + C f d D  . (4.86) 

Since 
D o - e F  

D =  
1-F  

(4.87) 

substitution of Eqs. (4.87) and (4.85) into Eq. (4.86) , we obtain 
dC, = DdC, + C, dD 

(4.88) 

Substitution of Eqs. (4.70), (4.71), (4.72), (4.73), (4.78), (4.79) and 
(4.88) into (4.67) leads to 

dCf  

The solution to Eq. (4.89) is 
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where 

u = ( 1  + Pr) - [ p - P(1- y p ; ]  9 

v = ( 1  - p  + Py)a+ [ P - P(1- y)D,b]. 

(4.91) 

(4.92) 

The initial condition is given by 

And thus the first drop of the extracted melt C,f’ in Eq. (4.90) is 

c,f= O + [‘a Y+ cb ( l -  y)] P F c  

Do +uFc 

It should be noted that Eq. (4.90) reduces to Eq. (4.59) when y = 1 

4.3. Summary of Equations 

1) Open-system batch melting 

One-time addition of melt (Eq. (4.13)): 
CoF +Cum 

m + F  
c, = 

Continuous addition of melt (Eq. (4.25)): 

‘0 + ‘aPF c -  
- D o + ( l + p - P ) F  ’ 

Continuous addition of both fluid and solid (Eq. (4.37)): 

(4.94) 
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2)  Open-system dynamic melting 

Continuous addition of melt (Eq. (4.59)): 

Continuous addition of both melt and solid (Eq. (4.90)): 

U Do +a-vF ,  

U 

where 
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Chapter 5 

Uranium-series Disequilibrium Modeling 

The previous four chapters deal with the fractionation of stable trace 
elements during partial melting. In this chapter, we study the behaviors 
of radioactive uranium decay series during partial melting. Since 
quantitative models for uranium-series disequilibria need to include 
additional parameters in decay constants and are thus more complicated, 
for simplicity, we assume that the partition coefficients remain constant 
during partial melting. Thus, we only present modal dynamic melting. 

U decays to stable 'OSPb, and 235U decays to stable 207Pb via two 
different chains of short-lived intermediate nuclides with a wide range of 
half-lives. Among these intermediate nuclides, 23?h and 226Ra from 238U 
and 23'Pa from 235U are of particular importance to earth sciences. The 
half-lives of 23?h, 226Ra and 231Pa are 75,200 y, 1600 y, and 32,800 y, 
respectively, and bracket the time scales of geological processes. 

Before we work on the uranium decay series, we start with single- 
stage radioisotope decay. 

238 

5.1. Single-stage Radioisotope Decay 

For the decay of 
dN l d t  , is proportional to the number of atoms N , 

N number of radioactive atoms, the rate of decay, 

(5.1) 

where 2 ,  the decay constant, is essentially the probability of decay per 
unit time. 
The solution to Eq. (5.1) with initial condition N ( 0 )  = N o  is 

dN -=-AN,  
dt  

74 
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Uranium-series Disequilibrium Modeling 75  

N = Not?-**. (5.2) 

The number of radiogenic daughter atoms formed, G*, equals the 
number of parent atoms consumed: 

G* = N,, - N .  

No = Neh . (5.4) 

(5.3) 
Equation (5.2) can be re-expressed as 

Combination of Eq. (5.3) and Eq. (5.4) yields 

G* = N(eh -1). 

A useful way of referring to the rate of decay of a radionuclide is the 
half-life, t l12,  which is the time required for half of the parent atoms to 
decay. And according to Eq. (5.2), when N = N,/2, we obtain 

In2 - 0.693 
tl12 =---. a a  

If the number of daughter atoms at time t = O  is Go, then the total 
number of atoms at time t is 

G = G, + G* = G,, + ~ ( 2  - 1) . (5.6) 
Dividing Eq. (5.6) by the number of atoms of a stable daughter isotope 
( G, ), we obtain 

Equation (5.7), rather than (5.6), is used in isotope geochemistry, 
because mass spectrometers can measure isotopic ratios ( G / G, ) 
significantly more precise than the amount of an isotope ( G ). 
Equation (5.7) is the fundamental equation of single-stage decay in 
geochronology. For example, from Eq. (5.7), for the s7Rb-87Sr system, 

for the '47Sm-'43Nd system, 
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for the 17%'76Hf system, 

and for the '87Re-'870s system, 

1) f 

-- Is7Os -( '870s) - +- Is7Re (e4s7R.'  - 
IS8 0 s  lg8Os IS8OS 

The decays of 238U, 235U and 232Th are more complicated. 
the intermediate isotopes in the U and Th decay series, then 
for the 238U-2MPb system 

for the 235U-207Pb system 

and for the 232Th-208Pb system 

(5.10) 

(5.11) 

If we ignore 

(5.12) 

(5.13) 

(5.14) 

However, for investigating short -term recent geological processes, the 
intermediate isotopes in decay series cannot be ignored and in fact these 
short-lived intermediate isotopes are powerful in deciphering young 
geological processes. 

5.2. Decay Series 

Before we study the behaviors of U-series disequilibria during partial 
melting, we try to understand a simple case of U-decay series in an 
isolated system in the absence of melting. For this undisturbed closed 
system, the uranium-thorium-radium (U-Th-Ra) series disequilibria (Fig. 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Uranium-series Disequilibrium Modeling 77 

5.1) can be described by the following system of three differential 
equations: 

-- - -A3,238U , d 238U 
dt 

-- - h3, 238U - /2230 230Th , d 230Th 
dt 

-- - 430230Th - hz6 226Ra . d 226Ra 
dt 

(5.15) 

(5.16) 

(5.17) 

where h238=1.55125X10-" year-', ~ 2 3 0  =9.217~10-~ year.' and &Z6 

=4.272~10-~ year-' are decay constants of 238U, 230Th and 226Ra, 
respectively. 

Fig. 5.1. Schematics showing the decay series of 238U to the final stable 206Pb. Among the 
intermediate isotopes, 23"rh and 22hRa have wide applications in geological and 
environmental studies. f l , 2  denotes half life. 
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The exact solutions to the above system of differential equation (5.15), 
(5.16) and (5.17) are 

238u =238 Uoe-43d 7 (5.18) 

230 Th = 4 3 8  238u0 ( e-'%38t - e-430t ) + 230T&e-.lz30t , (5.19) 
4 3 0  - 4 3 8  

226 Ra = 226Rao e-426t  

(5.20) 

5.2.1. Bateman equation 

Bateman's solutions to decay series were derived by assuming that there 
are no initial daughter nuclides in the system. For this case, the 
assumptions are 

230T4 = 0 ,  

and 
226 Ra, = O .  

Then Eqs. (5.19) and (5.20) reduce to 

(5.21) 
1 7  I 

230Th = 4.38 238u0 ( e-h%' - e-'+30t 

4.30 - 4.38 

respectively. Bateman's solutions (5.21) and (5.22) are useful for the 
scenario when no initial daughter nuclides are present. Equations (5.21) 
and (5.22), however, cannot be applied to the uranium-series studies of 
volcanic rocks, because the initial 230Th, and 226Rao in volcanic rocks 
are not equal to zero. 
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5.2.2. Secular equilibrium 

Since 43238 is significantly smaller than 430 and 4 2 6 ,  as an 
approximation, we have &,30 - 438 = &, and 4 2 6  - 438 = 4 2 6 .  If t is 
large enough, we have 

e-430' ~ 0, 

e-426' = o .  
Thus, for large t , by ignoring all terms containing e-43d and e-426f, Eq. 
(5.19) for 230Th and Eq. (5.20) for 226Ra can be simplified as 

9 (5.23) 230 4 3 8  238uOe-&3gt - 4 3 8  23811 Th=- 
4 3 0  4 3 0  

9 (5.24) 226 Ra = - 4 3 8  238uOe-4,,1 - 4 3 8  2 3 8 ~  

4 2 6  4 2 6  

respectively. 
From Eq. (5.23) we have 

430 230Th = 43x 238U . 

From Eq. (5.24) we get 

Ra = &8 238U . 

Consequently, we obtain 

&8 238U = A3,, 230Th = A26 226 Ra . (5.25) 

The system that satisfies Eq. (5.25) is in secular equilibrium. Since the 
activity denoted by parenthesis is defined as the product of decay 
constant and the amount of radioactive nuclides, 

(N) = A N ,  (5.26) 

for uranium decay series, according to Eqs. (5.25) and (5.26), all nuclides 
in a decay series have the same activities when the secular equilibrium is 
reached: 

( 238U) = ( 230Th) = ( 226Ra). (5.27) 

Only in this chapter, parenthesis represents activity. 
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o . o ! s  

Thus the sufficient condition to reach secular equilibrium in an 
undisturbed geological system is enough isolated time for the system. 
The time to reach secular equilibrium is normally five half-lives of the 
daughter nuclides. For 230Th, the half-life for is 75,000 years, and after 
375,000 years, or five half lives of 230Th, the system reaches 23xU-230Th 
equilibrium. Similarly, the half-life for 226Ra is 1,600 years, and Th-Ra 
secular equilibrium can be reached after five half-lives of 226Ra, or 8,000 
years. 

If there is no initial 230Th in the system, that is, 230T4, = 0 ,  using the 

activity notation, ( 230Th) = &o Th and ( 238U) = /2238 238U , then from 
the Bateman equations (5.21) and (5.18), we obtain 

230 

i - =  
I ,  , I ,  I I I ,  I , ,  1 

Time 

(5.28) 

Fig. 5.2. Plot of Eq. (5.28) for the evolution of (23%’h/238U) with time when initial (23%) 

is zero. The horizontal secular equilibrium line is also shown for comparison. 
k = lo00 years. It can be seen that secular 230Th-238U equilibrium can be reached in 
about 400 thousand years. 
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Since both /2238 and 4 3 0  are known, (23@Th/238U) from Eq. (5.28) is a 
function of time only. Figure 5.2 displays the growth of 23@Th with time 
when initial ( 230Th/ 238U)0 = 0 .  

If there are initial 230Th nuclides in the system, using the activity 
notation, from Eqs. (5.18) and (5.19), we can obtain the equation for 
(23?h/238U) with initial 230Th: 

(230Th/238U) from Eq. (5.29) is a function of time and the initial activity 
ratio (230Th/ 238U)0. Equation (5.29) reduces to Eq. (5.28) if 

( 230Th/ 238U)0 = 0 .  It is noted that ( 230Th/ 238U)0 may be greater than or 

less than unity. When ( 230Th/ 238U)0 > 1.0, it is originally 23?h excess; if 

(230Th/ 238U)0 < 1.0, it is originally 238U excess. Figure 5.2 shows that 
secular equilibrium recovers in 375 thousand years for different initial 
( 230Th/ 238U)0 values. 

1.5- 

1.4- 

1.3- -A- (230Th/238U),=0.75 

secular equilibrium 1.1 - 

0.5 -7 
I ~ I ' J ' l . 1 ' 1 ' 1 ~ I ~  

0 50k 100k 150k 200k 250k 300k 350k 400k 
Time 

Fig. 5.2. Evolution of (23@I'h/238U) with time for different initial (230Th/238U)0 ratios. After 
375k (375,000) years, the initial 230Th or 238U excess disappears and the system returns to 
secular equilibrium with (239h/238U)=l .O. 
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5.3. U-series Disequilibrium Produced by Dynamic Melting 

The secular equilibrium may not last forever, and can be disturbed by 
partial melting. Since the half-lives of the intermediate nuclides (23?h, 
226Ra, and 231Pa) are short relative to the time scale of mantle evolution, 
these nuclides can be assumed to be in secular equilibrium at the 
initiation of melting. In addition, mantle sources can be safely assumed 
to be in radioactive equilibrium regardless of their chemical 
compositions, which avoids uncertainties in initial source compositions 
before melting. Therefore, observed secular disequilibria among the 
uranium-series (U-series) nuclides in young lavas may provide important 
information on mantle melting processes and the time scales of melt 
generation. 

We will present quantitative models that relate the extents of U-series 
disequilibria to the melting process as a function of elemental partition 
coefficients, melting porosity, melting rate and melting time. We then 
quantitatively investigate the effect of 4, M ,  T and the distribution 
coefficients of U and Th on U-series disequilibria in young lavas, and 
quantify the relative contributions from net elemental fractionation and 
ingrowth of daughter nuclides to the total U-series disequilibria. 

If solid and melt are in equilibrium during partial melting, the 
conservation law which is concerned with the concentration of a 
radioactive and radiogenic nuclide in the solid and melt is given by 
McKenzie (1985) as the following differential equation 

The first term on the right-hand side is the melting term; the second term 
on the right-hand side is the radioactive decay of the nuclide; and the last 
term on the right-hand side represents the radiogenic production by the 
parent of the nuclide. C; and C! are the concentrations of the nuclide 

and its parent in the melt, respectively. D, and D, are the distribution 
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coefficients of the nuclide and its parent, respectively. p, is the density 

of the solid (3300 kg/m3), pf is the density of the melt (2800 kg/m3), 4 is 

the volume porosity of the mantle, i$f is the melting rate (kg/m3/year), 
/zd and / z p  are the decay constants of the daughter nuclide and its 

parent, respectively. 
The concentration of the daughter nuclide in the solid C$ is related 

to the daughter concentration in the melt Cf by 

C,d =DdCfd , 

and the concentration of the parent nuclide in the solid Cp is related 

to the concentration of the parent in the melt Cf” by 

Cp = D,Cfp. 

Equation (5.30) can be rewritten as 

where 

(5.31) 

(5.32) 

(5.33) 

and ( C j  ) and ( Cf ” )  are the activities [defined as the product of its 

concentration C and decay constant A, and denoted by parentheses, 
(C; ) = AdCfd, and (C;)= A,C; 3 of the daughter nuclide and the 

parent nuclide in the melt, respectively. ad is the melting parameter for 
the nuclide and has the same dimension (year.’) as the radioactive decay 
constant 1. If there is no melting, that is, the melting rate i! = 0,  from 
Eq. (5.32) we have a = 0. The subscript i in Eq. (5.33) may represent a 
daughter or its parent. 
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Equation (5.31) can be used to model the uranium decay series (U- 
series) nuclides in the residual melt that is in chemical equilibrium with 
the solid during dynamic partial melting: 

d (  230Th)f - 
- -(qh + /1230 )( 2 3 0 ~ h ) f  dt 

(5.34) 

(5.35) 

d ( 226Ra)f - 
+ 4 2 6 ) (  226Ra)f dt (5.36) 

( 238U)f  , ( 230Th)f , and ( 226 Ra)f  are the activities of 238U, 230Th, and 

Ra in the residual melt. a, , aTh and ax, are given by Eq. (5.32) and 
Fu , Fu and F, are calculated by Eq. (5.33). 

Equation (5.34) is different from Eq. (5.35) and Eq. (5.36) because 
238U, unlike 230Th or 226Ra, has no parent. When melting rate (&f ) is 
constant in the upwelling material and the melt fraction (4) in 
equilibrium with the matrix remains constant, both a and F are 
independent of time (see Eqs. (5.32) and (5.33)) and the system of 
differential equations (5.34), (5.35) and (5.36) has explicit solutions: 

226 

( 2 3 8 u ) f  = ( 238 u); exp[- (au + A238 )t] , (5.37) 

(230Th)f  =(230Th)yexp[-(aTh +430)t] 

+ 4 3 0  ""( 2 3 q  x (5.38) 
aTh + 4 3 0  - - 4 3 8  ' U  

{ exp[-(aU + 4 3 8  1'1 - exp[ (aTh + 4 3 0  ) t ]> 9 
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+ 4 2 6  % ( 2 3 0 T h j f  0 x 

aRa -k 4 2 6  - aTh - 4 3 0  FTh 

{ exp [-(%h + 4 3 0  ) '1 -exp [ -(aRa + 4 2 6  I t ] }  
+ 4 3 0 4 2 2 6  

FRa ( 238u 1: %h +A30 - 4 3 8  % 
exp[-( + 4 3 8 )  ' 1  -exp[-( + 4 2 6  ) ' 1  

(5.39) 

I + 4 2 6  - @U - 4 2 3 8  

- exp [-( %h + 4 3 0  1'3 - exp [-( + 4 2 6  1'1 ' 

aRa + 4 2 6  - @Th - 4230 

a, =a;, =a,, = o ,  

I 
Note that solutions (5.37), (5.38) and (5.39) collapse to Eqs. (5.18), 
(5.19) and (5.20), respectively, when 

and 
Fu = FTh = FRa . 

The above conditions are satisfied when there is not melting in the closed 
system where melting rate 2 = 0 and there is no elemental partitioning. 

The solutions for the residual melt are the same as those obtained by 
(McKenzie, 1985) for ( 238 U), and ( 230 Th), , and (Williams and Gill, 

1989) for (226Ra)f except that the decay constant of 238U (Aj8) is 

included here. As basalts are considered as extracted melts, the next 
important step is to derive the equations for the extracted melt from the 
solutions for the residual melt. The real difference of this study from 
previous ones starts from this step. The 238U, 23@'l?h and 226Ra activities of 
the extracted melt produced by dynamic melting will be average values 
of the residual melt. An average activity of a nuclide in the extracted 
melt, (0, can be approximately obtained by averaging relative to melting 
time (7) (McKenzie, 1985; Chabaux and J., 1994), 
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(5.40) 

The accurate activity of the nuclide in the extracted melt will be the 
average values of these functions for the residual melt with respect to X ,  
the mass fraction of extracted melt relative to the initial amount 
(Williams and Gill, 1989) 

Another key for the derivation of the equation for (C)  is to accurately 
express X as a function of 4, A? , and t in order to obtain dX/dt in Eq.  

(5.41). X is related to A?e (the melt extraction rate), 4, and t by the 

following relationship (Zou, 1998) 

(5.42) tl [ P f 4 + P S ( W )  
X =I -exp  - M? 

where A?e is related to the melting rate A? by (Zou, 1998) 

(5.43) ' - PS (1-4) 
' e  Pf@+Ps(1-4) ' 
-- 

Combination of Eq. (5.42) with Eq. (5.43) yields 

Differentiation of Eq. (5.44) leads to 

(5.44) 

(5.45) 

By combining Eq. (5.41), Eq. with Eqs. (5.37), (5.38), (5.39), 
respectively, we obtain 
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+ 

(5.48) 
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where 

Quantitative Geochemistry 

(5.49) 

is a function of 4 and fi . (238U)of, (230Th)of , and (226Ru)of are the 

initial activities of 238U, 230Th, and 226Ra in the first drop of the extracted 
melt. It should be emphasized that, when setting all the decay constants 
to be zero, Eqs. (5.46), (5.47), (5.48) reduce to Eq. 14 in Zou (1998) 
which describes trace element concentrations in the extracted melt in the 
context of modal dynamic melting 

[P/@+P, (I-@))b,4+Ps ( 1 - 0 1  }. (5.50) 

The final step is to obtain ready-to-use equations for ( 230 Th/ 238 U)and 

( 226 Ra/ 230 Th). To do so, we need to know the relationship among the 

initial conditions ( 238 U)of , ( 230 Th): , and ( 226 Ru)of in Eqs. (5.46), 

(5.47), (5.48) so as to eventually eliminate these initial conditions from 
the expressions for ( 230 Th/ 238 U )  and ( 226 Ra/ 230 Th). The relationship 

between ( 230 Th)of and ( 238 U)”f is (O’Nions and McKenzie, 1993) 

1 
X 

c = -Co{l- (1- x) 

(230~h)oi/(238u)of = F,,/F, . (5.5 1) 

Similarly, we have 

( 226 Ru): /( 230 Th); = FRO /FTh , (5.52) 

(231Pa)of/(23’U)of = F p u / F u .  (5.53) 

Substituting Eqs. (5.51), (5.52), (5.53) into Eqs. (5.47) and (5.48), 
respectively, we find 

( z30Th)0 9 ( 230Th) = f 

X ( %  + 4 3 8  +@) 

(5.54) 
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(5.55) 
where 

(5.56) c, = ' 2 3 0  

&Th + ' 2 3 0  - &U - '238 ' 

7 (5.58) c3 = ' 230  '226  

(&Th + ' 2 3 0  - - '238 XaRu + ' 226  - - ' 2 3 8  

q h + ' $ 3 0 - a U - 4 3 8 '  

x % +A38 +' c5 = 
( O R ,  + 4 2 6  + ') (aRa + 4 2 6  - @Th - 4 3 0  ) 

(5.60) 
4 3 0 4 2 6  

aJRa - - 4 3 0  + 
@Ro + 4 2 6  - - 4 3 8  

Therefore, ( 230 Th/ 238 U )  and ( 226 Ra/ 230 Th) in the extracted melt are 
given by 
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. (5.62) 

The system of differential equations (5.15) and (5.16) for 238U-230Th 
systematics (rather than that of Eqs. (5.16) and (5.17) for 239h -226Ra 
systematics) is also suitable for 235U-231Pa systematics, therefore, 

where 

(5.64) C6 = '23, 

+ '231 - - '23.3 ' 

A235 and 2231 are decay constants of 23.3U and 231Pa, respectively. Note that 
cI to c7 are functions of 4 and n;l only and they are dimensionless 
because A, 8, and a have the same dimension. Equations (5.61), (5.62) 
and (5.63) are from Zou and Zindler (2000) and are the general equations 
that will be used for modeling here. 

Two limit cases (when T + 0 or T + 00) for (230Th/238U),  
( 226 Ra/ 230 Th) and ( 231 Pa/ 235 (I) can be obtained from the general 
equations (5.61), (5.62) and (5.63). When T + 0 ,  Eqs. (5.61), (5.62) 
and (5.63) become Eqs. (5.51), (5.52) and (5.53), which are the initial 
conditions, respectively. On the other hand, when T + 00, Eqs. (5.61), 
(5.62) and (5.63) are only functions of 4 and and reduce to: 
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(5.67) 

(5.68) 
(23 'Fa)  

( 2 3 5 l J )  m 

5.4. Forward Modeling Results 

The distribution coefficients of the parent and daughter nuclides are 
important in U-series disequilibria. If the parent has a higher distribution 
coefficient than the daughter, its extraction from the matrix is retarded 
and the daughtedparent activity ratio in the melt can be greater than 1 .  
Experiments have shown that Du >DTh for garnet peridotites but 
Du <DTh for spinel peridotites at low pressures. Due to experimental 
difficulties, DR, and Dp, are not directly known but are inferred to be 
very small. Therefore, it is reasonable to assume DTh > D,, and 
Du > Dp, for both garnet peridotites and spinel peridotites. 

From three parameters 4 ,  M and T , we can calculate the fraction of 
extracted melt ( X  ) using Eq. (5.44) and three daughtedparent activity 
ratios using (5.61), (5.62) and (5.63), respectively. In this way, we can 
make activity ratios vs. X plot. At low X , there is greater 
disequilibrium due to a strong component of net elemental fractionation 
of parent and daughter at low degrees of melting. The disequilibrium 
becomes smaller at high X as a result of small net elemental 
fractionation, and the disequilibrium is dominated by the component of 
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in-growth of daughter nuclides. The form of the curves in Figs. 5.3, 5.4 
and 5.5 reflects the transition from the former to the later with increasing 
X . In addition, small porosity and slow melting rate favor high 
( 230 Th/ 238 U ) ,  ( 226 Ra/ 230 Th) and ( 231 Pa/ 235 U )  in magmas (Fig. 5.3, 
5.4, 5 . 3 ,  which is consistent with previous assessment by McKenzie 
(1985) about the effect of melting rate and porosity on (2307'h/238
However, the sensitivity of the daughtedparent activity ratio to the 
variations' of 4 and fi is different for the above three activity ratios. 
Both ( 230 Th/ 238 U )  and ( 231 Pa/ 235 U )  are sensitive to the variations of 

@and n;r (5.3,5.5). In contrast, ( 226 Ra/ 230 Th) is sensitive to @but very 

insensitive t o f i  and, in particular, X (Fig. 5.4). 
Figures 5.3, 5.4 and 5.6 show that the relative magnitude of the 

daughter and parent distribution coefficients actually determines whether 
a correlation is positive or negative between the daughtedparent activity 
ratio and any one of the three parameters (4, , and X ) .  If the 
distribution coefficient of the daughter is smaller than that of its parent, a 
negative correlation is shown between the daughtedparent activity ratio 
and any of the above three parameters. For example, if D, < D, , then 

short melting time, small porosity, and slow melting rate favor the 
generation of high ( 231 Pa/ 235 U )  values, and vice versa. 

Equation (5.67) for (226Ra/230Th)m and Eq. (5.68) for 

( 23' Pa/ 235 U ) -  give the minimum values for ( 226 Ra/ 230 Th) and 

( 231 Pa/ 235 U )  , respectively. As for Eq. (5.66) for ( '''Th/ 238 U)-, it 
gives the minimum values if melting takes place in a garnet peridotite 
source (D,, <D,) and a maximum value for melting of a spinel 
peridotite source (0, < D,,). In addition, Eq. (5.67) for 

( 226 Ra/ 230Th)_ in general gives a value that is very close to the exact 

solution from Eq. (5.62). Equations (5.66) and (5.68) give approximately 
correct daughterlparent activity ratios when the melting time is long or 
when the fraction of the extracted melt is high. According to Figs. 1 and 
2, when X > 4 % ,  the values calculated from Eqs. (5.66) and (5.68) 
would be very close to the exact solution calculated from Eqs. (5.61) and 
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Constant melting rate 
M=2E4 kglrn3/year 

A 

1.0 0.02 0.04 0.06 0.08 0.10 
0.00 

X 

1.34 

1.32 
Constant porosity 
@0.4% 

1.28 

1.26 

-0- Mz4E-4 

rn 

1.14 

1.12 

1.10- 
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, . , ' , , , ' l ' I  

0.00 0.02 0.04 0.06 0.08 0.10 

X 

Fig. 5.4. (A) Variations of (23?h/23sU) as functions of X and 4 at a constant hk (= 
2 ~ 1 0 . ~  kg/m3/year); (B) variation of (230Th/238U) as functions of X and hk for a 
constant 4 (= 0.4%). Source rocks: garnet peridotities. The bulk distribution coefficients 
are DTh = 0.00353 and Du = 0.00583 for garnet peridotites. 
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Quantitative Geochemistry 

Constant melting rate A 
M=2E4 

-.-m-.-.-

1 . 8 1  

-o-o-o----o----o 0 

w 
1.4 

1 . 0 1 ,  I I .  I , ,  , 
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3 Constant porosity B 1 +=0.4% 
2.0 

-A- Mz4E-4 

1.0 
0.00 0.02 0.04 0.06 0.08 0.10 

X 

Fig. 5.5. (A) Variations of (226Ra/23@Th) as functions of X and @ at a constant h? (= 
Z X ~ O - ~  kg/m3/year); (B) variation of (226Ra/23aI”n) as functions of X and M for a 
constant 4 (= 0.4%). The bulk distribution coefficients are D, = 0.00353 and DRa = 
0.0001. 
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1.7: 

1.6 . 

95 

b 

I - I . I ' I ' 1 '  
0 

c: 
m a 
;; 
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2
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2.3 
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Constant &0.4% 0 

i ' l '  I ' i ' l '  I '  
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X 

Fig. 5.6. (A) Variations of (23'Pa/235U) as functions of X and 4 at a constant ni (= 
2 ~ 1 0 . ~  kg/m3/year); (B) variation of (231Pd235U) as functions of X and for a 
constant 4 (= 0.4%). The bulk distribution coefficients are Du = 0.00353 and Dp, = 
0.0005. 
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(5.63), respectively. The characteristic X, after which (5.61) and (5.63) 
return values that are very close to the exact solution depends on the 
choices of distribution coefficients, the melting rate, and the porosity. 
Steady state is not necessarily at infinite melting times and can be 
reached at a characteristic time. 

The values of ( 230 Th/ 238 U ) -  and ( 226 Ra/ 230 Th)_ have been 

frequently used to estimate melting porosity and melting rate. This 
estimate from the simplified equation is applicable when X > X , .  In 
comparison, the pair of ( 231 Pa/ 235 U ) -  and ( 226 Ra/ 230 7%)- have 
seldom been used but have a potential advantage over the frequently 
used pair in that ( 231 Pa/ 235 U ) -  is empirically less sensitive to the types 
of the source rocks (spinel peridotites or garnet peridotites) compared 
with ( 230 7'h/ 238 U ) -  . The disadvantage of using ( 231 Pa/ 235 U ) -  instead 

of (230Th/238U)_ at present lies in the paucity of the data for 

(231 pa/ 235 u)- in literature. 

5.5. Discussions 

5.5.1. The Meanings of melting rate and melt extraction rate 

Although the melting rate M plays an important role in U-series 
modeling, this parameter has not been rigorously defined in literature, 
which may have caused confusion in terms of understanding the melting 
process. Essentially, in order for Eq. (5.30) to satisfy mass balance 
requirements for the dynamic melting model, h' should be defined as 

(5.69) 

where p,(l- 4)(1- X )  is the mass of the residual solid per unit volume. 
Note that M is a scaled parameter relative to the amount of the total 
residue (1 - X ) and has the dimension of mass per unit volume per unit 
time (e.g., kg/m3/year). If we divide fi by the density of the total 
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residue, or, p f @ + p s ( l - @ ) ,  we can obtain a melting rate in per cent (of 

the total residue) per unit time as 

(5.70) 

M '  has a simpler dimension and is easy to understand as compared to 

According to Eq. (5.42), the rate of melt extraction ( & f e )  is 
M .  

7 (5.7 1) 

where [p,@+p,(l-@)](l-X) is the mass of total residue per unit 

volume and & f e  is also a scaled parameter relative to the amount of the 
total residue. The melt extraction rate in percent (of the total residue) per 
unit time can be obtained by dividing &f, by the density of the total 

residue, or, pf @ + p, (1 - @) , we have 

1 d (  [ Pf# + Ps (1 -O](l- x )} M e  =-- 
1-x dt 

. I  1 d(1-X) M =-- I-x dt 
(5.72) 

Comparison of Eq. (5.72) with Eq. (5.71) yields the relationship between 
2 and n;le as 

-- n;r - P s ( l - # )  
M e  P f @ + P s ( l - @ )  ' 

which is Eq. 9 in Zou (1998) obtained from a different approach. 

(5.73) 

5.5.2 U-series modeling and the degree of partial melting 

Equations (5.61), (5.62) and (5.63) express the variation of 
( 230 Th/ 238 U ) ,  ( 226 Ra/ 230 Th), and ( 231 Pa/ 235 U )  in the extracted melt 

as functions of 4, hi , and T (4 a n d k  are implicitly included in the 
melting parameter a) .  One might wonder why some commonly used 
parameters in trace element modeling, such as the degree of partial 
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melting ( f ) or the fraction of extracted melt (X), are not included in 
these equations. This is due to the fact that F and X are also functions of 
4, kl , and T for U-series modeling. The expression for X as a function 
of 4, kl , and T, has been given by Eq. (5.44). And f is related to X by 
(Zou, 1998) 

where @ is the mass porosity and is related to volume porosity (4) by 
f = @ + ( l - O ) X ,  (5.74) 

(5.75) 

For U-series modeling, we have five parameters in 4, kl , T, f and X. 
Since there are two equations (Eqs. (5.44) and (5.74)) to relate these five 
parameters, we have three independent parameters. Theoretically, we can 
express ( 230 Th/ 238 U ), ( 226 Ra/ 230 Th) and ( 231 Pa/ 235 U ) as functions 
of any three of the above five parameters except for the combination of 
4, f and X. For example, we may select 4, j$l , and f as independent 
parameters. By combining Eqs. (5.44) and (5.74), we have 

or 

(5.77) 

Substitution of Eq. (5.77) into Eqs. (5.61), (5.62) and (5.63) lead to the 
formula for ( 230 Th/ 238 U ), ( 226 Ra/ 230 Th) and ( 231 Pa/ 235 0 )  as 

functions of @, h, and f .  However, doing so will make these 

equations unnecessarily complex. In practice, the selection of 4, & , and 
T leads to the simplest formula. 

The physical significance of melting time has not been well handled 
before. Equation (5.77) is in fact the definition of melting time. It can be 
seen from Eq. (5.77) that if f = a, then T = 0 ; and if f + 1,  then 
T + 00. Accordingly, increasing melting time reflects increasing 
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degrees of melting in these time-dependent melting calculations, and the 
scenario of infinite melting time corresponds to total melting. Therefore, 
melting time is the time period for the degree of partial melting increases 
from @ to its final degree of melting at which the measured samples are 
produced. Physically, given a certain melting rate, the low melting times 
represent either simply a small amount of melting at low beta factors, or 
volcanism at the onset of complete rifting. 

5.5.3. Activity ratios in the melt when f <Q, before melt extraction 
starts 

Equations (5.6 l),  (5.62) and (5.63) describe the activity ratios in the 
extracted melt when f > @.  In this section we will discuss the 
behaviors of activity ratios when f I @ . Since there is no extracted 
melt when f 5 @ , we only study the behaviors in the residual melt. We 
will first describe the case when f = @ (or the initial conditions) and 
then the case when f < @ . According to Eq.(5.33), we have 

(5.78) 

Since the effective distribution coefficients for U and Th are 

DZf =Q,+( l -Q , )D , ,  (5.79) 

D;f = 0 + (1 - 0)DTh , (5.80) 

where mass porosity@ is related to volume porosity @ by Eq. (5.75). 
According to equations (5.78), (5.79) and (5.80), we obtain 

F~~ / F, = o;ff 1 o;f . (5.81) 

Substitution of (5.81) into Eq. (5.51) for the initial activity ratio gives 
rise to 

@ + (1 - @)D, 
@ + (1 - @)D, 

(230Th)Ol/(238U)Ol = 0;” /D;; = . (5.82) 

Consequently, the initial ratio ( 230 Th)o, /( 238 U )o, is actually the inverse 

ratio of effective distribution coefficient of Th over that of U. According 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



100 Quantitative Geochemistry 

to Eq. (5.82), the initial ratio whenf = @ is controlled by Du, D T ~  and 
a, and is independent of melting rate. 

As for the other case when f < Q, , melting takes place in a closed 
system, and the melting process is the same as batch melting (Fig. 1.2). 
Replacing @ in Eq. (5.82) by f , we can obtain the equation for f < Q> , 

(5.83) 

Therefore, when f 5 @ , ( 230 Th), /( 238 U), in the residual melt only 

depends on the bulk distribution coefficients of Th and U and the degree 
of melting ( f  ), and is independent of melting rate, which is unlike the 
case when f > 0. 

5.5.4. U-Series modeling versus trace element modeling 

There is fundamental difference between trace element modeling and U- 
series modeling of the extracted melt. Melting rate affects U-series 
systematics but not stable element concentrations. Here we will explore 
this subject quantitatively. According to Eq. (5.50), trace element 
concentration in the extracted melt is a function of 4 and X (or @ and f ) 
and is independent of the melting rate (ni ). Ln comparison, on the basis 
of Eqs. (5.61), (5.62) and (5.63), the activities of U-series nuclides in the 
extracted melt depend on the rate of melting. Although 238U and 235U can 
be treated as stable nuclides for the time scale of melting because of their 
long half lives, we can not treat ( 230 Th), ( 226 Ra) , and ( 231 P a )  the same 
way. This is due to the fact that, unlike 238U and 235U, the decay constants 
for 23?h, 226Ra and 23'Pa are too large to be ignored when compared with 
the melting parameter 

The difference between U-series modeling and trace element 
modeling can also be shown graphically. We take U-Th disequilibrium 
as an example. Figure 5.8A compares the relative extent of U/Th 
fractionation versus ingrowth as a function of melting rate. It can be seen 
that, for a given fraction of extracted melt and a given porosity, 

(see, e.g., Eqs. (5.61), (5.62) and (5.63)). 
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( 230 Th/ 238 U )  strongly depends on the melting rate whereas the source- 
normalized Th/U concentration ratio, [T~/U],IJ[T~IU],~,~, is 
independent of the melting rate and is significantly lower than 
( 230Th/ 238 U ) .  Figure 5.8A can also elucidate an important point that 
could be tied back into existing data sets. For example, Hawaiian basalts 
have a large buoyancy flux (i.e. upwelling rate) and little growth (Cohen 
and O’Nions, 1993; Sims et al., 1995) while MORBs have much lower 
upwelling rates and considerable 23?h ingrowth (e.g., Bourdon et al., 
1996). 

Both net elemental U-Th fractionation and 230Th ingrowth contribute 
to the total U-Th disequilibrium. The total U-Th disequilibrium can be 
expressed as (230Th/238U) - 1,  where (230Th/238U) is calculated from 
Eq. (5.61). Net elemental U-Th fractionation can be expressed as 
[ThIU],lt/[ThIU],o,c,-l, where [Th/U],lt/[Th/U],o,e can be calculated 
from Eq. (5.50). Consequently, the 2 3 9 h  ingrowth can be expressed as: 

(230Th/238u) - [Th/u]m,, IITh/u]s,urc, . 

The relative contribution from net elemental U-Th fractionation to the 
total U-Th disequilibrium can be quantified as 

(5.84) 

The relative contribution of 230Th ingrowth to total U-Th disequilibrium 
is thus 

. (5.85) ( 230Th/238U) - [Th/U],,, U]s,,urce 1- K =  
(230Th/238u) - 1 

The relative contribution from net elemental U-Th fractionation, K ,  
strongly depends on the melting rate and its magnitude is usually 
significantly less than 1 (Fig. 5.8B). Net elemental U-Th fractionation is 
significant only when the melting rate is large. 

It should be pointed out that K is also strongly dependent on the 
decay constant of the daughter nuclide. The larger the decay constant of 
the daughter isotope (i.e., the shorter its half life), the smaller the K .  
This is one of the reasons why 230Th-226Ra and 235U-231Pa disequilibria 
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1.05 - 

1.00 

Quantitative Geochemistry 

~.~.0-0-0-0-0-0-0-0-0-0 

A 

-0- Source-normalized Th/U 

i ' l ' i ' i ' l ' l ' l ' i '  
0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014 

Melting Rate 

Fig. 5.8. (A) Variation of (23@I'h/238U) in the extracted melt as a function of n;r 
(kg/m3/year) for a fixed @ (0.3%) and X (2.4%) produced by melting of a garnet 
peridotjte source. The source-normalized Th/U represents the Th/U ratio in the extracted 
melt normalized to its source Th/U ratio and is calculated using Eq. (5.50) for stable 
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elements. (23@IW238U) decreases as the melting rate increases, in contrast, 

[TWU],,,/[TWU],,,,, is independent of the rate of melting and is significantly smaller 
than (23@IW238U). (B) The relative contribution of net elemental U-Th fractionation to the 
total 23%-238U disequilibrium as a function of melting rate for a fixed @ (0.3%) and X 
(2.4%). The bulk distribution coefficients are D ,  = 0.00353 and Du = 0.00583 for garnet 
peridotites. 

are more pronounced than 238U-230Th disequilibrium in young lavas. For 
example, mid-ocean ridge basalts often have (231Pa/235U) about 2.5 but 
have (23?h/238U) less than 1.40. 

Since K is usually significantly less than 1, we cannot use the 
equations for trace element fractionation to model ( 230 Th), ( 226 Ru) , 
( 231 Pa), ('"Th/ 238 U ) ,  ( 226Ra/ 230Th), or ( 231 Pu/ 235 U )  by assuming 
that net elemental fractionation alone is responsible for the U-series 
disequilibria. Otherwise, the inferred degree of partial melting to produce 
basalts based on elemental fractionation alone would be unrealistically 
too small. 

5.6. Chromatographic Melt Transport 

The dynamic melting model emphasizes the variation of concentration 
with time ( d c / d t  ) but ignores the change of concentration with spatial 
position (dc/dz ), where z is the depth in a one-dimensional melting 
column. In contrast, the steady-state chromatographic melt transport 
model takes into account dc / dz but assumes dc / dt = 0 (steady-state). 
The two models also differ in the extents of chemical equilibration after 
melt extraction. The dynamic melting model assumes no re-equilibration 
of extracted melt with the matrix during melt migration to the surface, 
whereas chromatographic transport model assumes instant re-equilibrium 
with matrix throughout the transport process. 

According to Spiegelman and Elliott (1 993), the consequences of 
melt transport through a steady-state ( dci / dt = 0 ). one-dimensional 
melting column on the concentration of radioacitive isotopes can be 
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separated from batch melting by expressing the concentration of an 
element as: 

(5.86) 

ci is the melt concentration divided by the initial source concentration, 
chi is the concentration of a stable element due to batch melting divided 
by the initial source concentration and ai is the enrichment factor due to 
melt transport over batch melting: 

(5.87) 

(note there is a typographical error in Eq. 13 of Spiegelman and Elliott 
(1993) for cbi ) 

In a one-dimensional steady-state melting column, the variation of the 
enrichment factor ai with depth due to melt transport is given by 
Spiegelman and Elliott (1 993) (after correction of another typographical 
error in their Eq. 15) 

where 

Let 

we have 

z = h/wC,, , 

(5.88) 

(5.89) 

(5.90) 

(5.91) 

For the decay chain 238U-230Th-226Ra, we have 
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(5.92) 

(5.93) 

(5.94) 

where subscripts 0, 1 and 2 denote 238U, 230Th, 226Ra , respectively. The 
analytical solutions to Eqs. (5.92), (5.93) and (5.94) are given by (Sims 
et al., 1999) 

(5.95) 

= , (5.96) 

a 
0 -  oe ’ 

+ 

(5.97) 

Equations (5.93, (5.96) and (5.97) are suitable for constant critical 
melting porosity. In a one dimensional steady state melting column as a 
result of decompression melting, the porosity may increase from the 
bottom to the top of the column. If melting porosities change as a 
function of the spatial position, the related differential equations need to 
be solved numerically. More details of various melt transport models by 
porous flow have been given by Spiegelman and Elliott (1 993), Iwamori, 
(1994), and Lundstrom (2000). 
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5.7. Summary of Equations 

1) In-situ decay, no initial daughter nuclides, no melting (Bateman 
Equation) 

3) Dynamic melting with initial secular equilibrium 

For the instantaneous melt, the activities are given by (5.37), (5.38) and 
(5.39). For the extracted melt, the activity ratios are provided by (5.61), 
(5.62) and (5.63). At high degree of melting, the equations for activity 
ratios can be simplified as: 

2 )  I n - s i t u  d e c a y ,  w i t h  i n i t i a l  d a u g h t e r  n u c l i d e s ,  n o  m e l t i u n g
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4) Melt transport with initial secular equilibrium 

For melt as porous flow, the enrichment factors due to melt transport 
over batch melting at variable depths in a one dimensional melting 
column are given by (5.93, (5.96) and (5.97). 
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Chapter 6 

Crystallization, Assimilation, Mixing 

Conservation of 
total mass 
Conservation of 
mass for the 
element 

6.1. Crystallization 

Initial magma Remaining Solid 
magma 

M ,  FMO (1 - F ) M ,  

CoMo CLMOF c, (1 - O M ,  
- 

Although crystallization can be roughly regarded as an inverse process of 
partial melting, there is some difference. The solid source for partial 
melting is often a mineralogically heterogeneous whereas the initial 
magma for crystallization is much more homogeneous. For the process 
of crystallization, define F as the fraction of initial magma left after 
fractional crystallization. Note that the meaning of F for crystallization 
is very different from that for partial melting. The conservation of the 
total mass and the mass for an element can be summarized in Table 6.1. 

Table 6.1. Mass balance for crystallization. 

The balance of the total mass gives 
M , + M , = M , ,  

109 
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110 Quantitative Geochemistry 

where M ,  is the mass of the remaining magma, M ,  the mass of the 
solid crystallized, and M ,  is the mass of the initial magma. 

M , = F M , ,  (6.2) 

(6.3) M ,  = ( 1  - F ) M , .  

m,+m, = m , ,  (6.4) 

The mass conservation for a trace element requires 

where m, , m, and m, are the mass of the remaining magma, the solid 
crystallized, and the initial magma, respectively. Thus we have 

m, = CLML, (6.5) 

m, = C , M , ,  (6.6) 

mo = COM, 9 (6.7) 

- 

where C, ,  c, , and Co are the concentrations of a trace element in the 
remaining magma, the solid crystallized, and the initial magma. 
Combination of Eqs. (6.2) to (6.7) results in 

C, F + C,(l- F ) = Co . (6.8) 
Equation (6.8) is a fundamental equation for crystallization. D can 
remain constant or change with F .  This fundamental equation for 
fractional melting is a differential equation whereas that for batch 
melting is an algebraic equation. If D changes, it is more difficult to 
derive the equations for fractional melting than batch melting owing to 
the necessity of solving differential equations for fractional melting. 

6.1.1. Fractional crystallization 

In many cases, because the crystallizing minerals often have different 
densities from the magma, the crystals can separate from the magma, 
which is the scenario for fractional crystallization. 
Differentiation of Eq. (6.8) gives 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Crystallization, Assimilation, Mixing 1 1 1  

d (C,F) + d[C,(l- F ) ]  = 0.  (6.9) 

The magma is in equilibrium with the instantaneous crystal, or, the last 
crystal of the formed solid, by the following relationship 

Ci =C,D. (6.10) 

Note that the remaining magma is in equilibrium with instantaneous 
crystal, rather than the accumulated crystals that have separated from the 
magma. The concentration in the instantaneous crystal is related to the 
concentration in the accumulated fractionated crystals by 

C' = (6.1 1) 
d [c,(1 - F ) ]  

d(1-F) ' 

Combination of (6.10) and (6.1 1) yields 

d [C,(1- F ) ]  = DC,d(l- F )  . 

Combination of Eq. (6.9) with Eq. (6.12) gives 

d ( C L F )  + DCLd(l- F )  = 0.  

Using the chain rule, we have 

FdC, + CLdF - DCLdF = 0 .  

Rewriting Eq. (6.14), we obtain 

dC dF -=(D-l)- 
CL FL 

(6.12) 

(6.13) 

(6.14) 

(6.15) 

Note that, in the course of the derivation of Eq. (6.15), D is necessary to 
be a constant. 

6.1.1.1. Constant D 

Assuming constant D ,  the solution to Eq. (6.15) with initial magma 
condition C, is 

c, =coFD-'. (6.16) 
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112 Quantitative Geochemistry 

This is the well-known Rayleigh fractionation law; it is applicable to 
geological systems only when the bulk partition coefficients remain 
constant throughout fractional crystallization. 

6.1. I .  2. Linear D 

If the bulk partition coefficient linearly varies with the percent of the 
remaining magma ( F  ): 

D = D, +bF , (6.17) 

then Eq. (6.15) becomes (Greenland, 1970) 
- = ( D o  dC +bF-l)-. dF 

CL FL 
(6.18) 

The solution to Eq. (6.18) with initial condition CE = C, is (Greenland, 
1970) 

CL = C, exp [ ( D, - 1)LnF + b( F - l)] . (6.19) 

Note that when b = 0, Eq. (6.19) for linear D collapses to Eq. (6.16) for 
constant D . 

6.1.2. Equilibrium crystallization 

When the crystallized crystals always stay with the magma and reach 
chemical equilibrium, the compositions of the crystals are related to the 
composition of the melt by the bulk partition coefficient, 

- 
C, = DCL . (6.20) 

Substitution of Eq. (6.20) into Eq. (6.8) gives 

CLF + DCL(1- F )  = C,  . (6.21) 

The concentration in the remaining magma is 

CL = c, 
F + D(l - F )  

(6.22) 
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6.2. Assimilation-fractional Crystallization 

During fractional crystallization, the country rocks may assimilate the 
crystallizing magmas (DePaolo, 1981; O'Hara, 1998). This process is 
called assimilation-fractional crystallization (AFC) (DePaolo, 198 1). The 
conservation of mass for a trace element requires 

dm, +dm, +dm, = 0 ,  (6.23) 

m,, and m, are the masses of the trace element in the 
in the solid, and in the assimilating country rock, 

m, = C,M,, (6.24) 

m, = C,M, 3 (6.25) 

ma =CaMar (6.26) 

where C, , C,y and C, are the concentrations in the magma, in the solid, 
and in the assimilating rock, respectively, and M ,  , M ,  and Mu are the 
total masses of the magma, in the solid, and in the assimilating rock, 
respectively. Substitution of (6.24), (6.25) and (6.26) into Eq. (6.23) 
results in 

d(C,M,) + d ( C , M J )  + d(C,M,) = 0. (6.27) 

The concentration of the latest formed crystal d ( r M , ) / d M ,  is in 
chemical equilibrium with the magma composition ( C, ) 

where m, , 
remaining magma, 
respectively. Since 

- 

- 

or 

d ( K M , )  = DC,dM, . 

(6.28) 

(6.29) 

Substitution of Eq. (6.29) into Eq. (6.27) gives rise to 

M,dC,+C,dM,+DC,dM,y +d(C,M,)=O. (6.30) 

Assuming constant C, , we have 
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d(CaMa 1 = Cad(Ma 1 3 (6.3 1 )  

and Eq. (6.30) reduces to 
M,dC, + C,dM, + DC,dM, + CadMa = 0 .  (6.32) 

Since 
M , = M , F ,  

we have 
d M ,  =M,dF 

(6.33) 

(6.34) 

(6.35) 

and substituting Eqs. (6.33) and (6.35) into the following mass balance 
equation: 

M , + M , O = M , + M , + M , ,  (6.36) 

we obtain 

(6.37) 

(6.38) r M u  = M o - -  Mo(l- F )  . 
a I - r  

Differentiation of Eq. (6.37) gives 
-M 
1-r 

d M ,  = d d F  

Differentiation of Eq. (6.38) yields 

rM 
1-r 

dM,  = o d F .  

(6.39) 

(6.40) 

Substitution of Eqs. (6.33), (6.34), (6.39) and (6.40) into Eq. (6.32) 
finally results in 

rM 
FM,dC, + C,M,dF - DC, %dF + C, O d F  = 0 3 (6.41) 

1-r 1-r 
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or 

1-r 
1-r-D [ 1-r 

FdC, + 

The solution to Eq. (6.42) is 

(6.42) 

which is equivalent of Eq. 6a in DePaolo (1981). Note that when r = 0, 
Eq. (6.43) collapses to the well-known Rayleigh fractionation law Eq. 
(6.16). A more complex model to take account of not only mass balance 
but also energy balance during the AFC processes is documented in 
Spera and Bohrson (2001). 

6.3. Two-component Mixing 

6.3.1. Derivation 

Here we try to derive the equation to link two measured ratios ( u / a  and 
v / b )  in a mixture of two components (1  and 2). u /a  and v/b can be 
any concentration ratios, e.g., LdSm, U/Th, or isotope ratios, e.g., 
87Sr/86Sr, 206Pb/204Pb. The ratio u /a  in a two-component mixture is given 

by 

(6.44) 

where f i  is the mass proportion of component one and (1 - f i  ) is thus 
the proportion of component 2 in the mixture. 
For component 1, we have 

u1 

a1 
y1=-, (6.45) 

and for component 2, we have 
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y2=- .  UZ (6.46) 

Substitution of (6.45) and (6.46) into Eq. (6.44) to eliminate numerators 
u1 and u2 gives rise to 

a2 

(6.47) 

Rewriting Eq. (6.47), we have 

f l =  -%Ym +%Yz (6.48) 

Similarly, a different ratio ( v l b )  in the same two-component mixture is 
given by 

(a1 - a z ) Y m  -u,Y~ + a 2 ~ 2  

The v l b  ratio in component 1 is 

V1 x , = - - ,  
4 

and v l b  ratio in component 2 is 

(6.49) 

(6.50) 

(6.5 1) 

Substitution of (6.50) and (6.51) into Eq. (6.49) to eliminate numerators 
vI and v2 leads to 

(6.52) 

Equation (6.52) can be re-expressed as 

Combination of (6.48) with Eq. (6.53) yields 
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Rewriting Eq. (6.54), we find 

(6.55) (a2b1~2 -a1‘2~1)xrn + (‘1’2 - ~ & ) x r n y m  

+(a2’1~1 -a,b2~2)~m + (qb2x2~1 -a2blxly,) =O, 

which is a hyperbola with 

Ax, +Bx,ym +Cy, +D=O,  (6.56) 

where 

A=a,b,y2 -a,b2y19 (6.57) 

B=alb2-a2b, ,  (6.58) 

C = a2blxl - u,b2x2, (6.59) 

D = alb2X2Yl - a,blxlY,. (6.60) 

Equation (6.55) is identical to Eq. 11 in Vollmer (1976) and Eq. 2 in 
Langmuir et al. (1978). The mixing curve resulting from this equation is 
a hyperbola whose curvature is controlled by the B coefficient. 

6.3.2. Analysis of the two-component mixing equation 

It is clear from Eq. (6.56) that the value of B controls the behaviors of 
the equation (Langmuir et al., 1978). 
When B = alb2 - a2b, = 0 ,  Eq. (6.56) reduces to 

Ax,+Cy,+D=O, 

which is a straight line in the ym vs. x, plot. When B # 0, Eq. (6.56) is 
a hyperbola. 
1)  For ratio vs. ratio plot, it is a hyperbola unless 

(6.61) 

Figure 6.1 gives an example of a mixing hyperbola in a ratio vs. ratio 

Define 
plot. 
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118 Quantitative Geochemistry 

r = -  a1b2 - -- a, 1 4  (6.62) 

and the numerical value of r is a function of the extent of the curvature 
between two points and of the overall curvature of the hyperbolic curve 
(Langmuir et al., 1978). If r = 1 , then the mixing curve is a straight line. 
If r f 1,  the sense of the hyperbolic curvature (concave up or concave 
down) depends on the relative concentrations of a and b in the end 
members. As r progressively greater than or less than 1, the hyperbolic 
form of the function becomes more pronounced (Langmuir et al., 1978). 
Figure 6.2 shows the variation of the extent of the curvature as a function 
of r .  
2) For ratio vs. concentration plot, b, = b2 = 1 and B = a, - a2, it is also a 
hyperbola unless 

a2b a2 /b ,  ' 

a, = a 2 .  

3) For element vs. element plot, a, = a2 = b, = b2 = 1, and thus B = 0, it is 
a straight line. 
The principle of two-component mixing can be applied to isotope 
geochemistry. 
For 143Nd'44Nd vs. 87Sr/s6Sr plot, we have 

a, =(I4Nd),, a2=(IMNd), ,  

b, = ( 86Sr), , b2 = ( 86Sr)2. 

Since normally 

or 

thus two component-mixing does not yield a straight line in the 
'43Nd/144Nd vs. 87Sr/86Sr plot unless the two components have the same 
NdSr  ratios. 
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1 Component 1 

119 

4.0 

10% 

, 20% < 2.5- 

,70% 
m\8f” 90% 100% 

.
Component 2 

1.0 I I 1 I 1 
0 2 4 6 8 10 

1.5 

3.5 

, 20% 

,70% 

Component 2 
1.0 

0 2 4 6 8 10 

vlb 

Fig. 6.1. A two-component mixing curve. 

lo 

Component 2 
0 1 ,  I I 1 1  1 .  I I ’ 
0 2 4 6 8 10 

vlb 

Fig. 6.2. Two-component mixing curves with different r . 

C o m p o n e n t  1
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120 Quantitative Geochemistry 

For 143Nd/'44Nd vs. 206pb/204Pb plot, we have 

a, = (IaNd), , a2 = (IGNd), , 

bl = ( 204Pb)l , b2 = ( 204Pb)2. 

Since normally 

( I4Nd), ( '04Pb), 
(144Nd)2 (2MPb)2 ' 

or 

thus, the two-component mixing does not generate a straight line in the 
'43Nd/'44Nd vs. 206Pb/204Pb plot. 
For 206Pb/204Pb vs. 207Pb/204Pb plot 

a, = ( 204Pb)l , u2 = ( 204Pb)2, 

bl = ( 204Pb)l , b2 = ( 204Pb)2. 

Since 

a1- b 1 -  (204Pb)l 
a2 b2 ( 2 0 4 ~ b ) 2  ' 

the two-component mixing always generates a straight line in the 
206pb/204Pb vs. 207Pb/204Pb plot. This is also true for 206Pb/204Pb vs. 
208Pb/204Pb plot. 
We already know that 87Sr/86Sr vs. Sr is normally not straight line. But 
87Sr/86Sr vs. 1/Sr plot is a straight line for two component mixing. For the 

Sr/%r vs. 1/Sr plot, we have 87 

86 a, = ( Sr), , u2 = ( 8 6 ~ r ) 2 ,  

bl = (Sr) ,  , b2 = (Sr),  . 
Thus 
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Since 

we have 

Therefore, in the x7Sr/s6Sr vs. l/Sr, the plots fall in a straight line. 

6.4. Summary of Equations 

1) Crystallization 

Fractional crystallization 
Constant D : 

C, = CoFD-'. 

Linear D : 
C, = C, exp[ (0, - 1)LnF + b ( ~  - I)] . 

Equilibrium crystallization 
0 

L O  c, = 
F +D(I - F )  
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2)  Assimilation- factional crystallization 

3)  Two component mixing 

Ax,+Bx,,,y,+Cy,,,+D=O, 

where 

A = a24 Y2 - a1bzY1 7 

B = alb2 -a2b,, 

C = a,blxl - ulb2x2, 

D = ~ I b , X * Y ,  -a*bP,Y2. 

The mixing curve is a hyperbola for ratio vs. ratio plot, unless B = 0 ,  that 
is, a l / a 2  = b l / b 2 .  

References 

DePaolo, D.J., 1981. Trace element and isotopic effects of combined wallrock 
assimilation and fractional crystallization. Earth Planet. SCi. Lett., 1981: 189- 
202. 

Greenland, L.P., 1970. An equation for trace element distribution during magmatic 
crystallization. Am. Mineral., 55: 455-465. 

Langmuir, C.H., Vocke, R.D., Jr. and Hanson, G.N., 1978. A general mixing equition 
with applications to Icelandic basalts. Earth Planet. Sci. Lett., 37: 380-392. 

OHara, M.J., 1998. Volcanic plumbing and the space problem-Thermal and geochemical 
consequences of large-scale assimilation in ocean island development. J. 
Petrol., 39: 1077-1089. 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Crystallization, Assimilation, Mixing 123 

Spera, F.J. and Bohrson, W.A., 2001. Energy-constrained open-system magmatic 
processes I: general model and energy-constrained assimilation and fractional 
crystallization (EC-AFC) formulation. J. Petrol., 42: 999-1018. 

Vollmer, R., 1976. Rb-Sr and U-Th-Pb systematics of alkaline rocks: the alkaline rocks 
from Italy. Geochim. Cosmochim. Acta, 40  283-295. 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Chapter 7 

Inverse Geochemical Modeling 

Chapters 1-6 present forward modeling of the behaviors of trace 
elements and isotopes during geological processes. In this chapter, we 
focus on inverse geochemical modeling. For forward modeling, we may 
build complex models by adding more parameters into simples ones. We 
may evaluate the effects of these additional parameters by comparing the 
complex models with simple ones. For inverse modeling, we try to use 
relatively simple models to reduce the number of parameters for 
inversion. Inverse modeling is useful in geochemistry because 
geochemical investigation often involves deciphering information from 
the measured elemental abundances and isotope compositions (Allegre 
and Minster, 1978; Frey et al., 1978; Minster and Allegre, 1978; 
Hofmann and Feigenson, 1983; McKenzie and ONions, 1991; Maaloe, 
1994; Zou and Zindler, 1996; Class and Goldstein, 1997). 

7.1. Batch Melting Inversion of Melt Compositions 

Problem. Demonstrate low-degree ( 4 )/high-degree ( F2 ) concentration 
ratio ( Q )  of the same element decreases with increasing partition 
coefficients (0,) during modal batch melting. 
During batch melting, the concentration in the melt (C,) is given by 

(7.1) - CO c, = CO - 
D,+F(l-D,) F+D, ( l -F ) ’  

where C, is the source composition, F is the degree of partial melting, 
D, is the initial bulk partition coefficient. 

124 
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For batch melting, the low-degreehigh degree concentration ratio is 
given by 

where 4 < F2.  
By differentiating 

Q=L= C F 2 +D0(l -F2)  
c, F,+Do(l-F,) ’ 

Q with respect to Do,  we find the first derivative 

(7.2) 

(7.3) 

Since F, < F 2 ,  we have aQ/aD < O .  Therefore, Q decreases with 
increasing D . 

-- aQ - ( 4  -6 )  
aD0 [ F ,  +(l-F,)D,IZ . 

7.1.1. Concentration ratio method 

Assuming eutectic batch melting, the variation in concentration of a trace 
element of the melt, C, , is given by (Shaw, 1970): 

c, = CO 
D, + F ( l -  P )  ’ (7.4) 

where C, is the concentration of the source, D the distribution 
coefficient, F the partial melting degree, and P a constant determined 
by the mineral proportions in the melt. 
For element a (highly incompatible) and b (not-so-highly incompatible), 
their concentrations in the melt C, and C, are given by: 

c, = 
0, + F (1  - Pu ) ’ 

c, = ch” 
D , + F ( l - P , )  

(7.5) 

Let the degree of partial melting increase from stage 1 to stage 2. Using 
Eq. (7.5) for two different degrees of partial melting, F, and F,, the 
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low- F high- F enrichment ratio Qa of the highly incompatible elements 
is given by: 

Similarly, using Eq. (7.6) the enrichment ratio Qb for the less 
incompatible element is defined by: 

The above 
F2 can be 

equations (7.7) to (7.8) are all from Maaloe (1994). 4 and 
obtained from the system of Eqs (7.7) to (7.8) by makingf- 

Qb diagrams (see, p. 2520, Maaloe, 1994 ). Since the F - Qb diagram is 
very specific (e.g., each diagram only applies for each Qa value) and the 
system is analytical, we prefer explicit solutions and provide them as 
follows (Zou and Zindler, 1996): 

(7.10) 

The calculated F, and F2 for batch melting may yield fairly reliable 
results for primary magmas formed at low degrees of partial melting 
(Maaloe, 1994). 
Note that if the mineravmelt partition coefficient changes in the course 
of melting, then we cannot obtain linear equations for Q, and Qb . 

7.1.2. Linear regression method 

The linear regression method, also called source ratio method, only 
works for batch melting, because the equations for fractional melting or 
dynamic melting cannot be expressed as linear equations. Assuming 
batch melting, the following linear equation can be derived (Treuil and 
Joron, 1975; Minster and Allegre, 1978): 
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1-8  c, (I-P,)C,o G = [ D b - - D a ] - +  1-p, c," (l-%)c;' (7.11) 
Cb 

From the Ca/Cb - C a  diagrams, the values of the slope (S) and the 
intercept ( I  ) can be obtained from Eq. (7.1 1): 

I =  (l- 'b cf 
(l-P,)C,O . 

At Ca = 0, if Pa and Pb are small or of similar value, then 

(7.12) 

(7.13) 

(7.14) 

In this way we obtained the approximate source concentration ratio I, and 
then the degree of partial melting can be calculated. From Eqs. (7.5) and 
(7.6), the required equation is obtained as follows: 

Let 

based on (7.15) and (7.16), we get 
RD, -ID, 

F =  
I (1 - Pb ) - R (1 - P, ) 

(7.15) 

(7.16) 

(7.17) 
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Equations (7.1 1) to (7.17) are the source ratio method of Treuil and Joron 
(1975) and Minster and AlBgre (1978). The approach may be affected by 
the approximation at Eq. (7.14) and especially the uncertainty of the 
intercept I and S . In the C, / C b  vs. C, diagrams, the plots sometimes 
constitute a poor linear relationship (Clague and Frey, 1982; Giannetti 
and Ellam, 1994), in part because the trace element concentration 
deviates from the batch melting model. This may result in large errors in 
the intercept value I and S . 
For a highly incompatible element, a, assuming 0, = Po = 0 ,  from Eqs. 
(7.12) and (7.13), we have: 

(7.18) S = -  Db 

cb” ’ 

and Eq. (7.11) becomes 
C -_  a - C , S + I ,  
‘b 

(7.19) 

(7.20) 

this is, S and I are the slope and intercept of the straight line described 
by Eq. (7.20). 
By rearranging Eq. (7.19), we obtain 

co 1 - 4  
c,o I ’ 
-_  b -- 

By rearranging Eqs (7.19) and (7.20), we have 

(7.21) 

(7.22) 

Equations (7.18) to (7.22) are all from Hofmann and Feigenson (1983). 
The system does not obtain absolute source concentrations and partial 
melting degrees, but can give the source concentrations and distribution 
coefficients relative to the source concentration of element a. 
Cebrih and L6pez-Ruiz (1995) proposed a method to calculate mantle 
source concentrations, bulk distribution coefficients ( D ) and constant 
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P .  They combined three Eqs. (7.6), (7.12) and (7.13) to calculate three 
unknowns of ci , Db, and pb for different elements after estimating F , 

c o ,  Da, and Pa. The advantage of the method of Cebrii and L6pez-Ruiz 
(1995) is that it embodies fewer assumptions about the mineralogical 
propositions of the mantle and is independent of the choice of D values 
for minerals. However, the results of c i ,  Db, and P b  depend on the 

accuracy of F and c," . The F and c: values were estimated by setting 
Da = Pa = 0, and assuming a source element concentration in the mantle 
with narrow limits (e.g., Yb and Lu). They established the following 
system of equations (Cebria and Lopez-Ruiz, 1995): 

c =-) c," (7.23) 

0 

" F  
/.O 
LYb c, = 

D,+F(I-P,)' 
(7.24) 

and 

(7.26) 

The c i  value is assumed to be known and ca, c,,, S and I can be 

measured. The four unknowns (c," , F , D,,, and P,,) can be obtained 
from the system of four equations [(7.23) to (7.26)]. It is evident that the 
obtained c," and F depend on the accuracy of c i  in the mantle and S 

and I values. Although the c i  value in the mantle varies within a narrow 
range, the range of 2-4+the chondritic values (Frey, 1984; McDonough 
and Frey, 1989) may still affect the accuracy of the c," and F values, 

which eventually may affect the calculated ct  , Db, and Pb values. The 
calculated F values may not as realistic as those by the concentration 
ratio method for batch melting or by the equations presented here. 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



130 Quantitative Geochemistry 

7.2. Dynamic Melting Inversion of Melt Compositions 

Problem. Demonstrate that low-degreehigh-degree concentration ratio 
during dynamic melting is also inversely related to the bulk partition 
coefficients. 
The low-degreehigh-degree concentration ratio in the extracted melt is 

Differentiation of Q with respect to D gives 

-- aQ _ _  QXIX2 X 
all b2[0+( l -@)l ly  

Since aQ/aD is always negative, then Q increases with decreasing D 
(more incompatible). 

Batch melting equations with constant mineravmelt K' can be 
expressed as linear equations. In contrast, the dynamic melting equations 
do not display linear relationships. Therefore, the linear regression 
method cannot be used for dynamic melting. But we can use 
concentration ratio method to calculate the source concentrations and the 
degree of partial melting during dynamic melting. 

The concentration of a trace element in the extracted dynamic melt is 
(Zou, 1998) 

&I. c=-c, 1-(1-x)  
X l [  

(7.29) 

where C, is the initial concentration of the element in the source, 11 is 
the bulk distribution coefficient, X is the mass fraction of liquid 
extracted relative to the initial solid, 0 is the mass porosity of the residue 
and is related to the volume porosity Q by the following relationship 
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(7.30) 

where pf is the density of melt (-2.8g/cm3 for basaltic melt) and ps is 
the density of solid matrix (-3.3 g/cm3 for peridotite). 
The enrichment ratio Q for the highly incompatible element (e.g., Th, 
Rb, P, and Ba) is 

@ =  pf 4 
Pf 4 + m- 4) ' 

l/[@+(l-@)D,] 

l/[@+(l-@)D,] . (7.3 1)  

Similarly, for the less incompatible element (e.g., rare earth elements 
(REE)), 

11[@+(1-@)Db] c; x, 1-(l--X1) Q --=- "c; XI 1-(I-X,) l/[@+(l-@)h] 
(7.32) 

Equations (7.31) and (7.32) are from Zou and Zindler (1996) and Zou et 
al. (2000). We select both highly incompatible and not-so-highly 
incompatible elements because they have large but different enrichment 
ratios (Q  ) in magmas formed at different degrees of partial melting. The 
important feature of Q, and Qb is that both of them are independent of 
the source concentration ( Co). Equations (7.31) and (7.32) constitute a 
set of nonlinear equations. They have only two unknowns, X, and X , ,  
and can be solved by Newton-Raphson's method for non-linear system 
of equations (see Appendix 7A). The calculated F, and F2 from the 
concentration method for batch melting using Eqs. (7.9) and (7.10) can 
be used as a good initial guess for the numerical solution of the system of 
Eqs. (7.31) and (7.32) for dynamic melting. After obtaining X, and X, , 
the partial melting degree can be calculated by: 

F = @ + ( l - @ ) X ,  (7.33) 

where the first term and the second term in Eq. (7.33) represent the mass 
fraction of residual liquid and extracted liquid, respectively. 
The source concentrations can be calculated by: 
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- cx c, = 
l-(l-x)G ’ 

(7.34) 

where 
I G =  

a) + (1 - @)Do 
(7.35) 

Example. Calculate the partial melting degrees and mantle source 
compositions for the two co-genetic basalts HS2-2 and HN6-1 from 
Wudalianchi, northeast China, using the dynamic melting inversion (Zou 
et al., 2003). The mantle critical melting porosity is constrained by U-Th 
disequilibrium as $=0.4%. The trace element concentrations for the two 
co-genetic basalts HS2-2 and HN 6-1 and the bulk partition coefficients 
(D) are listed in Table 7.1 

Table 7.1. The compositions of two co-genetic basalts. 

Elements D HS2-2 (ppm) HN6-1 (pprn) 

La 0.0021 111.9 80.1 

Nd 0.0095 80.0 59.4 

Sm 0.0180 13.9 10.7 

Eu 0.0228 3.75 2.93 

Gd 0.0279 9.81 7.84 

Tb 0.0330 1.19 0.97 

For dynamic partial melting inversion, the highly incompatible 
element has bulk partition coefficient D, about 0.001, and the ideal Db 
for the less-so-highly incompatible element would be between 0.01 and 
0.1 so that Qb is different enough from Qa and from 1.0. Thus, La is 
suitable for D,, and Nd, Sm, Eu, Gd, and Tb are suitable for Db. As can 
be seen from Table 7.2, the low-degreehigh-degree Q values decrease 
from La (1.397) to Tb (1.227), which satisfies the requirement for 
inversion. 

The La concentration ratio (HS2-2/HN6-1) is taken as Qa. and the Sm 
concentration ratio is used to derive Qb for this pair: 
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Qa= Q b =  11 1.9B0.1 = 1.397, 

&= Qs,= 13.9/10.7= 1.299. 
Using these concentration ratios and @0.4%, and solving the system of 
Eqns. (7.31) and (7.32), we obtain XI = 4.54% for HS2-2 and X2 = 6.34% 
for HN6-1. Substituting these values into Eq. (7.33), we have 4 = 4.86% 
for HS2-2 and F2= 6.65% for HN6-1. Similarly, using the La 
concentration ratio for Qa, but Nd, Eu, Gd, or Tb (instead of Sm) to 
obtain Q b ,  four additional sets of F1 and F2 can be obtained. Averaging all 
the obtained values yields XI = 4.62%, F,= 5.00% for HS2-2, X2= 6.48%, 
and F2 = 6.85% for HN6-1. Substituting these average values for XI or X2 
into Eq. (7.34), we can calculate the source concentrations (Co) for other 
elements La, Nd, Sm, Eu, Gd, and Tb, respectively (Table 7.2). The 
results from dynamic melting inversion clearly demonstrate 4 to 7% 
partial melting of a mantle source that was enriched in light rare earth 
elements. 

Table 7.2. The inversion results of the partial melting degrees and source compositions. 

D HS2-2 HN6-1 Q F,(%) F2(%0) CO (COIN 

La 0.0021 111.9 80.1 1.397 5.17 21.9 

Nd 0.0095 80.0 59.4 1.347 4.07 5.56 3.81 8.3 

Sm 0.0180 13.9 10.7 1.299 4.86 6.65 0.73 4.9 

Eu 0.0228 3.75 2.93 1.280 5.29 7.26 0.21 3.7 
Gd 0.0279 9.81 7.84 1.251 5.35 7.35 0.59 3.0 

Tb 0.0330 1.19 0.97 1.227 5.42 7.44 0.076 2.1 

Ave. 5.00 6.85 
REE abundances for CI chondrites to normalize source concentration C, are from (Anders 
and Ebihara, 1982) 

7.3. U-Th Disequilibrium Inversion of Melt Compositions 

According to Chapter 4, when the degree of partial melting F is not too 
small, and melting time T is large, the U-Th disequilibrium may be 
described by the following relationship: 
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where 

(7.37) 

(7.38) 

(7.39) 

(7.41) 

( 230Th)_/(  23sU) , , 8 ,  o + h ,  and a; are functions of both @ and hi , 
whereas FTh and F, are functions of @ only. Note that the notations 
FTh and Fu have nothing to do with the notations of the degree of 
melting. By substituting Eqs. (7.37) to (7.41) into Eq. (7.36) and after 
rearranging the resulting equation, we can express n;l as a function of 4 
for a given ( 230Th / 238 U), ratio (Zou et al., 2003) 

where 
(7.42) 

2 = ( 230Th / 238 U), . (7.43) 
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Alternatively, we can express 4 as a function of &I, but Eq (7.42) is 
simpler. There are two unknowns in 4 and M but only one equation 
(7.42), and we cannot obtain two parameters from one equation. 
Nevertheless, we can put some quantitative constraints on both 4 and 

i$f from ( 230Th / 238U)_ . 

Example. Estimate the maximum melting rate and the maximum 
porosity for lavas with (230Th/238U)= 1.25 and (23?rh/238U)=l .33, 
respectively. The bulk partition coefficients are Dn=0.003 and 
DU=0.005, for Th and U, respectively; the densities are pf=2800 g/cm3, 
p,=3300 g/cm3 for melt and solid respectively; and the decay constants 
are h230~h=9.217*10-~ year-' and &38u=1.55125*10-10 year-'. 
We at first try to make a graph (Fig. 7.1) to find the maximum melting 
rate ( M , ,  ) and the maximum porosity (&,a ). 

1 6 x 1  O4 - 

1.4~10.' - 

F 
6.0~10.~- 

c .- c - 2 4 . 0 ~ 1 0 ~ -  

0.0 I ' I ' I ' I ~ I Q I -  

0.000 0.001 0.002 0.003 0.004 0.005 0.006 

Porosity 

Fig. 7.1. Inversion of U-Th disequilibrium generated by partial melting. The maximum 
melting rate and maximum porosity can be obtained from the graph based on measured 
(23%/238~) values. 
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Based on Eq. (7.42), and using the given parameters, we can make a 
melting rate (h ) vs. porosity (@) figure (Fig. 7.1) that satisfy this 
relationship (7.42) for a given value of (239h/238U). We know that 
neither n;l nor @ can be negative. For melting rates to be non-negative, 
the melting porosity $ must be <0.6%. For non-negative values of 4, the 
melting rate fi must be <1.6x104 (kg/m'/year) (Fig. 7.1). 
The maximum melting rate (ha ) and the maximum porosity ( ) 
can also be directly calculated. When 4 + 0 ,  the melting rate is at the 
maximum and Eq. (7.42) can be reduced to 

M,, ' 

= ( 4 3 8  + 4 3 0  ) psDU - z 4 3 0 p s D ~ h  (7.44) z -1 
Similarly, the porosity is at its maximum when n;l 4 0  in Eq. (7.42), 
and can be calculated by 

Note that Z is the measured (230Th/238U) value. 

7.4. Batch Melting Inversion of Whole-rock Residues 

7.4.1. Concentration ratio method 

In the context of non-modal (eutectic) batch melting, the variation in the 
concentration of a trace element in a whole-rock residue, C, , is given by 
Shaw (1970) as 

Co Do - PF c, =- 
1-F Do+F( l -P ) '  

where Co is the concentration in the source. Let the degree of partial 
melting increase from stage 1 to stage 2 ( F2 > 4 ). The concentration of a 

highly incompatible element (e.g., La) in the residue varies from C:a to 

C:(, where 
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1 C,O D,O-P,F, 
ra 

c =- 
1-6 D,O+F,(l-Pa)' 

and 

2 C,O D,O-P,F, 
ra 1-F, D f + F 2 ( 1 - P , ) '  c =- 

The concentration ratio for the highly incompatible element is given by 

. (7.46) 

Similarly, the concentration ratio for the less incompatible element is 
defined by 

Cia - ( ~ - F ~ ) ( D , O  -paF,)[D,O + F .  ( l - p a ) ]  

a ':a (1- F, )( 0," - p a ~ , ) [  0," + (1- pa )] 
R =-- 

Both highly incompatible and not-so-highly incompatible elements are 
selected because they have large but different concentration ratios in 
residues formed after different degrees of partial melting. The important 
feature of R, and Rb is that both are independent of the source 
concentration ( Co). Equations (7.46) and (7.47) constitute a system of 
nonlinear equations and do not yield analytical solutions. The two 
unknowns, F, and F,, can be solved by Newton's method for a system 
of non-linear equations. After obtaining F, and F,, the source 
concentrations can be calculated from the relationship: 

C,(l- F ) [ D o  + F(1- P ) ]  co = (7.48) 

However, if 0," =Pa and D: = pb in Eqs. (7.46) and (7.47), which is the 
case for modal batch melting, the system yields analytical solutions (Zou, 
1997) 

D O  - PF 
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Rb [D; + 6 (1 - D;)] - D; 
F2 = 

1-Dj 
(7.50) 

7.4.2. Linear regression method 

The linear regression method, or slope-intercept method (Zou, 1997), for 
whole-rock residues can only be applied to modal batch melting. For 
elements a (highly incompatible) and b (not-so-highly incompatible), 
their concentrations in the residue during modal batch melting, C, and 
Crb , respectively, are given by 

(7.5 1) 
D,"C," 

= 0," + F(1- 0,") ' 

and 

(7.52) 

The following relationship between C,, / C ,  and C,, can be derived 
from Eqs. (7.51) and (7.52): 

(7.53) 

Equation (7.53) shows that the ratio C, / Crb , is a linear function of the 
concentration C,, . The slope ( S)  and intercept ( I  ) of the straight line 
described by Eq. (7.53) can be expressed as 

We can obtain S and I by linear regression from the Cru /C, vs. C, 

diagram if there is a significant linear relationship between C,, / C, and 

C,, for a set of peridotites. Source concentrations can be calculated by 
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and 

0 c: c, = 
SC,"+I '  

Alternatively, a linear relationship between l /Cra and l /Crb  for modal 
batch melting can also be obtained from Eqs. (7.51) and (7.52) as 
follows: 

(7.54) 
1 1 -=s-+I, 

'rb Cra 

where the slope (S)  and the intercept ( I  ) of the straight line described 
by Eq. (7.54) can be expressed as 

D:( l -D;)C:  

D; ( l -D: )C;  ' 
S =  

After obtaining S and I in the 1/C, vs. l/Cr,, diagram by linear 
regression, source concentrations are given 

7.5. Batch Melting Inversion of Residual Clinopyroxenes 

If residual peridotites are pervasively serpentinized, the whole-rock 
residues would be unsuitable for inversion of partial melting. In most 
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cases clinopyroxene (cpx) is unaltered, and cpx concentration ratios can 
be used with confidence in constraining the magmatic processes 
affecting the rock as a whole. Clinopyroxene contains the highest 
concentrations of incompatible trace elements in typical peridotites 
(olivine + clinopyroxene + orthopyroxene + spinel), and can be measured 
in thin sections of serpentinized peridotites using the ion microprobe 
(Johnson et al., 1990). 

7.5.1. Concentration ratio method 

Assuming the cpx distribution coefficient is a constant ( Dcpx = Do3cpx ), 
the relationship between C, / Co and Ccpx / Coscpx is given by Johnson et 
al. ( 1  990) as 

(7.55) 

The basic equations describing the variation in concentration of a trace 
element in cpx of non-modal batch melting model can be obtained as 
follows (Johnson et al., 1990): 

(7.56) 

By using the similar approach as mentioned in section 7.4.1, we can 
obtain a system of equations consisting of the cpx concentration ratio for 
the highly incompatible element ( R r )  and the ratio for the less 

incompatible element (Rip' ) from Eq. (7.56). 
R:px is given by 

Rip' is defined by 

(7.57) 

(7.58) 
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The solutions to the system of simultaneous equations (7.57) and (7.58) 
are (Zou, 1997) 

, (7.59) 
0," (1 - p,)(l- RY ) + D; (1 - Pa)( RF - 1) 

( R y  - RiPX)(l - P,)(1- p,) F, = 

(7.60) 

After obtaining F , the source cpx concentration ( Co*cpx) for each model 
can be calculated by substituting F into Eq. (7.56). The relationship 
between the source whole-rock concentration and the source cpx 
concentration is 

(7.61) 

7.5.2. Linear regression method 

In contrast to the case for whole rocks, the linear regression method for 
residual clinopyroxenes can be applied to non-modal batch melting. The 
basic equation for the variation of a trace element in cpx during non- 
modal batch melting has been given in Eq. (7.56). We can obtain the 
following linear relationship from Eq. (7.56) (Zou, 1997): 

(7.62) 
C;px - = sc;px + I ,  
C T  

where 

(7.63) 

(7.64) 

After obtaining S and I from the plot of C r  / C y  vs. C F  , the source 
cpx concentrations can be obtained by 
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(7.65) 

(7.66) 

Alternatively, the following linear relationship can be obtained from Eq. 
(7 S6): 

GPX CPX 
where 

(7.67) 

(7.68) 

(7.69) 

After obtaining S and I in the l / C F  vs. l /Cipx diagram by linear 
regression, source concentrations are given by 

Appendix 7A. Newton-Raphson Method for Two Unknowns 

We wish to solve the nonlinear system of two equations: 

F ( x ,  Y )  = 0 7 

( 3 x 7  Y >  = 0 9 
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where are given functions of the independent variables x and y. After 
choosing an approximate solution ( xo , yo), i.e., an initial approximation, 
we set 

x = x o  + E 0 ,  

Y = Yo +To,  

and expand the two functions F and G in Taylor series about the point 
( xo , yo) .  Since ( xo + E ~ ,  yo + z0) is a solution of the system of equations, 
the results are 

aF aF 
0 = F( xo + go, yo + zo) = F (xo, yo) + - E ~  + -zo + higher order terms , ax ay 

aG aG 
ax JY 

O=G(xo + E ~ , ~ ~ + T ~ ) = G ( ~ ~ , ~ ~ ) + - E ~  +-z,+higherorderterms, 

or, in matrix form: 

Assuming the existence of 

a q a x  aF/ayl*, 
a q a x  a q a y  

we have 

which gives as a solution (x,y): 

+higher order terms 

When we neglect the higher order terms, the solution (x, y ) becomes 
an approximation, which will be taken as the new starting point (x, , y,  ) 
for the next approximation: 
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l:l= 
Thus, we find the recurring formula of Newton-Raphson for two 
unknowns: 
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Chapter 8 

Error Analysis 

Estimate of errors is fundamental to all branches of natural sciences that 
deal with experiments. Very frequently, the final result of an experiment 
cannot be measured directly. Rather, the value of the final result ( u  ) will 
be calculated from several measured quantities ( x, y, z..., , each of which 
has a mean value and an error): 

(8.1) u = f(x,  y ,  z...) . 

The goal is to estimate the error in the final result ufrom the errors in 
measured quantities x , y , z . The errors can be random or systematic. 
Random errors displace measurements in an arbitrary direction whereas 
systematic errors displace measurements in a single direction. Systematic 
errors shift all measurement in a systematic way so that their mean value 
is displaced. For example, a miscalibrated ruler may yield consistently 
higher values of length. Random errors fluctuate from one measurement 
to the next. They yield results distributed about the same mean value. 
Random errors can be treated by statistical analysis based on repeated 
measurements whereas systematic errors cannot. 

8.1. Random Errors 

Both random errors and systematic errors in the measurements of x ,  y ,  or 
z lead to error in the determination of u in Eq. (8.1). Since systematic 
errors shift measurement in a single direction, we use du to treat 
systematic errors. In contrast, since random errors can be both positive 
and negative, we use ( d ~ ) ~  to treat random errors. 
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(8.2) 
If the measured variables are independent (non-correlated), then the 
cross-terms average to zero 

dxdy = 0, dydz = 0, dxdz = 0, (8.3) 

as dx, dy, and dz each take on both positive and negative values. 

Thus, 

d u  = 

2 

dx2 dy2  

Equating standard deviation with differential, i.e., 

o u = d u ,  o ,=dx,  o , . = d y , a n d o z = d z ,  

results in the error propagation formula for independent (non-correlated) 
random errors 

Equation (8.5) for independent random errors has been frequently used in 
the uncertainty analysis of many physical and chemical experiments. 
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Example. Calculate the independent error in the volume of a rectangle 
resulting from 0.1 cm random error in the measured x, y ,  z , when 
x = l O c m ,  y = 2 0
Since the volume of a rectangle is V = xyz, we have the partial 
derivatives as 

= * 

The errors are a, = o,, = 0, = 0.1 cm , thus we have 

=J(10X5)20.12 + ( 2 0 ~ 5 ) ~ 0 . 1 ~  +(20X10)20.12 

= 23 cm’. 
Therefore, the expected uncertainty in V is 23 cm’. The relative error is 
s, /V = 23 / 1000 = 2.3% . 
In contrast, if we have +O. 1 cm systematic error, then the uncertainty is 

= (lox 5) x 0.1 + (20x 5) x 0.1 f (20x 10) xo. 1 

=+35 cm3 
Note that the random error (23 cm3) is less than the systematic error 
(35 cm3) in this case. 

Example. Calculate the error in (230Th/238U) from the errors in 
(230Th123?h) and (238U/232Th). 
In isotope geochemistry, (230Th/238U) reflects U-Th disequilibrium. This 
ratio is not measured directly from mass spectrometers. In stead, isotope 
composition measurement provides (23?h/23?h) and isotope dilution 

cm, and z = 5 cm.
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measurement gives (238U/23?h). Calculate the error in (230Th/238U) when 
(230Th/232Th) =1.464&0.011 and ( 238 U/ 23 ?h)=1.296&0.013. 
Let ~ = ( ~ ~ V h / ~ ~ ? h )  and y =( 238 U/ 23 ?h), then 

u =(230Th/238U)=x/ ~ 4 . 1 3 0 .  

The partial derivatives are 
4 

du - = l / y ,  

au 2 -=-xly . 
aY 

ax 

Thus, the uncertainty in U is 

= J(l/ y y q 2  + (-x/ y2)20y2 

=~(1/1.464)20.0132 +(-1.296/1.4642)20.0112 
= 0.01 1. 

Therefore, the result is 

u = (230Th/238 U) = 1.130+0.011. 

Note that, during mass spectrometric analyses, the isotopic composition 
(23?h/23?h) is measured independently from (238U/232Th), and thus the 
errors of these two ratios are not correlated, even though they have the 
same denominator in 232Th. (238U/23?h) is obtained by isotope dilution 
method while (23?h/23?h) is measured directly by mass spectrometers. 

Example. Estimate the total volume of a mixture from three batches: 
x=30+0.5 ml,  y=40&0.4ml,and z=50f0 .6ml .  
The partial derivatives for u = x + y + z are 
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a,= 

And the uncertainty in u is 

2 Y.Z 

= + + 

Therefore we have 
u = 120.0k0.9 ml . 

Example. To make 120 ml solution, assuming the error for each batch is 
the same (for example, 0.5 mi), calculate the error (1) we mix two 
batches of 60 ml solution, and (2) if we mix three batches of 40 ml 
solution. 
For the first scenario, we use 60 ml batches twice, each with 0.5 ml error. 

=0.7 ml. 

Therefore, the result is 
u = 120.0k0.7 ml. 

For the second scenario, we mix three batches of 40 ml solution, each 
with 0.5 ml error. The error in u is 

= d w  = 40.52 + 0.52 + 0.5’ 

= 0.86 = 0.9 ml. 
Therefore we have 

u = 120.0f0.9 ml . 
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Thus, if each batch has the same error, it is better to reduce the number 
of batches in order to reduce the total error. 

Example. For the second scenario (3 batches of 40 ml solution), in order 
to have the same total error (0.7 ml) as the first scenario, what is the error 
for each measurement? 

For three batches with total error of 0.7 ml, we have 

a,, =,/-===0.7 ml. 

The solution is 0, = 0.4 ml . It means that, in order to achieve the same 

total error, we have to be more precise each time for the second scenario. 

Example. Determine the principal source of error to make cylinder with 
20 cm diameter and 5 cm high and suggest improvement. 
The volume of the cylinder is 

u = rr2h  = zx102 ~5 = 1570 cm3. 
The partial derivatives are 

($1, = 2nrh = 2 n x l O x 5  = 314 cm2, 

( $ ) r  = ;TCr2 = n102 = 3 14 cm2 

Since ( $)h = (g) , both r and h are equally critical in this case. If 
r 

error is 0.2 cm for both r and h , we have 

= , / ( 2 ~ r h ) ~ o , ‘  +(Er2)’ah2 

= , / ( 2 zx10~5)~0 .2 ’  + ( ~ x 1 0 ~ ) ~ 0 . 2 ~  

= 89 cm3. 
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The volume of the cylinder is 

u =1570+89 cm3. 

Question. What if it is a cylinder with 20 cm diameter but 20 cm height? 

= 2 ~ r h  = 2 ~ ~ 1 0 x 2 0  = 1256 cm2, 
( $ ) h  

Since ( g)h > (g) , for this long (20 cm high) cylinder, the precision 
r 

of r is more critical. 

Question. What if it is a very flat cylinder with 20 cm diameter but 3 cm 
height? 

= 2 ~ r h = 2 n x l O x 3 = 1 8 8  cm2, 

( $ ) r  =nr2 =x102 =314 cm2 .  

Since ( $ ) r  >($) , for this short (3 cm high) cylinder, the precision 
h 

of h is more critical. 

Example. Calculate the uncertainty of the acceleration of gravity 
measured with a simple pendulum based on the length of a pendulum and 
the period of the pendulum. The acceleration of gravity g is related to 
the length I and the period T by the following relationship: 

g =4~’1/T’ . 
The measured 1 =99.43-.08 cm and the measured T =2.00Ort0.003 
second. Based on these parameters, we get 

g = 4a21/T2 = 4n2 x 9 9 ~ 3 1 2 ~  = 981.33 cmfs2. 
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The partial derivative of g with respect to 1 is 

1 

And the partial derivative of g with respect to T is 

8n21 2g 
T 

The absolute uncertainty of g is 

2 =981.334(--)'+(- 0.008 2~0 .003  ) 
99.43 2.000 

= 2.95 cm/s2. 
Therefore, the measured acceleration of gravity g is 

g =981+3 cm/s2. 

The relative uncertainty is 
og /g = 2.951981.33 =0.3% . 

So far we have been using the general Eq. (8.5) for the propagation of 
independent random errors. For some special cases, we may use simpler 
equations. If u is the sum or difference of x ,  y , and z , then according 
to Eq. ( S S ) ,  we obtain 

If u is the product or quotient of x ,  y , and z , then 
2 ( !L)2 = ( $)2 + ( $I2 + (5L) 

If u is a power, u = X" , where n is known exactly, then 
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8.2. Statistical Treatment of Random Uncertainties 

Random errors can be treated by statistical analysis based on repeated 
measurements whereas systematic errors cannot. 

8.2.1. Mean and standard deviation 

Suppose we make N measurements of the quantity x (using the 
identical equipment and procedures) and find the N values 3 ,  x2, 
. . . xN . The mean of the measurements is 

Standard deviation ( 0, ) is 

(8.10) 

If we make one more measurement of x then it would have some 68% 
probability of lying within X f 0,. The standard deviation represents the 

average uncertainty in the individual measurements x, , x2, . . . xN . Thus, 
if we want to make some more measurements using the same equipment 
and procedures, the standard deviation would not change significantly 
(e.g., Taylor, 1997). In contrast, the standard error, or the standard 
deviation of the mean, would surely decrease as we increase the number 
of the measurements N . Standard error ( oT ), or, standard deviation of 

the mean, is given by 

0, 0- =- " J N  (8.11) 
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The meaning of the standard error is that if the N measurements of x are 
repeated, there would be a 68% probability that the new mean value 
would lie within X f 0, , and there would be a 95% probability that the 

new mean value would lie within X f 20 ,  . 

Problem. Prove Eq. (8.1 1) for the standard deviation of the mean. 
Equation (8.9) can be rewritten as 

- x, + x, + ... + XN 
N 

x =  (8.12) 

Differentiation of ST with respect to x,, x, ,..., xi ,..., x N ,  respectively, 
yields 

(8.13) & 1  - -  a? - -  a? a? -=- _..._ - _..._ -=- 
ax, 3x2 ax, axN N '  

From the error propagation principle, we obtain 

Since 
- ox, = ox, = ox, - ox,  

we get 

(8.15) 
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8.2.2. Weighted averages 

We often need to find the best estimate of a quantity from two or more 
separate and independent measurements of a single physical or chemical 
quantity. Suppose we have N separate measurements of a quantity x , 

x]+a], S k a 3 , . . . ,  X N f a N ,  

with their corresponding uncertainties a,, a,, a,, ..., a,. The best 

estimate based on these measurements is the weighted average 

(8.17) 

and the weight of each measurement is the reciprocal square of the 
corresponding uncertainty 

mi = l / d  . (8.18) 

Because the weight associated with each measurement involves the 
square of the corresponding uncertainty, the measurement that is more 
precise than others contributes very much more to the final weighted 
average. 
The uncertainty in xw is 

(8.19) 

Problem. Prove Eq. (8.19) for the standard deviation of the weighted 
mean. 
Equation (8.17) can be written as 

(8.20) 

Differentiation of Eq. (8.20) with respect to x, , x2 , xi, xN, respectively, 
gives 

- qx l  + q x 2  + ... + upi + ... + WNXN 
xu = CW, 

(8.21) 
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(8.22) 

(8.23) 

(8.24) 

Substitution of (8.21), (8.22), (8.23), (8.24) into Eq. (8.5) for error 
propagation results in 

- &N --- 
axN zq. 

Since 

we obtain 

mi = l/Oj2 , 

(8.25) 

(8.26) 

(8.27) 

Example. Repeated ion microprobe (e.g., Cameca Ih4S 1270) 
measurements of a large homogeneous zircon provide the following 
individual ages (in Ma, or million years): 

tl =1105h35, t2=1 195f60, 

tg =1125+20, t4=115W25, 

ts =1095*45. 
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Given these results, calculate the best estimate for the zircon age using 
weighted average. 
The five uncertainties are 35, 60, 20, 25 and 45. Therefore, the 
corresponding weights q = l/a’ are 

q = 1/35’ = 0.00082, = 1/602 = 0.00028, 

q = 1/20’ = 0.0025, W, = 1/252 10.0016, 

W, = 1/45’ = 0.00049 . 

Thus we obtain 

= 0.00082+ 0.00028 + 0.0025 + 0.0016 + 0.00049 

= 0.00569, 

c W i t i  = 1105 ~0.00082 + 1195 ~0.00028 + 1125 ~0.0025 

+115OxO.OO16 + 1095 x 0.00049 
= 6.42722. 

The above calculation of wi ,  c w i  and Emi t i  are summarized in 

Table 8.1. 

Table 8.1. Calculation of the weighted zircon age and uncertainty. 

1105 35 0.00082 0.90204 
1195 60 0.00028 0.33194 
1125 20 0.0025 2.81250 
1150 25 0.0016 1.84000 
1095 45 0.00049 0.54074 

Sum p4 c q t i  

= 0.00569 = 6.42722 
t, 1130 
0, 13 

The best estimate is the weighted average 
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= 1130 Ma. 
Loit, = 6.42722 T =- 

@ x u i  0.00569 

And the uncertainty is 

a, = l/,/F = 1/.Jo.00569 = 13 Ma. 

Thus, the final age for the zircon is 
T, =1130+13 Ma. 

Example. Multiple in-situ measurements of oxygen isotopic 
compositions in a single olivine grain give the following values (in per 

x, =6.2f0.7, x, =6.3f0.4, 

x, = 6.9 f 0.5, x, = 6.4 f 0.3 , 

x, =6. l f0 .6 ,  x, =6.8f0.8. 

The six uncertainties are 0.7, 0.4, 0.5, 0.3, 0.6 and 0.8. Therefore, the 
corresponding weights W; = l/a2 are 

mil): 

= 1/0.72 = 2.04, W, = 1/0.4, = 6.25, 

~ 1 3  =1/0S2 = 4 ,  W, =1/0.3, =11.11, 

W, = 1/0.62 = 2.78, W ,  = 1/0.S2 = 1.56 . 

Based on the above parameters, we get 

x u i  = 2.04+ 6.25 + 4.00+ 11.1 I +  2.78+ 1.56 = 27.74, 

CW,T, = 6 . 2 ~  2.04 + 6.3~6.25 + 6.9~4.00 + 6.4~11.11 

+6.lx 2.78 + 6 . 8 ~  1.56 
= 178.31. 

The best estimate is the weighted average 

- 6.43 xm=---- 
C W i X i  - 178.31 
xu, 27.74 
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160 Quantitative Geochemistry 

And the uncertainty is 

Thus, the oxygen isotopic composition for the olivine is 
xu = 6.4 k 0.2 per mil. 

The above calculation can be summarized in Table 8.2. 

Table 8.2. Calculation of weighted oxygen isotope compositions and uncertainty. 

6.2 0.7 2.04 12.65 
6.3 0.4 6.25 39.38 
6.9 0.5 4.00 27.60 
6.4 0.3 11.11 71.11 
6.1 0.6 2.78 16.94 
6.8 0.8 1.56 10.625 

Sum XU; = 27.74 CCO;X; = 178.31 

xu 6.43 
Of,, 1.19 

8.2.3. Variance, covariance and correlated errors 

The variance for N times of measurement of xi is 

The variance for N times of measurement of yi  is 

(8.28) 

(8.29) 

And the covariance is 
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u isdependent on x and y by 

u = u(x, y )  . 
Theerrorin u is 

2 

a, = - a, + - a +2--0 x y ’  
y ax ay 

For independent errors, axy = 0 ,  and Eq. (8.31) reduces to 

161 

(8.30) 

(8.31) 

(8.32) 

Example. Suppose we have the following five times of measurements of 
K 2 0  and Na20: 

first measurement: K 2 0  = 3.0, N a 2 0  = 1.69 ; 
second measurement: K,O = 3.1, Na,O = 1 .SO ; 
third measurement: K 2 0  = 2.9 , Na,O = 1.60 ; 
fourth measurement: K,O = 3.3, Na,O = 1.85 ; 
fifth measurement: K 2 0  = 2.8, Na,O = 1.55 . 

Calculate the best estimate of uncertainty of the total alkali (Na20+K20) 
using Eq. (8.31). 
Let x = K,O, y = Na,O . 
The averages of x and y can be obtained as 

x = K,O = 3.02 

y=Na20=1.698. 

Thus U = X + 7 = 3.02 + 1.698 = 4.718 . 

The individual values of (xi -X) , (yi - 7)  , (xi - X)(y i  - 7) are given in 
Table 8.3. 
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Table 8.3. Calculation of uncertainty of total alkali (Na20+K20). 

xi Yi ( X i  - (Yi  - 3 ( X i  - 3 ( Y i  - 3 
1 3.0 1.69 -0.02 -0.008 0.000 16 
2 3.1 1.80 0.08 0.102 0.00816 
3 2.9 1.60 -0.12 -0.098 0.01 176 
4 3.3 1.85 0.28 0.152 0.04256 
5 2.8 1.55 -0.22 -0.148 0.03256 

The variance of xi is 

1 
5 

= -[ ( -0.02)2 + 0.08’ + (-0.12)2 + 0.282 + ( -0.22)2] 

= 0.0296. 

Thus we have a, = 0.17 . 

The variance of yi is 

=-[(-0.008)’ 1 +0.102’ +(-0.098)’ +0.1522 +(-0.148)2] 
5 

= 0.01302. 

Thus we have av = 0.11. 

Note that the values of (x i  - X ) ( y i  -7) in Table 8.3 are all positive, 
resulting in positive covariance of xi and yi . 
The covariance of xi and yi is 

. N  

1 (-0.02)(-0.008) +0.08~0.102+(-0.12)(-0.098) 

+0.28~0.152+(-0.22)(-0.148) 

= 0.019. 

For u = x + y , the partial derivatives are 
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- = 1  - = I  au 
ax aY 

From Eq. (8.31) we get 

=dox 2 +a, 2 +20q  

= 40.0296 + 0.01302 + 2~ 0.019 
= 0.28. 

When correlated errors are considered, we have 
U = 4.72 f 0.28 . 

If we ignore the correlated errors, then from (8.32), we have 

= = 40.0296 + 0.01302 

=0.21. 
When correlated errors are taken into account, because the errors are 
positively correlated, the resulting uncertainty (0.28) is larger than the 
corresponding uncertainty calculated from un-correlated error (0.2 1). 
The next example will show negatively correlated errors. 

Example. Suppose we have a different data set as follows: 
first measurement: K,O = 3.0, Na20 = 1.71 ; 
second measurement: K,O = 3.1, Na,O = 1.60 ; 
third measurement: K 2 0  = 2.9 , Na,O = 1.80 ; 
fourth measurement: K,O = 3.3, Na,O = 1.55 ; 
fifth measurement: K 2 0  = 2.8,  Na,O = 1.85 . 

Calculate the correlated error. 
Let x = K,O, y = N a 2 0  . 
The averages of x and y can be obtained as 
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- - x = K,O = 3.02, 7 = Na,O = 1.702. 

Thus 

U = X+ y = 3.02 +1.702 = 4.722 . 

The individual values of (x i  - X) , ( y i  - 7) , (x i  - X)( yi - y) are given in 
Table 8.4. 

Table 8.4. Calculation of uncertainty of total alkali (Na20+K20) 

Xi Yi ( X i  -n) (Yi -7) ( X i  - ~i - V) 
1 3 .O 1.71 -0.02 0.012 -0.00024 
2 3.1 1.60 0.08 -0.098 -0.00784 
3 2.9 1 .so -0.12 0.102 -0.0 1 224 
4 3.3 1.55 0.28 -0.148 -0.04 144 
5 2.8 1.85 -0.22 0.152 -0.03344 

The variance of xi is 

= -[ 1 ( -0.02)2 + 0.OS2 + (-0. 12)2 + 0.2S2 + (-0.22)*] 
5 

= 0.0296. 

Thus we have a, = 0.1 1 . 
The variance of yi is 

1 =-[0.0122 1 +(-0.098)2 +0.1022 +(-0.148)’ +0.1522 
5 

= 0.01303. 

Thus we have a,, = 0.11. 

Note that the values of (x i  - X ) ( y i  - 7) in Table 8.4 are all negative, 
resulting in a negative covariance of xi and yi . The covariance is 
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1 (-0.02) ~0.012 + 0 .08~  (-0.098) + (-0.12) x 0.102 

+O.28 x (-0.148) + (-0.22) x 0.152 

= -0.019. 

From (8.3 1) we obtain 

=~0.0296+0.01303+2~(-0.019) 

= 0.07. 
Therefore, we have u = 4.722 f 0.07 . 
For this example, when correlated errors are taken into account, the 
resulting uncertainty (0.07) is smaller than un-correlated errors (0.21), 
because the errors are negatively correlated here. 

8.3. Probability Distributions 

8.3.1. NormaUGauss distribution 

The normal/Gauss distribution is given by 

(8.33) 

where X is the center and CT is the width of the normal distribution. 
Note that this distribution is symmetrical at X . Figure 8.1 shows the 
significance of the width a. A small a gives a sharply peaked 
distribution (high precision) whereas a large a gives a broad distribution 
(low precision). 
The integral 

(8.34) 
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2.0 - 

1.5- 

(3 1.0- 

is the probability that any one measurement gives an number in the range 
of a I x I b for the Gauss distribution. 

x=2, 0=0.2 

I\ 

X=3, ~ ~ 0 . 5  

A 

Fig. 8.1. Plot of Gauss distribution for x = 2 , o = 0.2 and for x = 3 , (T = 0.5 

The probability that a measurement number will fall with one standard 
deviation of the true value X is thus 

. (8.35) 
x+u 

X +d 
P = [ GX,,(n)dx=- 

Let t = ( x  - X )/o , thus, dx = o d t  , Eq. (8.35) can be written as 

(8.36) 

This probability integral (8.36) can be written using the error function of 
mathematical physics, denoted 

1 
fJ = - sf e-f2/2dt . 

& G ’  

(8.37) 
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The error function is also useful for solving chemical diffusion problems 
(Chapter 13) and thermal conduction problems and the details of the 
error function and the table of the error function are given in Chapter 13. 

Let u = t /& so du = d t/& . Then Eq. (8.35) becomes 

which is an error function when z=l/&.Therefore, for la, the 
probability is 

P(within 1 a) = erf (1/&) = erf(0.7071) . (8.39) 

From Table 13.1 of erf(z)function (Chapter 13) for z = 0.7071, we have 

P(within 1 a) = 68% . (8.40) 

Therefore, there would be a 68% probability that a new measurement 
number would lie within X If: a .  
Similarly, we can derive the probability of an answer within n o  of X : 

From (8.41), when n = 2 ,  we have 

P(within 20) = erf(2/&) = erf(1.414). (8.42) 

From Table 13.1 of erf(z) function for z = 1.414, we find 

P(within 20) = 95%. (8.43) 

Therefore, there would be a 95% probability that the new value would lie 
within X f 20. 
When n = 3 ,  we have 

P(within 30) = erf(3/&) = erf(2.121) . (8.44) 

From Table 13.1 of e r f ( z )  function for z = 2.121, we find 

P(within 30) = 99.7% . (8.45) 

Therefore, there would be a 99.7% probability that the new value would 
lie within X f 30. 
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8.3.2. Poisson distribution 

The Poisson distribution describes the results of experiments in which we 
count events that occur at random but at a definite average rate. 
Examples of the Poisson distribution include the number of emails we 
receive in a one-day period, the number of babies born in a hospital in a 
two-day period, the number of decays of a radioactive isotope in a one- 
day period. 
The Poisson distribution is described by: 

(8.46) 

The Poisson distribution gives the probability of getting the result v in 
an experiment in which we count events that occur at random but a 
definite average rate y .  The standard deviation of the Poisson 

distribution with mean count ,U is & : 
(8.47) 

Example. Suppose we know that we receive five emails (excluding junk 
emails) as an average in a one-day period, what is the probability that we 
receive three emails in a specific day? 
In this example, we have y = 5 and v = 3. According to Eq. (8.46), we 
get the probability of receiving three emails in one day as 

5 53 pS (3) = e- - = 1 4% . 
3!  

Example. For the same average ( 5  emaildday), what is the chance of 
receiving 10 emails in a specific day? 
In this case, we have p = 5 and v = 10. And the chance is 

5 ' O  

lo! 
P, (1 0) = e-5 - = 1.8% . 

Figure 8.2 displays the Poisson distribution for y = 5  and Fig. 8.3 
illustrates the Poisson distribution for p = 3 . 
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0 18 

0 16 

,Z 014 - - 9 012 
a 
2 010 a 

0 08 

0 06 

0 04 

0 02 

, . , . , . I I I I  

0 1 2  3 4 k 6 7 8 i I b i l i 2 1 3  

V 

Fig. 8.2. Poisson distribution for p = 5 

0.25 - 

0.20 - 

0.15- 
.- 2 

P 0.10- a 

- .- 
D m D 

0.05 

0.00 
0 1 2 3 4 5 6 7 6 9  

ST 
10 11 12 

V 

Fig. 8.3. Poisson distribution for ,u = 3 

7 
13 

The Poisson distribution has important applications in isotope 
geochemistry where counting statistics is needed. One example in 
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radioactive isotope geochemistry is the counting of the natural decays of 
a radioactive nuclide, e.g., 226Ra, in a sample, by alpha-counting 
methods. Another example is the counting of ions generated by thermal 
ionization mass spectrometer, secondary ion mass spectrometer (e.g., ion 
microprobe), or inductively-coupled mass spectrometer. For small ion 
beams, we often need to use ion counters, for example, Daly ion counters 
or electron multipliers, to count ions generated by mass spectrometers 
(large ion beams are measured by Faraday cups which are not related to 
counting statistics). 

We always want to estimate the measurement errors from ion 
counting. If we count 10,000 ions using ion counters, then from (8.47), 
the error from counting statistics would be 

a, = JlOOOO = 100. 

a,/p=100/10000=1%. 
And the relative error is 

If we want a better relative error, we need to increase the counting time 
and/or the intensity of the ion beam. For example, to achieve a relative 
error of 0.1%, then from (8.47) we have 

Therefore we need p = 1,000,000 counts to achieve counting statistics 
error of 0.1%. 

8.3.3. Binomial distribution 

If the possibility of success in any one trial is p , then the possibility of 
v successes in n trials is given by the binomial distribution: 

n! 
PV (1 - P),- ,  9 

v! (n-  p ) !  B n , p  (4 = (8.48) 

where 
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n(n - 1). .. (n  - v + 1) x ( n  - v) ! 
1 x 2 x . . . x v x (n  - v) ! 

Ix2x. . .xv  

- - n! 
v!(n - v)! 

(8.49) 
- n(n -1) ... (n  - v + I )  - > 

is called the binomial coefficient. Note that n ! = 1 x 2x . .  . x n . The 
binomial coefficient appears in the binomial expansion 

( p + q ) "  = p" +np"-'q+...+q" 
(8.50) 

If we repeat the whole set of n trials many times, the expected mean 
number of successes is 

(8.51) - v =np,  

and the standard deviation of v is 

0" =Jnpo. (8.52) 

8.4. Systematic Errors 

A systematic error in the measurement of x, y ,  or z leads to an error in the 
determination of u: 

This is essentially the multi-dimensional definition of slope. It describes 
how changes in u depend on changes in x,  y ,  and z. Note that we use du 
to examine systematic errors but (du)2  to examine random errors. 

Example. Calculate the systematic error in the volume of a cylinder 
resulting from a mis-calibrated ruler. A mis-calibrated ruler results in a 
systematic error by +0.2 cm in diameter and height are 20 cm, and 5 cm, 
respectively. The values of r and h in the cylinder must be changed by 
+0.2 cm. 
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Volume of a cylinder: 

V = m 2 h  = nx102 x5 = 1570 cm3. 
The systematic error in the volume is 

= (2zrh)dr + (nr2)dh 

= (2~xlOx5)(0.2) + (zxlO2)(0.2) 

= +125.6 cm3. 
The relative systematic error is 

dV/V = 125.6/1570 = 8% . 

Example. Suppose that we have systematic errors for La concentrations 
in two samples with the following systematic errors as a result of 
mjqcalibrated standard. 

x = 15 +0.3, 

y=l0+0 .3 .  

Calculate the systematic error of concentration ratio x / y . 
Q = x /  y = = 1 S O  , 

( = I /  y = 

The systematic error in x/ y is 

= 0.10~0.3-0.15 *0.3 
= -0.01 5, 

and the relative systematic error is 
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dQ/Q=-0.015/0.15=-1%. 

Note that the systematic error in x l  y is better then the precision of both 
x (0.3/15=2%) and y (0.3/10=3%). This is why geochemists like to use 
ratios instead of concentrations, as ratios can reduce systematic errors. 

For further reading of error analysis, the following books are useful: 
Beers (1957), Baird (1988), Bevington and Robinson (1992), and Taylor 
(1997). 

8.5. Summary 

1) Random errors 

Correlated random errors: 

Independent random errors: 

Three special cases of the independent random errors: 
if u is the sum or difference of x ,  y , and z , then 

if u is the product or quotient of x ,  y , and z , then 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



174 Quantitative Geochemistry 

if u is a power, u = X" , where n is known exactly, then 

2) Statiktical treatment of random uncertainties 

The mean of N measurements is 
N 

3 +x2 +...+ x, 
N 

C X i  
- 1  -- 

N 
Standard deviation (0,) is 

N -1 

Standard error ( 0, ), or, standard deviation of the mean, is 

The variance for N times of measurement of xi is 

The variance for N times of measurement of y j  is 

And the covariance is 
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l N  

N ;=I 
aq = - C ( x ;  -%.) (Y;  3;). 

Weighted average is 

and the weight of each measurement is the reciprocal square of the 
corresponding uncertainty 

m; = 1/02 . 

The uncertainty in x, is 

3) Probability distribution 

Normal/Gauss distribution. 

The probability of an answer within n o  of X : 

P=erj-(n/&).  

P=68% when n = l ;  P=95% when n = 2 ;  andP=99.7% when 
n = 3 .  
Poisson distribution: 

Pp (v) = e? with error a, = f i  . 
V !  

Binomial distribution: 

pv (1 - p),-" 
n!  

Bll$ (4  = v!(n - p ) !  
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4) Systematic Errors 

= + d + dz* 
x. Y Y .Z 
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Chapter 9 

Linear Least Square Fitting 

Linear least square fitting is a mathematical procedure for finding 
the best-fitting line yi = a  +bxi to a given set of points ( X i ,  7.) by 
minimizing the sum of the squares of the residuals. This method has 
wide application in almost every branch of natural sciences and over one 
hundred articles have been published in a variety of journals in the fields 
of physics, applied mathematics, earth sciences, chemistry and biology 
(e.g., Adcock, 1878; Pearson, 1901; Bartlett, 1949; Kermack and 
Haldane, 1950; Deming, 1964; McIntyre et al., 1966; York, 1966; York, 
1967; York, 1969; Lybanon, 1984; Reed, 1989; Cecchi, 1991; Chong, 
1991; Mahon, 1996). When only Xi or is subject to errors, the 
derivation of the method is straightforward. When both X i  and are 
subject to weighted errors, the mathematical treatment is complex, 
especially if the errors are correlated. A seemingly simple problem is not 
always simple, which is often true in both natural sciences and social 
sciences. 

9.1. Least Squares: No Errors in Xi ; y. Subject to Equal Errors 

When there is no error in Xi (Fig. 9.1), then xi = Xi, and the sum of the 
squares of the residuals in Y become 

To minimize S ,  the partial derivative of S related to a and b must be 
zero. From Eq. (9. l), we have, 

177 
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- = 2 Z ( a + b X i  as -r;)=o,  

as 
aa 

- = 2 C  X i  ( a  + bX, - x )  = O  . 
ab 

X 

Fig. 9.1. Sketch showing the linear regression for the case when 7 is subject to errors 
and there are no errors in x, . 

By rewriting (9.2) and (9.3), we obtain 

aN + b C X j  -CY, = 0 ,  (9.4) 

a x x i  + b C X j 2  - c x i y .  = o .  (9.5) 

and 

The solutions to the simultaneous equations (9.4) and (9.5) are 

(9.6) 

(9.7) 

where 
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The uncertainty in measurement y is given by a sum of squares with the 
following form: 

The uncertainties in a and b and are related to ay by 

a, = ayg 

(9.9) 

(9.10) 

(9.1 1) 

Problem. Derive Eq. (9.10) fora, . 
Differentiation of Eq. (9.6) with respect to &,  Y 2 ,  ... T., ... Y N ,  
respectively, gives 

au, A 

aYN A 

Note that X i  is not subject to errors. 
Using the error propagation principle, we have 

(9.12) 

(9.13) 

(9.14) 

2 

a, = /[ $aG 1 + ... + ( $ay 1' + ... + [ $ayN) . (9.15) 

Since the uncertainties in Y are the same in this case, we have 
ay, = oy, = ... OF = ... = 0," = a, . (9.16) 

Substitution of Eqs. (9.12), (9.13), (9.14) and (9.16) into (9.15) yields 
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= a, 

(9.17) 

Problem. Derive Eq. (9.11) for ob . 
Differentiation of Eq. (9.7) with respect to &,  Y2, ... ... YN, 
respectively, yields 

A 
7 

(9.18) 

(9.19) 

(9.20) 

(9.21) 

From the principle of error propagation, the error in b is given by 
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2 

a, = . (9.22) 

Assuming oy, =...= oK =ayN, and by substituting (9.18), (9.19), (9.20) 
and (9.21) into Eq. (9.22), we obtain 

( ... 

A 

(9.23) 

Example. Assuming there is no error in X i ,  calculate the slope and 
intercept of the straight line defined from the data in Table 9.1. 

Table 9.1. ( Xt , Y ) data for linear regression. 

X i  6 X I 2  X i y ,  
1 0.2 5.2 0.04 1.04 
2 2.9 7.4 8.41 21.46 
3 5.1 8 26.01 40.80 
4 7.1 10.9 50.41 77.39 
5 10.0 13.7 100.00 137.00 
6 13.9 16.5 193.21 229.35 
7 19.3 21.3 372.49 411.09 
cx; XI:  cxi CXiy, 
= 58.5 = 83.0 = 750.57 =918.13 = 7  
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The related parameters , , cXiq) can be 
calculated and presented in Table 9.1. 

From Eqs. (9.6), (9.7) and (9.8) we obtain 

A = N z  X i 2  -(c X i ) ’  = 7~750.57 -58.5’ = 1831.74, 

750.57 ~ 8 3 . 0 -  58.5 ~918.13 
= 4.688, - - 

1831.74 

N C X i K .  
A 

7 ~918.13 -58.5~83.0 
1831.74 

b =  

= 0.858. - - 

Thus the best fitting line is 
y = 4.688 + 0.858~. 

The linear regression line to the data in Table 9.1 is given in Fig. 9.2. 

0 5 10 15 20 

X 

Fig. 9.2. Plot for the linear regression of the data from Table 9.1. 
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The sum of the squares of the residues can be obtained by 
C(yl -a-bX,)  2 

= (5.2- 4.688- 0 .858~0.2)~  + (7.4 -4.688 - 0 . 8 5 8 ~  2.9)2 

+(8.0-4.688-0.858~5.1)~ + (10.9-4.688-0.858x7.1)' 

+(13.7 -4.688-0.858~0.2)~ +(16.5-4.688-0.858~13.9)' 

+(21.3 - 4.688 -0.858~19.3)~ = 1.5145. 

From Eq. (9.9) the uncertainty in y is 

0, = -C(yl - a - b X , )  = -~1.5145 =0.465 

From Eq. (9.10) the uncertainty in the intercept a is 

= 0.298. 

From Eq. (9.1 1) the error in the slope b is 

0, = 0, = 0.465 x i7 = 0.0288 . 
1831.74 

Alternatively, a situation may arise when there are no errors in Y but 
X is subject to equal errors (Fig. 9.3). 

X 

Fig. 9.3. Sketch showing the case where only X is subject to error. 
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For the situation in Fig. 9.3, by switching Xi with in all the equations 
(9.6), (9.7), (9.9), (9.10) and (9.1 1) for the case in Fig. 9.1 where only Y 
is subject to equal errors, we can obtain the corresponding equations for 
the case where only X is subject to equal errors (Fig. 4). 

9.2. Least Squares: No Errors in X i  ; Subject to Weighted Errors 

In session 9.1, we deal with the situation where is subject to equal 
errors. In this session, we investigate the case where y. is subject to 
different errors (Fig. 9.4). 

No errors in x; 
y subject to individual errors 

Y 

X 

Fig. 9.4. Sketch showing that Y is subject to individual errors. 

The sum of the squares of the residues with weighted errors are given by 

(9.24) S   2 . 

Note that when a+ = I  for all 

for equal I: errors. To minimize S for best fitting, we need 

errors, Eq. (9.24) reduces to Eq. (9.1) 

-=0 as and -=0 as 
aa ab 
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Differentiation of Eq. (9.24) with respect to a and b , respectively, gives 

as -= 2 C q  X i  (a+bXi - y ) = 0 
ab 

(9.25) 

(9.26) 

From (9.25) we get 

+ b C q X ,  +CqK = o -  (9.27) 

From (9.26) we have 

a x q x ,  + b C q X , ,  -CqXJ = o *  (9.28) 

The solutions to Eqs. (9.27) and (9.28) are 

where 

(9.31) 

Problem. Derive the equation for the error in intercept,oa, when 
subjected to weighted errors. 
The partial derivatives of a with respect to & , Yz , Y, , YN are 

is 

- aa = -(Zq y; x: - x,eq x;) 9 au, A 
(9.32) 

(9.33) 

(9.34) 
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The uncertainty in a is therefore 

(9.35) 

A q +... 

Since q, =1/q, 2 ULY, =1/oy2 2 , = l / q 2 ,  qN =l/ayN 2 , (9.37) 
substitution of (9.37) into Eq. (9.36) yields 

(9.38) 

Problem. Derive the equation for a,, the error in slope, when 
subjected to weighted errors. 
The partial derivatives of b with respect to & , Y, , 

is 

, YN are 

ar, = ""( A X l c w r ;  -Cq x;), (9.39) 

(9.40) 

(9.41) 

(9.42) 
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The uncertainty in b is therefore 

(9.44) 

Example. Calculate the slope and intercept from the data in Table 9.2. 

Table 9.2. Dataset ( X ,  , Y ) and weight (12+ ) for linear regression. 

1 0.2 5.2 4 0.16 0.8 20.8 4.16 
2 2.9 7.4 3 25.23 8.7 22.2 64.38 
3 5.1 8 2 52.02 10.2 16.0 81.60 
4 7.1 10.9 7 3 ~ 2 . w  49.7 76.3 541.73 
5 10 13.7 2 200.00 20.0 27.4 274.00 
6 13.9 16.5 3 579.63 41.7 49.5 688.05 
7 19.3 21.3 9 3352.41 173.7 191.7 3699.81 

= 7  
cx, CY, D4 cwy,x,2 c q x i  CqY, CM5 

= 4562.32 = 304.8 = 403.9 = 5353.73 = 30.0 =58.5 =83.0 
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The related parameters are calculated and presented in Table 9.2. We 
obtain 

= 3 0 . 0 ~  4562.32 - 304.82 = 43966.56. 

The intercept can be obtained from 

= 4.797 . 4562.32~403.9 -304.8X5353.73 
a =  

43966.56 

Finally, the slope is given from 
30.0~5353.73 - 304.8~403.9 b =  = 0.853 

43966.56 

Thus, the best fitting line when the weight is considered is 
y = 4.797 +0.853x. 

Example. Calculate the slope and intercept from the following ( X ,  , 

data when NY,) is calculated from w, = l/oy . 
) 

2 

Table 9.3. ( X i  , Y ) data and weight ( qi ) for linear regression. 

1 
2 
3 
4 
5 
6 
7 
N 

= 7  

- 

0.2 5.2 0.10 
2.9 7.4 0.17 
5.1 8 0.16 
7.1 10.9 0.09 
10 13.7 0.13 
13.9 16.5 0.16 
19.3 21.3 0.08 

C X I  Cr 
=58.5 =83.0 

100.0 4.0 
34.6 291.0 
39.1 1016.0 
123.5 6223.5 
59.2 5917.2 
39.1 7547.3 
156.3 58201.6 

c.l: 
=551.6 

20.0 520.0 104.0 
100.3 256.1 742.6 
199.2 312.5 1593.8 
876.5 1345.7 9554.3 
591.7 810.7 8106.5 
543.0 644.5 8959.0 
3015.6 3328.1 64232.8 

According to Table 9.3, we obtain 

ay X i 2  = 79200.5, w, X i  = 5346.4 , 
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Linear Least Square Fitting 189 

Cqx = 7217.5, C W ~  Xi& = 93292.9, 

A = Cwy, Cwy, xi2 -(&XI y 
= 55 1.6~79200.5 - 5346.42 = 15,103,226.3. 

From (9.29) we get 
79200.5~7217.5 -5346.4~93292.9 = 4.823 

a =  
15103226.3 

From (9.30) we obtain 
55 1.6~93292.9 - 5346.4X7217.5 = o.852 . b =  

15103226.3 
From (9.38) we have 

O o = d  C A X i 2  =/-=0.072. 79200.5 
15103226.3 

From (9.44) we get 

".""" - v  15103226.3 

The resulting linear regression line is plotted in Fig. 9.6. 

20 15 0 5 10 

x 

Fig. 9.5. Plot of linear regression of the data in Table 9.3. 
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9.3. Both Xi and are Subject to Weighted Errors 

Both x and y subject to 
individual errors 

X 

X 

Fig. 9.6. Diagrams showing the situation when both X and Y are subject to errors and 
individual weighting of X and Y . 
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When both X i  and Y;. are subject to weighted errors (Fig. 9.6), the goal is 
to minimize the following expression: 

The conditions to minimize S include all the following three partial 
derivative of S to be zero: 

as 
ax, - = O ,  (9.46) 

(9.47) as 
au - = O ,  

as - = O .  
ab 

(9.48) 

as 
ax, Since - = 0 ,  we have 

-=2wx, as (x,-X,)+2bwy (a+bx,-Y,)  
ax, 

= 2[(Xi - Xi)WX, + b q  ( a  +bx, - q ) ]  (9.49) 

= 0. 

The solution of Eq. (9.49) is 
X , W , ~  + bY, (Y, - U )  

x. = (9.50) 
wx, + b 2 q  

Substitution of Eq. (9.50) into Eq. (9.45) yields 

s = c y ( a  + bX, - Y, )” (9.5 1) 

where 
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(9.52) 

as 
aa 

Since - = 0 (Eq. (9.47)), differentiating S with respect to a from Eq. 

(9.5 l), we obtain 

(9.53) 
as - = c2W, ( a  + bXi - y ) = 0 ,  
aa 

or 

Therefore we have 

u + b X = Y ,  

where 

and 

are weighted averages of X i  and r ,  respectively. 
Substitution of Eq. (9.56) into Eq. (9.5 1) gives 

s =cy (bU,  -Q2, 

where 
- 

U ,  = x i  - x , 
and 

- y. =y ,  - Y .  

(9.55) 

(9.56) 

(9.57) 

(9.58) 

(9.59) 

(9.60) 

(9.61) 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Linear Least Square Fitting 193 

as 
For the last partial derivative, - = 0 (Eq. (9.48)), differentiating S with 

respect to b in Eq. (9.59) gives rise to 
ab 

ab ab 

Note that v. is also a function of b . From Eq. (9.52), we have 

3 = - 2 b m x , q 2 [ m x ,  + b 2 q ] - 2  =--. 2 b v 2  
ab 

From Eq. (9.62) we obtain 

ab ab 

= c[ 2W, (bU,  -V,)U, + L ( b U ,  aw. - V ; ) 2 ] .  
ab 

Combination of Eqs. (9.63) and (9.64) gives rise to 

(9.62) 

(9.63) 

(9.64) 

(9.65) 

that is 

+xw,u,V, = 0. 

This is the York’s “Least Square Cubic” (York, 1966). Equation (9.66) 
can be simplified to get rid of b3. The key is to make good use of W,  . 
Equation (9.66) can be written as 
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Since Wi = @xi? , w e  have 
@Xi +b q 

W,  ( vi + b2ui )  = 1 ,  

or 

= 1  
w, [ @Xi + b 2 q  ] 

@Xi y; 

according Wi [@Xi + b 2 q  ] 
Multiple by 1, or 

@x, q. 

(9.68) 

(9.69) 

to the definition of Wi , to 

the right hand side of Eq. (9.67), the right hand side becomes 

bxM+!.Ji2 - z W , U i V ,  

(9.70) 
= b z W , X i  ,2 w, [@xi + b 2 q . ]  ' r Y [@xi + b 2 q ]  

@Xi q. @Xi@I:  

or 

b2xW,2UiV,/@x, + b( x Y 2 U ; / m x  - ~ ~ 2 ~ . 2 / c o x ,  ) 
(9.72) 

- z w , 2 U i & / q  = 0. 

Equation (9.72) can still be further simplified. The key is to move b 
inside in selected terms. Rewriting Eq. (9.72), we obtain 
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(9.73) 

By placing b in the first and the third terms inside the sum, we have 

wiv,zi 
Cyuiz; ' b =  (9.76) 

where 

zi =w; -+- (9.77) 

Equations (9.76) and (9.77) are the identical results from Williamson, 
(1968). 
To check if Eq. (9.76) collapses to least-square fitting for the case when 
Y, is subject to equal errors and there are no errors in X ,  (ax, = M ,  

mK =constant ), we have 

Wi =constant, Zi = U i  

then Eq. (9.76) reduces to 

(9.78) 
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which is Eq. (9.7). 
Two special cases for errors in both X i  and Y, are given below. 
1 )  Equal weighing of Xi and Y, (Fig. 9 . Q  i.e., Wxi = q,, I then 

a x i  w. =- 
’ b 2 + 1 ’  

From Eq. (9.76) we get 

c ( U i  +by.)V, 

c ( U i  + by)Ui ’ 
b= 

or 

b 2 x U i V i + b ( x U :  - x V : ) - z U i V i  = 0 ,  

with the following solution: 

I 

X 

Fig. 9.7. Least square fitting for equal weighing of x i  and Y, . The lines of adjustment 
are perpendicular to the best fitting line. 
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2) The ratio of the weights is a constant, wxi /CY ,  = c (a constant) 

wi=-. U X i  

b2 +c  

From Eq. (9.76) we obtain 

(CU; + bVi)Vi 

b = x w , , ( c U i + b V , ) U i  ’ 

or 

b2 C LO,, U,V, + b( c C  a X , U ;  - C W ~ , ~ ’ )  - cCoX, Uiq. = 0 .  

Therefore, we have (Worthing and Geffner, 1946) 

where 

(9.80) 

(9.81) 

9.4. Both X i  and are Subject to Weighted Correlated Errors 

9.4.1. Formulation 

When the weighted errors for X i  and I: are correlated, in order to 

achieve the goal of best linear fitting, we need to minimize the following 
expression (York, 1969): 
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Again, we need to have the following three partial derivative of S to be 
zero: 

Accorl 

as 
ax, - = O ,  (9.83) 

(9.84) 
as - = O ,  
aa 

as -=o. 
ab 

as 
axi ing to Eq. (9.83), - = 0 ,  we have 

+ 2 b q  (U  + bxi - q )  
= 0. 

The solution of Eq. (9.86) for xi is 

(9.85) 

(9.86) 

Substitution of Eq. (9.87) into (9.82) gives 

S = C W , ( u + b X i - q ) 2 ,  (9.88) 

where 

w, = Ox,  y: (9.89) 

Note that when the errors are not correlated, that is, = 0 ,  Eq. (9.89) 
reduces to Eq. (9.52). 
Since aS/au = 0 (Eq. (9.84)), by differentiating S with respect to a 
from Eq.(9.88), we obtain 

b 2 y ,  + ox - 2 b y d G ’  

as 
-= c2y (a +bX, - q )  = o ,  au (9.90) 
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or 

a c W ,  + b c W i X i  - c W i K  = 0 ,  (9.91) 

where 

and 

- -  
a + b X = Y ,  

are averages of X i  and & . 
Substitution of Eq. (9.93) into Eq. (9.88) gives 

where 
- u ; = x i - x ,  

and 
- 

v , = y i - Y ,  

(9.92) 

(9.93) 

(9.94) 

(9.95) 

(9.96) 

(9.97) 

(9.98) 

and v. is given by Eq. (9.89). 
According to Eq. (9.85), differentiation of S with respect to b in Eq. 
(9.96) gives rise to 

(9.99) 

Note that Wj is also a function of b .  Differentiation of y. from Eq. 
(9.89) gives 
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-2bmx,q2 [mx, + b 2 q  -2br;,/=l2 
db 

(9.100) 

From Eq. (9.99), we obtain 

as - (bU, --y.)2 -- 
ab ab (9.101) 

ab 
a w. 

= 2W, (bU, - Y ) U ,  +>(bU, - y )  

Combination of Eqs. (9.100) and (9.101) leads to 

A 

(9.102) 
or 

(9.103) 

Equation (9.103) can be simplified to get rid of b3 by making good use 
of v. from Eq. (9.89). By using the similar techniques in section 9.3, Eq. 
(9.103) can be written as 
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Further simplification of Eq. (9.104) leads to 

where 

1 
9.4.2. Error analysis 

Equation (9.104) can be written as 

29=c,b2+c2b+c3 = 0 ,  

where 

The error-propagation equation for the slope is (York, 1969) 

20 1 

(9.104) 

(9.105) 

(9.106) 

(9.107) 
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and the error propagation for the intercept is 

ax, and ay, are the errors for xi and yi , respectively. 

Note that since 

Eq. (9.108) for ob has the identical expression as Eq. (9.109) for 0,. 

Equation (9.108) is written in a manner so that we can use Eq. (9.107) to 
obtain partial derivatives. 
The three partial derivatives in Eq. (9.108) are given as follows (Mahon, 
1996): 

b2  

(9.111) 

U 
- 

b2 + ayJ 
2 
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i=l 

where Su is the Kronecker delta and 
(9.1 12) 

and 

qj = 0 for i = j ( i  and j are integers). 

The two partial derivatives in Eq. (9.109) can be obtained by 
differentiating Eq. (9.93) (Mahon, 1996) 

(9.1 14) 

9.5. Summary of Linear Least Square Fitting of the Line y = a + bx 

I )  No errors in X i  ; q. subject to equal errors 
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where A = N C X ; - ( Z X i ) ’ .  

The uncertainties in a and b are 

a, =ay - 

2 . 

2) No errors in X i  ; F subject to weighted errors 

A 

where A = c q c q X ;  -(CqX;)’. 
The uncertainties in a and b are 

3) Both X i  and Y, are subject to weighted independent errors 

where 
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- - ui = x i  - x , Y = & - Y .  

4) Both Xi and are subject to weighted correlated errors 

- -  
a = Y  - b X ,  

where 

- u i = x i - x ,  
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Chapter 10 

Mass Fractionation in Ionization Processes 

10.1. Mass Fractionhtion Laws 

Mass spectrometers measure ions rather than neutral atoms. The 
ionization processes in mass spectrometers involve breaking of chemical 
bonds. The strength of these chemical bonds is mass dependent. 
Therefore, ionization processes lead to mass dependent fractionation. 
Because the potential energy well of the bond involving the lighter 
isotope is always shallower than that for heavier isotope, the bond with 
the lighter isotope is more readily broken, resulting in mass dependent 
fractionation. Thus, the measured isotopic ratios are not the true isotope 
ratios. For example, Pb/204Pb ratio measured by thermal ionization 
mass spectrometer or secondary mass spectrometer is smaller than its 
true value, because these machines preferentially ionize light isotope 

Pb than heavy isotope "'Pb. To improve the precision and accuracy of 
the measurement of isotopic compositions, the mass fractionation in 
mass spectrometers needs to be corrected. 

K an element has two or more natural non-radiogenic isotopes, their 
isotopic ratio can be used to correct the mass fractionation in other 
isotope ratios of the same element. For example, I4'Nd/''%d (=0.7219) 
in natural samples can be used to correct mass fractionation for 
143Nd/'44Nd, where 143Nd is a radiogenic isotope from parent '47Sm. As 
another example, '?3d8Sr (=0.1194) in natural samples is used to correct 
mass fractionation in mass spectrometer for 87Sr/86Sr ratio, where 87Sr is 
a radiogenic isotope from parent 87Rb. 

206 

204 

207 
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There are three models for mass fractionation of isotopes in the 
ionization processes: a linear law, a power law and an exponential law 
(Wasserburg et al., 1981; Lee et al., 2001). 

10.1.1. Linear law 

Let R, be the isotopic ratio of isotopes i and j with masses mi and 
mi. The mass difference between the two isotopes is 

Am.. lJ =mi-m. .  J 

The measured isotopic ratio is R,: and the corrected isotopic ratio is RtF. 
For the linear law, the corrected ratio is given by 

R: = R: (1+6h4), (10.1) 

where the fractionation factor S is determined by a pair of non- 
radiogenic isotopes ( u  and v )  of constant natural abundance 

(10.2) 

and u and v represent a particular choice of an isotope pair for 
normalization, Ru: is the measured isotopic ratio, R f  is reference (true) 

value and 

Amuv = mu - m, . 

Take Sr isotope as an example, 

[1+(87-86)6] 

(10.3) measured 
86 Sr 

true 

measured 

where S is calculated by 
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( 86 sr/ Sr ) 
measured 

( 86 sr/ Sr ) 

0.1194 

measured 

For Nd isotopes, 

= [1+ (143 -144)Sl 
measured 144 Nd 144 Nd 

measured 

where 

Inre -1 (146-144) 
( 146 Nd/I4  N d )  

measured 
( 146 Nd/I4 N d )  

r 1 

10.1.2. Power law 

For power law, the corrected ratio is provided by 

where the fractionation factor is 

(10.4) 

(10.5) 

(10.6) 

(10.7) 

(10.8) 

For Sr isotopes, 
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measured 

( 1 + 6 J .  
measured 

where 
1/(86-88) 

frue measured 

-112 

measured 

For Nd isotopes, 

($1 ( 1 + 6 J 1 ,  
measured 

where 

The power law can be rewritten as 

( 1 0 . 9 )  

( 1 0 . 1 0 )  

( 1 0 . 1 1 )  

( 1 0 . 1 2 )  

( 1 0 . 1 3 )  
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In the In ( R i / R y )  vs. In ( RL/Rut ) plot, the data display a linear 

relationship with slope being Amg/Amw . Power law can also be 

expressed as 
Amy 

( R ~ / R ;  ) = ( R;/R," )% . 

10.1.3. Exponential law 

For exponential law, the corrected ratio is given by 

where 

For Sr isotopes, 

true measured 

(10.14) 

(10.15) 

(10.16) 

(10.17) 

where 

P = In[[ 
(10.18) true 

measured 

For Nd isotopes, 

(10.19) 
measured Nd 

where 
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P = l n [ [ z ) t r u J [ z )  measured (10.20) 

= In [ 0.721!7/[z) 
]/n measured 

The exponential law can also be presented as 
'n(mt/m, 1 

R:/RIY = (10.21) 

which can be re-expressed as 

(10.22) 

data display a linear 

relationship with slope being for exponential law. In 
In (mu lmv ) 

comparison, according to Eq. (10.13), the slope in theln(R:/R:) vs. 

In( R:/R:) plot is Ami/AmUv for power law. The difference in slopes 

between power law and exponential law is very small for heavy isotopic 
ratios. For example, for the Sr isotopic ratios, power law gives the slope 
as 

87 - 86 
86 - 88 

= -0.5, (10.23) 

and the exponential law yields the slope as 
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. ,  

l n ( 3  

= -0.50287 

(10.24) 

Example. Calculate the normalized 87Sr/86Sr when then measured 
Sr/"Sr=0.704333 and measured 86Sr/88Sr=0.1 195 1 using linear, power 

and exponential laws, respectively. For Sr, the universal choice is 
86Sr/88Sr=0.1 194. 
The mass fractionation factor from linear law is 

87 

r 1 

0.1 194 1 = ;[ 1 - ,";':,",4] = 0.00046, 
measured 

thus 

= 0.704333(1+0.00046) = 0.704657. 

The mass fractionation factor from power law is 

measured 

=[0.1194/0.11951]-''2 -1 =0.000461, 

thus [ 8 7 ~ r )  =( 8 7 ~ r ]  

measured 
86 Sr 

true 86 Sr 

= 0.704333(1+ 0.000461) = 0.704657. 

For exponential law, we have the fractionation factor 
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measured 

= in 
194 )In 

= 

thus 

measured 

= 

Note that the normalized (true) values on the basis of three laws are very 
similar to each other in the example. 

Example. Calculate the normalized 143Nd/144Nd when then measured 
143Nd/'44Nd =0.5 12776 and measured 146Nd/'44Nd =0.72175 using linear, 
power and exponential laws, respectively. For Nd isotope, the choice for 
normalization is '46Nd/'44Nd=0.7219. 
For linear law, we have the fractionation factor: 

r 1 

0.7219 

measured 

= i( 0'7219 -1) = 0.00()104, 
2 0.72175 

thus 

(1-6) 
measured 

= 0.5 12776 (1 - 0.000 104) = 0.5 12723. 

The fractionation factor for power law is 
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] 112 - 1  

measured 

=( ~~~~~5~ -1=0.000104, 

thus the true value is 

= 0.5 1 2776 ( 1 + 0.000 1 04)-' = 0.5 1 2723, 

For exponential law, we have 

p = in[ 0.7217/[ 
] I n  measured 

= ln[0.7219/0.72175]/1n - = 0.0150657, (;::) 
thus the true value is 

Nd measured 

= 0.5 12722. 

10.2. Internal and External Correction of Mass Fractionation 

10.2.1. Internal correction 

Although internal correction does not need any external isotopic 
standards, the correction requires that the element has at least two natural 
non-radiogenic isotopes. Some elements, e.g., Nd and Sr, satisfy this 
requirement. Take Sr and Nd internal linear correction as examples. 
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From a linear law or a linear approximation of the exponential law, the 
magnitude of the mass bias can be inferred from the measurement of this 
ratio in the sample 

("Srl %r);fie =0.1194= (86Sr/ 88Sr)~~a, , re , ( l -2S,~)  . (10.25) 

And 6;;' calculated from Eq. (10.25) is used to normalize the 87Sr/s6Sr to 

correct for mass bias 

( 8 7 ~ r /  86Sr)~~rmlized = (87Sr/ 86Sr)~~asured (l+S$) . (10.26) 

For Nd, the common choice is '46Nd/'44Nd=0.7219. From a linear 
approximation, the magnitude of the mass bias can be inferred from the 
measurement of this ratio 

('46Nd/144ZVd)f:ie = 0.7219 = ('46Nd/ 1 4 4 N d ) ~ ~ ~ s u r e d ( 1 + 2 S ~ ~ ) .  (10.27) 

And 6;: calculated from Eq. (10.27) is used to normalize the 
143Nd/144Nd to correct for mass bias 

( 143Nd/ 144Nd)s!'1 normalized - - (143Nd/144Nd)~~a, , ,d(1-S~~)  . (10.28) 

10.2.2. External correction 

By using internal correction, isotopic ratios can be obtained at a very 
high precision (for example, 10 ppm for 87Sr/s6Sr and 143Nd/'44Nd by 
mass spectrometers). Some elements, however, do not have two natural 
non-radiogenic isotopes. For example, Pb has three radiogenic isotopes 
(2MPb, 207Pb and 208Pb) but only one stable isotope 204Pb. We cannot use 
the internal correction of mass fractionation. But we can use an external 
Pb isotopic standard to correct the mass fractionation, assuming that the 
mass fractionation factor for the external standard (d;: ) is identical to 

that for the sample 6;;' . For the Pb isotopic standard NBS981, we have 

(206Pb/ 204Pb)f:te =16.9356=(*%Pb/ 204Pb):fa,T(1+2S;Jb). (10.29) 

Note that 16.9356 is the true 206Pb/204Pb for NBS 981 (Todt et al., 1996). 
For a natural sample, we have 
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( 206Pb/ 204Pb)ife = ( 206Pb/ 204Pb)gQs(1 + 2S$). (10.30) 

From (10.29) we get 

gstd Pb = - I (  16.9356 -1). 
2 ( 206Pb/ 204Pb)$a, 

(10.3 1) 

Assuming 6$ = 6::, substitution of (10.31) into (10.30) yields the true 
206Pb/204Pb ratio in the sample. 

Example. Suppose we obtain the following results for standard NBS 981 
and a sample: ( 206Pb/ 204Pb):tQ, = 16.891, ( 206Pb/ 204Pb):tQ, = 18.712. 

Find the true ratio, ( 206Pb/ 204Pb)iFLe , of the sample. 
From (10.31) we have 

6;; =-( 1 16.9356 -1)=0.00132 
2 16.891 

Assuming 6$ = 6;: =0.00132 and from (10.30), we obtain the true 
ratio in the sample: 

( 206Pb/ 204Pb)frie = 18.712(1+2~0.00132) = 18.761. 

Another way to do the correction of Pb isotope mass fractionation is to 
use double spike method, which will be discussed in Chapter 1 I .  

10.3. Dynamic Measurements of Nd and Sr Isotopic Compositions 

Multi-collection mass spectrometers can analyze isotope ratios in a static 
mode to eliminate the errors from beam instability. However, the static 
multi-collection method depends on the extent to which the collectors 
(e.g., Faraday cups) are identical and to the extent to which the gain of 
each collector is stable. An alternative approach is to use the so-called 
“dynamic” multi-collector mode, to cancel out beam instability, detector 
bias, and performing a power-law mass fractionation correction. The 
following descriptions are modified from the Finnigan MAT 262 
Operating manual (Finnigan, 1992). 
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10.3.1. Sr double collector analysis 

Faraday cup number 6 5 4 3 

lst Measurement: Mass 87 88 

2nd Measurement: Mass (85) 86 87 

From the power law Eq. (10.7), we have the measured isotopic ratio as 
-Amc 

R: = R ; ( l + 6 , )  . 

The first scan uses Faraday cup 3 to measure "Sr and cup 4 to measure 
87Sr. On the basis of the cup efficiency factor ( K,  for cup 3 and K4 for 
cup 4), the measured 88Sr/87Sr ratio is 

(10.32) 

Similarly, with the second scan, the measured 87Sr/86Sr ratio is related to 
its true ratio by 

Dividing (10.33) by (10.32), we obtain 

measured = __ 

measured 

( 87 sr/  '%r) 
-- R2 - 
R, ( " ~ r / ' ~ ~ r )  [ ::z:J [g) . (10.34) 

true true 

Note that mass fractionation factor 6 for power law and the cup 
efficiency factor K are completely cancelled out in (10.34). However, 
readers may find that if we use linear law or exponential law, the 
fractionation factors cannot be completely eliminated by division. 
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Since the true 86Sr/88Sr is 0.1 194, we have 

Thus the true (normalized) 87Sr/86Sr is 

10.3.2. Nd double collector analysis 

Faraday cup number 6 5 

1'' Measurement: Mass 143 144 

2nd Measurement: Mass 144 145 

3'' Measurement: Mass 145 146 

For the first scan, the measured '43Nd/144Nd is given by 

measured true 

(143-144) 

true 

(10.35) 

(10.36) 

where K ,  and K ,  are the Faraday cup efficiency factors for cup 5 and 6, 
respectively, and 6 is the mass fractionation factor per mass unit. 
Similarly, for the second measurement (scan), we have 

and for the third measurement, we have 
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measured true 

Combination of (10.37) and (10.38) yields 

(10.39) 

Combination of (10.36) and (10.39) gives 

Rl rn 

or 

In this way, the cup efficiency factor K and the fractionation factor per 
mass unit ( 6 ) are eliminated. 
Since the true 146 Nd/ 144 Nd = 0.7219, the true 143Nd/144Nd value is [z) = R l , / m .  (10.40) 

true 

10.3.3. Nd triple collector analysis 

Faraday cup number 7 6 5 

1" Measurement: Mass 143 144 145 

2"d Measurement: Mass 144 145 146 
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Mass Fractionation in Ionization Processes 221 

Initially, ratios Rl and R, are measured in the first scan, where 

143Nd K ,  -(l+S), (10.41) 
143Nd 

R l =  [ - I4Nd) =( %)lrue K ,  measured 

measured true 

K , ,  K ,  and K ,  are cup efficiency factors for cup 5, 6 and 7, 
respectively, 6 is the fractionation factor per mass unit. 
In the second measurement, we have: 

(10.43) 

R 4 =  (::?) - =[-I 146 Nd -(l+J)-'. K ,  (10.44) 

measured 

measured 145Nd true K 6  

Multiplying Rl by R3 can eliminate K ,  , K ,  and S : 

true 

And dividing R4 by R2 can cancel out K , ,  K ,  and S 

I4,Nd Nd - _  - 2 - [ 145 Nd]true (-1 true ' 

(10.45) 

(10.46) 

Combination of (10.45) and (10.46) leads to 

Since the true value 146Nd/14Nd =0.7219, we obtain 
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(10.47) 
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Chapter 11 

Isotope Dilution 

The isotope dilution method consists of mixing a natural sample with an 
artificial spike and measuring the isotopic ratios of the mixture using 
mass spectrometry, providing very precise quantitative determination of 
the concentrations of elements in trace quantities. A spike is a solution 
that contains a known concentration of the element, artificially enriched 
in one of its minor isotopes. For example, natural Rb samples have 
27.84% 87Rb and 72.16% "Rb (Fig. 11.1A). Rb spikes are made by 
artificially enrich the minor isotope 87Rb. And a solution with 90% 87Rb 
and 10% 85Rb (Fig. Il.1B) is a Rb spike. Of course, a solution with 
99.99% 87Rb and 0.01% 85Rb is a better Rb spike. When the known 
quantities (mass) of the sample and spike are mixed, the resulting 
isotopic compositions can be used to calculate the concentration of the 
element in the sample. 

The spike in most cases is single spike, but it can be double spike. 
Single spike method provides the information of the concentration of the 
sample, whereas the double-spike method can yield the concentration of 
the sample and the mass fractionation factor that can be used to calculate 
the true isotopic ratios in the sample. Take Pb isotope as an example. 
Natural Pb samples have 1.4% 20JPb, 24.4% 206Pb, 22.1% 207Pb and 
52.4% *08Pb. A single spike is made by artificially concentrating one of 
the minor Pb isotopes, for example 204Pb. A double spike is made by 
artificially concentrating two minor isotopes. For example, we can 
concentrate 20"Pb and *%Pb isotopes to make *04Pb- 206Pb double spike or 
concentrate 204Pb and '07Pb to make 204Pb-207Pb double spike. 

The theory of isotope dilution is a fine example that a better 
understanding of the theory can improve experimental measurements. 

223 
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(60% samplc+40% spike) 

Fig. 11.1. Abundances of R7Rb and %b in (A) a natural sample, (B) a "Rb spike, and (Cj 
a sample-spike mixture. 
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Isotope Dilution 

11.1. Single Spike Method 

225 

11.1.1. Single spike equation using isotope abundances 

Single spiking method is essentially a problem of two-component 
mixing. The ratio of the abundances of two isotopes A and B of an 
element in the mixture is (Faure, 1986) 

Ab,N + AbiS 
Ab;N+Ab!S’ 

R, = (11.1) 

where Ab, and Ab; are the isotope abundances of isotopes A and B, 

respectively, in the natural sample; Ab; and Ab: are the isotope 
abundances of A and B, respectively, in the spike; N and S are the 
total atoms of the normal element and of the spike, respectively. 
Equation (1 1.1) may be written as 

Ab: - R,,, Ab! 
R,,, Ab; - Ab; 

(11.2) 

Note that for naturally occurring non-radiogenic isotopes, for example, 
Sr and %r, their natural abundances Ab; and Ab; are known in the 

natural sample. The spike Ab: and Ab! are also known. Thus one 

measurement of RM in the mixture is enough to calculate the number of 
atoms of the element N in the sample. Since 

84 

and 

(11.3) 

(11.4) 

where A is the Avogadro’s number. WN and Ws are the atomic weights 

of the element in the sample and spike, respectively. M N  and M ,  are 
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226 Quantitative Geochemistry 

the weight of the sample and the weight of the spike, respectively;C, 
and C,,,are the concentration of the element in the normal sample and 

spike, respectively. Thus, CNMN is the weight of the element from the 
normal sample and C,,ik,M, is the weight of the element from the spike. 

Substitution of (11.3) and (11.4) into (11.2) gives the concentration of 
the element in the natural sample 

(11.5) 

In the above equation, the isotopic composition in the mixture R,,, is 
measured by amass spectrometer, the weight of the normal sample ( M ,  ) 
and the weight of the spike ( M , )  can be measured by a analytical 

weighing balance, and all other parameters ( Cspike, W, , A b i  , A b i ,  

A b i , A b ! )  are known. Thus, C, can be calculated from the above 
equation. 

Example. Suppose we add 0.0681 gram of Rb spike to 0.03893 g natural 
rock. In the spiked mixture, mass spectrometric measurement gives 
85Rb/87Rb=l. 162 and 84Sr/86Sr=0. 1043. The information about the spike 
and natural samples are provided in Table 11.1. Calculate the Rb 
concentrations in the natural sample. 

Table 1 1 . 1 .  The 85Rb and "Rb abundances in a spike and natural samples, and 
Rb concentration in the spike. 

Rb 87Rb "Rb Rb atomic 
concentration abundance abundance weight 

Spike 9.831 ppm 0.97972 0.02028 86.869 

Sample ? ppm 0.2784 0.7216 85.468 

Now we have the Rb concentration in the spike Cspike = 9.831 , the weight 

of the spike M ,  =0.0681 g ,  the weight of the natural 
sample M N  = 0.03893 g , the atomic mass of the spike W, = 86.869, the 
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Isotope Dilution 221 

atomic mass of the natural sample W,,, = 85.468, the abundance of 87Rb 

in the spikeAb: =0.97972, the abundance of "Rb in the 

spikeAb: =0.02028, the abundance of 87Rb in the natural 

sampleAbi =0.2784, the abundance of Rb in the natural 

sample Abi = 0.7216 and s7Rb/85Rb in the mixture R,,, = 0.8606. 
Substituting all the above parameters into Eq. (1 1 3 ,  we obtain 

85 

0.0681 85.468 0.97972 - 0.8606~0.02028 C F  = 9 . 8 3 1 ~  x-x( 
0.03893 86.869 0.8606~0.7216 - 0.2784 

= 49.09 ppm. 

Example. Calculate the Sr concentration in the natural sample. The 
weight of the Sr spike is still M, = 0.03893 g , the weight of the sample 
is still M, = 0.0681 g , and the measured 84Sr/88Sr in the mixture is 

RZ = 0.953 . The Sr spike information is provided in Table 11.2. 

Table 11.2. The 84Sr and "Sr abundances in a spike and natural samples, and 
Sr concentration in the spike. 

Sr 8 4 ~ r  "Sr Sr atomic 
concentration abundance abundance weight 

Spike 14.78 ppm 0.8246 0.1233 84.525 
Sample ? ppm 0.0056 0.8258 87.62 

Now we have the Sr concentration in the spike CSpike = 14.78 , the weight 

of the spike M, = 0.0681 g , the weight of the natural sample 
M, = 0.03893 g , the atomic mass of the spike W, = 84.525 the atomic 
mass of the natural sample W, = 87.62, the abundance of s4Sr in the 

spike Ab; = 0.8246, the abundance of 88Sr in the spike A@ = 0.1233, the 

abundance of 84Sr in the natural sample Abi = 0.0056, the abundance of 

"Sr in the natural sample Ab; = 0.8258, and 84Sr/88Sr in the mixture 
R,,, = 0.953 . Substituting all the above parameters into Eq. (1 1 S) ,  we 
obtain 
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228 Quantitative Geochemistry 

0.0681 87.62 0.8246-0.953~0.1233 
0.03893 84.525 0.953~0.8258-0.0056 

CE = 14.78~ x-x( 

= 24.25 ppm. 

Example. Calculate the U concentration in the natural sample. Suppose 
the weight of the U spike is M, =0.0166 g , the weight of the sample is 
M, =0.055 g ,  and the measured 233U/238U in the mixture is 

R," = 3.512. The U spike information is given in Table 11.3. 

Table 1 1.3. The 233U and 238U abundances in a spike and natural samples, and 
U concentration in the spike. 

U 2 3 3 ~  238u U atomic 
concentration abundance abundance weight 

Spike 2.051 ppm 0.99491 0.00229 233.45 
Sample ? ppm 0 0.992 238.03 

Now we have the U concentration in the spike Cspike = 2.051, the weight 

of the spike M ,  =0.0166 g ,  the weight of the natural sample 
M ,  = 0.055 g , the atomic mass of the spike W, = 233.45, the atomic 
mass of the natural sample W, = 238.03, the abundance of 233U in the 

spike Abt = 0.99491 , the abundance of 238U in the spike Ab; = 0.003, 

the abundance of 233U ,in the natural sample Abi = 0 ,  the abundance of 

U in the natural sample Ab: = 0.992, and the measured 233U/238U in 
the mixture R,,, = 0.953. By substituting all the above parameters into Eq. 
( I  IS), we obtain 

238 

0.055 238.03 0.9949 I - 3.5 12 x 0.00229 
C i  =2.051~- x-x( 

0.0166 233.45 3.512~0.99491-0 
= 1.963 ppm. 

Example. Calculate the Th concentration in a natural sample. Suppose 
the weight of the Th spike is M ,  = 0.0166 g , the weight of the sample 
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Isotope Dilution 229 

isM, = 0.055 g , and the measured 229Th/232Th in the mixture is 

=.1 15 . The Th spike information is provided in Table 1 1.4. 

Table 1 1.4. The 229Th and 232Th abundances in a spike and natural samples, and 
Th concentration in the spike. 

Th atomic 2 2 9 n  2 3 2 n  Th 
concentration abundance abundance weight 

Spike 0.314 ppm 0.997 0.003 229.35 

Sample ? ppm 0 1 .o 232.04 

Now we have the Th concentration in the spike Cspike = 0.314, the weight 

of the spike M, =0.0166 g , the weight of the natural sample 
M, = 0.055 g , the atomic mass of the spike W, = 229.35, the atomic 
mass of the natural sample W, = 232.04, the abundance of 229Th in the 

spike Ab: = 0.997 , the abundance of 232Th in the spike Ab! = 0.003, the 

abundance of 229Th in the natural sample Abi  = 0 ,  the abundance of 

232Th in the natural sample Ab; =1.0, and the measured 229Th/232Th in 
the mixture R,,, = 0.1 15 . By substituting all the above parameters into Eq. 
(1 1.5), we obtain 

C, Th =0.314x-x-x( 0.055 232.04 0.997 - 0.1 15 x 0.003 
0.0166 229.35 0.115 x l  .O - 0 

= 9.122 ppm. 

11.1.2. Single spike equation using isotope ratios 

In many cases, it is more convenient to describe the isotope dilution 
method using isotopic ratios rather than abundances alone. RM in Eq. 
(11.1) can be expressed as a function of isotopic ratios in the natural 
sample RN and the spike R, . 

Abi  
Ab i  ’ 

R, =- (11.6) 
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230 Quantitative Geochemistry 

Ab: 
Ab! 

R, =- (11.7) 

Substitution of Eqs. (1 1.6) and (1 1.7) into Eq. (1 1.1) results in 

Ab; N + Ab:S 
A b i  N + Ab!S 

Ab;R,N+Ab!R,S - RN +qR, ’ 

RM = 

- - - 
A b i  N + Ab!S 1 + 9  

where 

Ab!S q=- 
Ab: N 

(11.8) 

(11.9) 

According to Eq. (1 129, q is related to the isotopic ratios of the spike, 
the natural sample and the mixture by 

(11.10) 

Equation (1 1.8) may be written as 

RM (1 + q )  = R, +qR, . (1 1 .I 1) 

Equation (1 1.1 1) is very useful for the theory of double spiking that we 
are going to study later on 

Substituting Eqs. (1 1.3) 

On the basis of Eq. (1 1.9), we have 

(1 1.12) 

and (11.4) into Eq. (11.12), we find the 
concentration of the element in the normal sample 

(11.13) 

Equation (11.13) is written in a manner so that the numerator and the 
corresponding denominator have the same dimension. 

Problem. Use Eq. (11.13) to calculate the sample Rb, Sr, U and Th 
concentrations in the last four examples. 
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Isotope Dilution 23 1 

For Rb, since 

R,Rb =0.97972/0.02028=48.31, 

Rf' =0.2784/0.7216 ~0.3858,  

R:b = 0.8606, 

we obtain from Eq. (1 1.13) 

48.31 -0.8606 0.0681 85.46787 0.02028 C r  = 9 . 8 3 1 ~  X X X 
0.8606 -0.3858 0.03893 86.869 0.7216 

= 49.09 ppm. 

For Sr, since 

R,S' =0.8246/0.1233=6.685, 

RF = 0.0056/ 0.8258 = 0.00678, 

RZ = 0.953, 

we have 
6.685-0.953 0.0681 87.62 1.1233 

0.953 - 0.00678 0.03893 84.525 0.8246 
CE =14.78~ X x-x- 

= 24.25 ppm. 

For U, since 

R: = 0.9949/0.00229 = 435.2, 

R i  =0 ,  

R," =3.512, 

we obtain 
435.2 -3.512 0.055 238.03 0.00229 

3.512-0 0.0166 233.45 0.992 
C i  = 2 . 0 5 1 ~  x-x- X 

= 1.963 ppm. 

For Th, since 

RF = 0.997 /0.003 = 332.3, 
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232 Quantitative Geochemistry 

Th R, =0, 

R z  = O m ,  

we have 
332.3 -0.1 15 0.055 232.04 0.003 

0.1 15 -0 0.0166 229.35 0.997 
C: =0 .314~  x-x-x- 

= 9.122 ppm. 

11.1.3. Optimization 

During isotope dilution, after the spike composition is selected, then 
Ab; is fixed. The main control for us is to the change the sample/spike 
ratio, which is related to the measured R,,, . By differentiating C with 
respect to RM in Eq. (1 1.13), we find 

where 

Combination of Eq. (1  1.14) with Eq. (1 1.13) gives -/.= ac ( R N  - R, ) 
a R M  (R,$4 -RN)(R.'j - R M )  ' 

Rewriting Eq. (1 1.16), we have 

- - R,,,(RN - R s )  aRM - ac 
(R , , , -RN) (RS-R , , , )  R,,, ' 

or 

(11.14) 

(11.15) 

(11.16) 

(11.17) 

Let 
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Isotope Dilution 

so that 
2 2 

-- 

233 

(11.19) 

(I 1.20) 

If we define R,,,, as the ratio of the naturally minor (or absent) isotope 
over the naturally major isotope (for example, 87Rb/85Rb, s4Sr/88Sr, 
233U/238U, 229Th/232Th), then we have Rs > RM > R N ,  and the absolute 
operation for Q can be removed so that 

(11.21) 

Q is always positive and is essentially the error magnification factor 
from oRM / R M  to oc/C. 

Example. Calculate the magnification factor for the above four examples 
related to Rb, Sr, U and Th. 
From Eq. (1 1.21) we obtain 

0.8606(48.31-0.3858) =1.831, 
QRb = (0.8606-0.3858)(48.31-0.8606) 

= 1.173, 0.953(6.685 - 0.00678) 
Qsr = (0.953 - 0.00678)(6.685 - 0.953) 

3.5 1 2( 43 5.2 - 0) 
= 1.0008, 

= (3.5 12 - 0)( 435.2 - 3.5 1 2) 

0.1 15(332.3 - 0) 
= 1.0003 . 

= (0.1 15-0)(332.3-0.115) 

Note that for U and Th measurements, the use of man-made isotopes that 
are no longer existing in natural samples (22?h and 233U) can minimize 
the magnification factor. In the above cases, only 0.08% and 0.03% 
increase in the relative uncertainties for U and Th concentrations, 
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respectively. We can analyze the magnification factor in a more 
systematic way. Of course, if R,,, 2 R ,  (the sample is highly under- 
spiked) or if RM z R, (the sample is highly over-spiked), then the 
magnification parameter Q + OQ and the error propagation is huge, as 
can be seen from Fig. 11.2. One may anticipate that there is an optimal 
R,,, to minimize Q . 

Problem. Find the optimal R,,, . The criteria to find the optimal R, for 
minimum Q is to set the first derivative to be zero: 

aQ/aR,  = 0.  

Differentiation of Eq. (1 1.21) with respect to RM yields 

= O .  (1 1.22) 
-- ~ I Q  - (R, - R N ) ( R M ~ - R N R ~ )  

aRM (RM - R N ) 2 ( R s  -RM I2  
Since RN # R, # RM , in order for Eq. (1 1.22) to be valid, we have 

or 

(1 1.23) 2 R, - R N R , = O ,  

R,,, =JG. (11.24) 

This neat condition provides a good guidance for the single spike 
method. 

Example. Suppose we have R, =10 for the natural sample and 
R, = 1000 , find the optimal RM and the magnification factor at optimal 

R M .  

According to Eq. (1 1.24), we obtain the optimal 

RM = J R , R , = J l O x l O O O = l O O .  
When R, = 100, the magnification factor is 

=1.22. - 100(1000-l0) R, ( R ,  - RN) - 
'= ( R ,  - RN)(Rs - R,,,) (l00-10)(1000-l00) 
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Isotope Dilution 235 

If the fractional error ( aRM / R M  ) for RM is 1%0, then the fractional error 

( oC / C  ) for C is 1.22%0. 

I I I 

0.1 1 10 100 

R m  

Fig. 11.2. Plot of magnification factor as a function of R, when R, = 0.1 and 

R, = 150. The optimal value isR, =JG = 3.873. For a wide range 

0.5 < R, < 30,  the magnification factor is ~ 1 . 2 6 .  

Note that the optimal condition (11.24) does not work for artificial 
isotope that does not exist in nature (e.g., v h ) .  Natural samples have 
RN = 0, resulting in R,,, = 0 from (1 1.24). 
If R, = 0 ,  then Eq. ( 1  1.21) becomes 

22 

RS 
Rs -RM 

Q =  

And we obtain 

(1 1.25) 

(1 1.26) 
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Note that the first derivative is always positive (cannot be zero), 
suggesting that error magnification increases with increasing R, when 
RN = 0.  In this case, we can add a small amount of artificial spike to the 
mixture (to reduce magnification factor and to save often expensive 
artificial spikes). As long as RM is significantly less than R, , the error 
magnification factor remains small, as can been seen from the above 
examples for U and Th isotope dilution). 

Example. Estimate the optimal amount of Rb spike to add into the 
sample in the above Rb isotope dilution example from Table 11.1. The 
amount of natural rock is still 0.03893 g. We also have a rough estimate 
of the sample concentration 45 ppm from a not-so-precise measurement 
method. 
Now we have the Rb concentration in the spike Cspjke = 9.83 1 ,  the weight 

of the natural sampleM, = 0.03893 g , the atomic mass of the spike 
W, = 86.869 , the atomic mass of the natural sample W, = 85.468, the 

abundance of 87Rb in the spike Abt = 0.97972, the abundance of 85Rb in 

the spike Ab! = 0.02028, the abundance of 87Rb in the natural 

sample Abi = 0.2784, the abundance of "Rb in the natural 

sample Ab: = 0.7216, and 87Rb/85Rb in the mixture R,,, = 0.8606. The 
respective isotopic ratios in the spike and the sample are 

R,Rb =0.97972/0.02028=48.3 1, 

R$b = 0.2784/0.7216 =0.3858 . 
From Eq. (1 1.24), the optimal RM is 

RM =J48.31~0.3858 =4.317. 

Rewriting Eq. (11.13) for the mass of the spike, we have the optimal 
mass of the spike as 

(1 1.27) 
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Substituting the optimal R,,, and all other related parameters into (1 1.27), 
we obtain the estimated optimal mass of the spike as 

45 4.317 -0.3858 86.869 0.7216 
9.831 48.31-4.317 85.468 0.02028 

M ,  =0.03893~- X X- X 

= 0.576 g. 

11.2. Double Spike Method 

A single spike is enriched in one minor isotope whereas a double spike is 
enriched in two minor isotopes (Fig. 11.3). Double spike method needs 
two runs. The first run is to measure the un-spiked sample and the second 
run is to measure the spiked mixture. Double spike method not only 
provides the concentrations of the sample but also corrects the mass 
fractionation in mass spectrometers (and thus giving the true isotopic 
ratios). 

Dodson (1963) was the first to systematically investigate the theory 
of Pb isotope double spiking. The calculations related to Pb isotope 
double spiking may be made iteratively (Compston and Oversby, 1969) 
or analytically (Gale, 1970). Further development and application of the 
double spiking theory include the studies by Hamelin et al. (1989, Galer 
(1999), Johnson and Beard (1999), and Thirlwall(2000). 
The fractionation curve for the unspiked sample (unknown) from the 
linear mass fractionation law is described by 

xu = x; ( l + a x S u )  (1 1.28) 

y, =Y,*(l+a,S,), (1 1.29) 

z, =z;(l+a,S,), (1 1.30) 

where 6, is the mass fractionation factor for the sample. X ;  , Y; , Z; are 
measured isotopic ratios and lower-case x ,  y and z are true isotopic 
ratios. ax , ay and az are the mass-difference coefficients between two 

isotopes. For Pb isotopic compositions, where x = 206Pb/2MPb, 
y = '07 Pb/ '04 Pb and z = '08 Pb/ '04 Pb , the mass-difference coefficients 
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90 - 
60 - .- 70-  6 

Quanritative Geochemistry 

__. 
A Natural Sample 

100 
90 
60 (ZMpb single splke) 

8 70 

5 50 
c 40 

f 6o 

: 3 0  

5) 

20 

10 
0 

Fig. l1.3. Diagram comparing (A) the normal Ph sample, (8) a single *"Pb spike and (C)  
a ZWPb-207Pb double spike. 
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are a, =206-204=2, a, =207-204=3 and a, =208-204=4. 
AndEqs. (11.28), (11.29) and (11.30) become 

( z M ~ ~ / z M ~ b ) - .  U = ( 2 0 6 ~ ~ 1 2 0 4 p b ) ~ u 5 u r e d [ 1 + 2 ~ u 1 ,  U (11.31) 

( '07 Pb /'04 Pb)'Re U = ( '07 Pb/'" Pb)musured U [ 1 + 3 4 1 ,  (1 1.32) 

( 208Pb/2M Pb)'me = ( 208Pb/2M Pb)"v""red U [1+4Su]. (11.33) 

The fractionation curve for the mixture (spike+sample) from the linear 
mass fractionation law is described by 

XM = x ; ( 1 + a X s M ) ,  (11.34) 

Y M  =Y;(l+aY6,), (1 1.35) 

ZM =z; (1+az6,), (1 1.36) 

where XL,  Y i  and ZL are measured values for the sample-spike 
mixture and 6, is the mass fractionation factor for the mixture. For Pb 
isotopes, Eqs. (1 1.34), (1 1.35) and (1 1.36) become 

( 206Pb/204 Pb)-. M =( 206Pb/204 Pb)masured M [1+2SM], (11.37) 

('07Pb/2" Pb)m'=( M '07Pb/204Pb)""u5ured[1+36M], M (11.38) 

U 

and 

( 'Ox Pb/'" Pb)p"r = ( 208 Pb/204 Pb)mu5L'red [1+ 4SM]. (1 1.39) 

Now we need the equation from the single spike as a mixing. For single 
spike, we only need to measure one isotope ratio. But for double spike, 
we need three isotopic ratios. According to Eq. (1  1.1 l), we have 

XM (1 + 4) = x, +qxs 9 
(1 1.40) 

YM ( 1 + d  = YN +4YS 3 
(11.41) 

z,(l+q)=z, +qz,  9 (1 1.42) 

M M 

where 
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x;-xs a,x; -axx; 
Y; -Ys ayY; -ayYj 
z; -2, azz; -azz; 

Quantitative Geochemistry 

4 
(1+4)SM = 

6" 

Ab! S 
4=-- Abi N '  

-1 x; -x; 
Y,*-Y; 
z; -2; 

(1 1.43) 

. 

and xs , ys and zs are known for the spike. We have nine equations and 

nine unknowns in xu ,  y,, z,, xM aM and q .  By 

eliminating six unknowns inx, , y ,  , z ,  , xM , y ,  , z ,  , the nine 
equations (11.34) to (11.42) may be reduced to the following three 
equations with three unknowns in 6,, 6, and q : 

( X L  -X,)q+(l+q)a,XLSM -axX;S, = X i  - X i ,  (11.44) 

y, , z,, 6, 

l+q)6,  = [i: 1 

(Y; -Y,)q+(l+q)ayY~GM -axY,*S, =Y; -Y;, 

(z; - z , ) q + ( l + q ) a z Z ~ S M  -axz;Su =z; -z; .  
We may write Eqs. (1 1.44), ( 1  1.45), (1 1.46) in a matrix form: 

x;-xs axx; -axx; 
Y; -Ys ayy; -ayY,* 
z; -2, ag;  -azz; 

x; -x; 
Yj-Y; 
z; 4; 

(1 1.45) 

(1 1.46) 

(1 1.47) 

The solution to Eq. (1 1.47) in a matrix form is (Galer, 1999) 

(1 1.48) 

Since the analytical solutions to Eq. (1 1.48) for 6, , q , and (1 + q )  8 ,  
(and thus 8, ) have not been given before, here we provide in detail the 
analytical solutions as follows. 

6, is obtained by 
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7 (1  1.49) 
a, X b  A, + a,Y; A2 + a, ZL A3 

A 
8" = 

where 

A1 = ( Y i  -Y,)(Z; - Z h ) - ( Y ;  - Y i ) ( Z L  -2,)' 

A2 = ( Z h  - Z s ) ( X i  - X L ) - ( Z i  - Z ; ) ( X &  - X s ) ,  

A3 = ( X L  -Xs) (Y;  - Y i ) - ( X i  - X L ) ( Y i  -Y,), 

A = ax a, ( Y i  - Y, ) ( X i Z L  - X L  Z; ) 
+axay(z; -z , ) (x ;Y;  -X;Y;) 

(11.50) 

(11.51) 

(11.52) 

( 1 1.53) 

+ayaz ( X L  -X , ) (Y;z ;  -Y;z;). 

q is given by 

9 (1 1.54) 
ayazBl +axazB2 +axayB, 

A 4 =  

where 

Bl = ( X i  - X L ) ( Y i Z ;  - Y i Z L ) ,  (11.55) 

B2 = ( Y i  -YG)(X;ZL - X g Z i ) ,  (1  1.56) 

B3 = ( Z ;  -Z;)(X;YG - X L Y ; ) .  (1 1.57) 

And (1 + q )  6M is obtained by 

where 

C, = ( Z i  - Z L ) ( Y i  -Y,)-(Yi - Y i ) ( Z L  - Z s ) ,  (11.59) 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



242 Quantitative Geochemistry 

C, = ( X G  - X i ) ( Z L  - Z s ) - ( Z ;  - Z L ) ( X L  - X s ) ,  (11.60) 

C, =(yo*  - Y i ) ( X i  - X s ) - ( X ;  - X L ) ( Y i  - Y s ) .  (11.61) 

Note that a,, q and (1+ q )  SM have the same denominator A .  It is 

noted that when a, = 2 ,  a; =3,az = 4 ,  which is the case for Pb 
isotopes, Eqs. (1 1.49), (1 1.54) and (1  1.58) collapse to the solutions given 
by Gale (1970). Also note that Johnson and Beard (1999) provided 
analytical solutions for a different matrix. 

10.3. Two Double Spikes 

The double spike method needs a run of un-spiked sample and the 
second run of the mixture. In contrast, two double spike method 
(Kuritani and Nakamura, 2003) requires two runs of mixtures spiked 
with different double spikes. Here we explain the theory of the 207Pb- 
2"Pb and 205Pb-2"Pb two double spikes (Kuritani and Nakamura, 2003). 
The true ratio of the first double spike mixture (e.g., xM1 ) is related to 

the measured ratio of the first mixture ( e g ,  XLl ) by 

% I =  XLl ( I+  ax 4 1  ) 7 
(1  1.62) 

Y M l  = y , l ( 1 + a Y L ) 7  (I 1.63) 

z,1= ZL 1 (1 + a z  4.f 1 ) . (1  1.64) 

The mixing relationship between the true ratio of the first double spike 
mixture (e.g., xMl ) and the true ratio of the unknown (e.g., xu ) in the 

first mixture is 

1 (1 + PI = "r,  + XS 1 P 7 
(1  1.65) 

YMMI(I+P) = Yu + YSlP 7 
(1  1.66) 

z,, (1 + P )  = z ,  + Z,,P . (1  1.67) 
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The second double spike includes an artificially enriched isotope that 
does not exist in natural samples or in the first double spike. For 
example, 205Pb in the 205Pb-2wPb double spike does not exist in natural 
samples or in the first 207Pb-2wPb double spike. Therefore, the second 
double spike has an additional isotope ratio w . 
The true ratio for the second double spike mixture is related to the 
measured ratio of the second mixture by 

WM2 =Jv.;2(1+%4!2)7 (1 1.68) 

(1 1.69) 

(1 1.70) 

XY 2 = K4 2 (1 + @x 44 2 

YY 2 = y; 2 (1 + aY44 2 ) 9 

ZY, = G Z  (1 + a z 4 4 2  ) * 
(11.71) 

The mixing relationship between the true ratio of the second mixture 
(eg., xY2) and the true ratio of the unknown (e.g., x u )  of the second 

mixture is 

+%2(1+ 4) = wa + ws24 9 (1 1.72) 

YW2(1+4) = Ya + Y d  7 
(1 1.74) 

z,*(1+4) = z ,  + zs2q * (1 1.75) 

We can obtain seven equations: including three from the first mixture 
and four from the second mixture. 
For the first mixture, from (1 1.62), (1 1.63), (1 1.64), (1 1.65), (1 1.66) and 
(1  1.67), we have 

Wll, 1 - Xs,) P + XLPX (1 + P)&, - xu = -x;17 (1 1.76) 

<y;, -xsl)P+y;,%(1+P)4f, -Y" = - Y L  (1 1.77) 

(z;, -zs)p+z;,ax(l+p)6,, - z ,  =-&. (1 1.78) 

For the second mixture, from (1 1.68), (1 1.69), (1 1.70), (1 1.71), (1 1.72), 
(1 1.73), (1 1.74) and (1 1.75), we get 
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(WL2-~s)q+WL2ax(1+p)6M,-~u = - W i 2 ,  (11.79) 

<X;2 - xs214 + XL2aX (1 + -xu = -xi2, (1 1.80) 

( y L 2 - Y s ) ~ + y ; , ~ X ( 1 + P ) ~ , , - Y u  =-y;2, (1 1 .8l) 

<z;2 -z,)q+z;2%(1+P)44, -zu  =-z;2. (11.82) 

We have seven unknowns in p , q , x u ,  yu , zu , aMI, a,, in seven 
linear equations (1 1.76) to (1 1.82) and we can obtain unique solutions. 
Let rMI =(l+p)SM, and rM2 =(l+q)SM2, 
we can write Eqs. (1 1.76) to (1 1.82) in a matrix form 

P 
4 

‘M 1 

‘M2 

XU 

Yu 

ZU 

G I  -xSl 0 axXL1 0 -1 0 0 

G 1 -  YSl 0 aYY;I 0 0 -1 0 

G I  - ZSl 0 azZL1 0 0 0 -I 
0 w;2 -ws2 0 a,w;, 0 0 0 

0 x;2 -xs2 0 axx;,  -1 0 0 

0 y;z - Ys2 0 a y Y i 2  0 -1 0 

0 zL2 - zs2 0 a,z;, 0 0 -1 

= 

P 
4 

‘M 1 

‘M 2 

XU 

Yu 

ZU 

(1 1.83) 
The solution to Eq. (11.83) in the matrix form is (Kuritani and 
Nakamura, 2003) 

G I  -%I  0 axxtl  0 -1 0 0 

G I  - YSl 0 a,y; I 0 0 -1 0 

G I  - ZSI 0 a z G 1  0 0 0 -1 

0 wi2 -ws2 0 &Wi2 0 0 0 
0 XL2-xs2 0 a x X L 2  -1 0 0 
0 yi2 - Ys2 0 a y Y i 2  o -1 o 
0 2 i 2 - z S 2  o azZL2 o o -I  

-1 

- G I  
- G I  

- G I  
-w;2 

-x12 
-y12 
-z12 

(1  1.84) 
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Note that w,, = 0 in (1 1.79) (for example, we use 205Pb/204Pb as w,, and 
wu = 0 for natural samples) because natural samples do not have short- 
lived 205Pb. Otherwise, if w,, # 0 ,  we have eight unknowns in seven 
equations and we can not obtain unique solutions. 

10.4. Summary of Equations 

1) Single spike method 

The concentration in the normal sample can be obtained by 

or, equivalently, by 

The relationship between the isotopic ratio in the mixture, normal sample 
and spike is 

Magnification factor: 

Optimal RM : 
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2) Double spike method 

a, XL A, + a y Y i  A, + a , Z k  A3 
A 

a y a z B ,  + a x a z B ,  + a , a y B ,  
A 

6, = , 

4= 3 

where 

A = a,az ( Y i  - Ys )( X ; Z L  - X L Z ; )  

+axay(zL -z,)(x;Y; - x ; Y ~ )  

+ayaz (x; - X , ) ( Y ; Z ;  -Y;z;), 

and A, , A, ,  A 3 ,  B, , B,, B 3 ,  C, , C, , C, , are given by (1 1.50), (1 lS l ) ,  
(11.52), (11.55), (11.56), (11.57), (11.59), (11.60) and (11.61), 
respectively. 
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Chapter 12 

Pb Isotope Modeling 

Pb isotope evolution is complicated. Mathematical analysis of the Pb 
isotope diagrams can help understand challenging problems related to Pb 
isotope evolution. Here we conduct new theoretical analyses of the 
fundamental equations related to four useful diagrams in Pb isotope 
geochemistry: the Tera-Wasserburg diagram, the conventional U-Pb 
Concordia diagram, the Holmes-Houtermans common Pb evolution 
model and the two-stage Pb evolution model. The U-Th-Pa Concordia 
diagram will also be treated in a similar manner. You may find that these 
quantitative treatments are quite stimulating. At the end of this chapter, 
we talk about the error analyses of U-Pb isotope data. 

12.1. Why is the Tera-Wasserburg Concordia Diagram Concave 
Upward? 

In the Tera-Wasserburg Concordia (Tera and Wasserburg, 1972), 
U/206Pb ratios are plotted directly against the 207Pb/206Pb ratio. The 

equations for 238U/206Pb and 207Pb/206Pb are given by: 

238 

(12.1) 1 238 u 
zo6 pb 

- --- 
e ' & ~ 8 t  - 1 ' 

(12.2) 

where /1238 =1.55125~10- '~ y-l and /1235 =9.8485XlO-'O y-l are decay 
constants for 238U and 23sU, respectively. 

248 
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Because the second derivative ( d 2 y / d r 2  ) of a function ( y = f ( x ) )  
determines whether the curve of the function is concave upward or down, 
to answer the question of this section, we need to derive the second 
derivatives of the Tera-Wasserburg Concordia plot. 
For the Tera-Wasserburg Concordia diagram (Fig. 12.1), we have 

x =  238U/206Pb, 

y = 207Pb/206Pb. 

Differentiation of x in Eq. (12.1) with respect to t gives 

(12.3) 

Differentiation of y in Eq. (12.2) with respect to t yields 

(12.4) 
From Eqs. (12.3) and (12.4) we obtain the first derivative of y with 
respect to x by using chain rule 

ax at 

Differentiation of the above * / a x  in (12.5) with respect to t gives 
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.3.6 Ga 

3.4 Ga 

~ 3 . 2  Ga 

I 
- 1  

I 
I 
7 

= 
%. Ga o,4 Ga 

0.2 Ga 

1 ' 1 ' 1  - 1 - 1  8 1 ' 1  

The key to obtain a2y/ax2 is to use the following chain rule: 

- a at 
at  (12.7) 

Fig. 12.1. The Tera-Wasserburg 207Pb/206Pb vs. 238U/206Pb plot from Eqs. (12.1) and 
(12.2). ~ ~ 1 0years. 
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From (12.3), (12.6), (12.7), we obtain the second derivative of y with 
respect to x as 

(12.8) 
Since 

'435 - 4 3 8  " 9  

e'%35' - e('%35-'%38)' > 0 , 

and all other terms on the right-hand side in Eq. (12.8) are positive, the 
second derivative d2y/dx2 > 0 everywhere. Therefore, the curves in the 
Tera-Wasserburg Concordia diagram are concave up everywhere (Fig. 
12.1). 

12.2. Why is the Conventional Concordia Plot Concave Down? 

The conventional Concordia diagram (Wetherill, 1956) is the 
'06 Pb* /238 U vs. '07 Pb* U plot, where * denotes the radiogenic 
portion of Pb isotopes. This diagram also finds wide applications in 
zircon U-Pb geochronology. For U-Pb zircon dating, the daughter-parent 
ratios are given by 

206 Pb* /238 ,lJ = ,'%38' - 1 (12.9) 

(12.10) 207 pb* 1235 ,lJ = e/1235f - 1 , 

In conventional Concordia diagram (Fig. 12.2), x ='07 Pb* /235  U and 
y =206 pb* U . 

The first derivative of y with respect to time r from Eq. (12.9) is 
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Fig. 12.2. The 206Pb/238U vs. 207Pb/235U Concordia plot according to Eqs. (12.9) and 
( 1  2.10). 

(12.11) 

Similarly, the first derivative of x with respect to t from Eq. (12.10) is 

(12.12) 

From Eqs. (12.11) and (12.12), we obtain the first derivative of y with 
respect to x by using the chain rule 

'y = */( $) - 4 3 8  e(h3~-&5)f , (12.13) 

All terms on the right hand side of Eq. (12.13) is positive and thus 
dy/dx>O everywhere. It is not surprising that a positive relationship 
between 206pb/238U and 207Pb/235U is displayed in the conventional 
Concordia plot (Fig. 12.2). 

ax at 4 3 5  

Q u a n t i t a t i v e  G e o c h e m i s t r y

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Lead Isotope Modeling 253 

To obtain the second derivative of y with respect to x, or a 2 y / a x 2  , 
we need to first obtain the derivative of $/ax with respect to t from 
Eq. (12.13): 

a (WW - - 4 3 8  ( 4 3 8  - 4 3 5 )  e(438-&5 ) f  (12.14) 
at 4 3 5  

FromEqs. (12.12) and(12.14) we find 

-- a2Y - a ( a Y / y $ )  
(12.15) 

ax2 at 

- - 4 3 8  ( 4 3 8  - 4 3 5 )  e ( 4 3 8 - 2 & 5 ) f  

4 3 5 2  

Since 438 -435 < O  in Eq. (12.15), the second derivative d2y/3x2 < 0 
everywhere. Therefore, the conventional Concordia plot is concave down 
everywhere (Fig. 12.2). 

12.3. Why is the Holmes-Houtermans Model Concave Down? 

For the Tera-Wasserburg plot and conventional Concordia plot, we 
measure a mineral (e.g., zircon) that is enriched in U and initially 
contains little unradiogenic (common) Pb. 

For Holmes-Houtermans model (Holmes, 1946; Houtermans, 1946), 
we chose a mineral ( e g ,  galena, PbS) that contains significant amount of 
Pb but very little U. Let t be the formation age of the galena. In the 
Holmes-Houtermans model of lead evolution, Pb evolved between 4.57 
Ga ( T ) and time ( t ) in a reservoir having uniform 238U/204Pb ( ,u ) of 
7.192. Galena was formed and separated from the reservoir at time t . 
From t to the Present, there is no radiogenic Pb growth in the galena, or, 
Pb isotopic compositions were fixed between t and present. The 
equations for Pb isotope compositions in the Holmes-Houtermans mode1 
are given by 
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Fig. 12.3. The one-stage Pb evolution model of Holmes-Houtermans according to Eqs. 
(12.16) and (12.17). The straight lines are isochrones for different values of 1 .  The 
curved lines are Pb growth curves for U-Pb systems having present-day p (23sU/204Pb> 
values of 7 (solid square), 8 (open circle), and 9 (solid triangle), respectively. Present-day 
23aU/235U=1 37.88. 

207 pb 2 3 5 ~  [Z)l +-(e 435T -e43sr). (12.17) 
204 Pb 204Pb 204Pb 

207 Pb 
204Pb 

[ 2 0 6 P b ] f  and [-) are the Pb isotopic compositions at time, where - 
204 Pb 

207 Pb 
t to form mineral galena and [2)T and [-) 204Pb are the Pb 

204 Pb 

isotopic ratios when the Earth was formed. 
Let 

Quantitative Geochemistry
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Differentiation of x in Eq. (12.16) with respect to 

Differentiation of y in Eq. (12.17) with respect to 

t gives 

(12.18) 

t yields 

( 1 2.1 9) 

By dividing Eq. (12.19) over Eq. (12.18), we obtain the first derivative of 
y with respective to x 

(12.20) 

Note that, according to Eq. (12.20), the slope (ay/ax) of the line for a 
fixed t is independent of 238U/204Pb ratio, or p , which is consistent with 
the straight lines for fixed t in Fig. 12.3. 
Differentiation of ay/ax from Eq. (12.20) with respect to t yields 

(12.21) 

From Eqs. (12.18) and (12.21) we obtain 

-- ax2 at 

< 0. 
Since the second derivativc is negative everywhere, the plot is concave 
down everywhere. 

It should be noted that, although the first derivative is independent of 
208U/204Pb, or p ,  the second derivative depends on p ,  resulting in 
different extents of curvatures. According to Eq. (12.22), the higher the 
,u , the lower the absolute value of a2y/ax2 , and thus smaller the extents 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



256 Quantitative Geochemistry 

of the curvature. This analysis is consistent with Fig. 12.3 in that the 
curve for y =9 displays smaller extent of curvature than that for y =7. 

12.4. Why is the Two-stage Model of Pb Evolution also Concave 
Down? 

In the Stacey-Kremers two-stage model of lead evolution (Stacey and 
Kramers, 1975), Pb evolved between 4.57 Ga ( T  ) and 3.7 Ga ( tl ) in a 
reservoir having uniform 238U/204Pb (/I, ) of 7.192. At a time of tl , the 
value of y was changed by geochemical differentiation to y, = 9.735. 
At a later time t, , Pb was separated from the second-stage reservoir. The 
Pb isotopic compositions of such separated lead in minerals like galena 
have remained unchanged since t, till the Present. T and tl are fixed but 
t, is the unknown. 
The equations for the two-stage model of Pb evolution are 

- e4lsr2 ) , (12.23) (-1, 206 Pb = (-) *06Pb + y, (e4387 - e4384 + y, ( e 4 3 8 r 1  

'04Pb '@'Pb 

(12.24) 
1 [ '07pb)t =( 207 " )  (e&5T -e%35'l 

204Pb 204Pb 137.88 

4 4  ( eh35rl - ea35'2 ) ; 
137.88 

are the primordial values when the 

Earth was formed and are known. 137.88 is the ratio 238U/235U. 
yl = (238 U/204Pb)l = 7.192 and yl = (238 U/204Pb), = 9.735 
Let 
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Fig. 12.4. The two-stage Pb evolution model of Stacey and Kramers (1975) from Eqs. 
(12.23) and (12.24). p = 7.192 for the first stage (4.57 Ga to 3.7 Ga) and p = 9.735 for 
the second stage (3.7 Ga to present). 

Differentiation of Eq. (12.23) with respect to t, gives 

Differentiation of Eq. (12.24) with respect to t, yields 

(12.25) 

( 1 2.26) 

By using the chain rule, we obtain from Eqs. (12.25) and (12.26) 

__-- a Y  - 1 4235 e ( 4 3 5 - 4 3 * ) t *  (12.27) 

Note that, according to Eq. (12.27), the first derivative dy/dx is 

independent of p, . 
The derivative of dy/dx with respect to t ,  is 

ax 137.88 A~~ 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



258 Quantitative Geochemistry 

From Eqs. (12.25) and (12.28) we finally find 

-- a 2 Y  - a(ay/a4/($] 

(I 2.29) ax2 at2 

 1  435 ( 4 3 s  -243s )h . 
2 ( 4 3 5  -/2238)e 

- 
p2 238u 4 3 8  

Since a2y/ax2 < 0 everywhere, the curves in the two-stage Pb evolution 
model are concave down everywhere. According to Eq. (12.29), the 
extent of the curvature during the second stage is dependent on p2. 

12.5. Why is the U-Th-Pa Concordia Diagram Concave Down 
Everywhere? 

The Concordia U-Th-Pa diagram (Cheng et al., 1998) is (231Pa/235U) vs. 
(230Th/238U) plot with the following equations for unsupported 23?h and 
231Pb (Ku, 1968; Ivanovich and Harmon, 1992): 

( 2 3 0 ~ ~ 2 3 8 ~ )  = 1 - e-&ol, 

(231Pd235U) = 1 - e - 4 3 1 f  , 

In the Concordia U-Th-Pa diagram, we have 
= (230Th/238U) = 1 - e-'&30,r (12.30) 

and 
y = (231pa/235U) = 1 - e - h f  . (12.31) 

The first derivative of y from Eq. (12.31) with respect to time t is 

(12.32) 

Similarly, the first derivative of x from Eq. (12.30) with respect to t is 

(12.33) 
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300 ka 
1.0 

0.8 - 

0.6 - 
3 

m 

E 0.4 - 
N- 

0 . 
a 

‘,?5 ka 

0.0 0.2 0.4 0.6 0.8 1 .o 
0.0 - 

I I I I I 

(230T h/238U) 

Fig. 12.5. (231Pa/235U) vs. (23%/238U) Concordia diagram according to Eqs. (12.30) and 
(12.31). ka = 1,000 years. 

From Eqs. (12.32) and (12.33), by using the chain rule, we obtain the 
first derivative of y with respect to x 

(12.34) 

All terms on the right hand side of Eq. (12.34) is positive and thus 
+/ax > 0 everywhere, as displayed by the positive relationship between 
(23?’h/238U) and (231Pa/235U) in the U-Th-Pa Concordia plot (Fig. 12.5). 
To obtain the second derivative of y with respect to x ,  or a2y/3x2 , we 
need to first obtain the derivative of +/ax with respect to t from Eq. 
(12.34): 

By using chain rule and by combining Eqs. (12.33) and (12.35), we 
obtain 
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-- a2r - Wy'"'/($) 
(12.36) 

ax2 at 

- - &31(430  - 4 3 1 )  e(2&w-hi) '  

4 3 0 2  

Since &30 =9 .217~10-~  y-' and =2.134x10-' y-', we have 

&30 - &, < 0.  The second derivative a2y/ax2 < 0 everywhere in Eq. 
(12.36). Therefore, the U-Th-Pa Concordia plot is concave down 
everywhere. 

12.6. Some Calculations Related to Pb Isotope Geochemistry 

12.6.1. What is Concordia age? 

We can calculate two independent ages based on 2MPb/2'8U and 

=207 pb /235 u = e'%35f - 1 (12.37) 

Y =  206 pb/238 u = eh38' -1 , (12.38) 

If the measured 207Pb/235U and 206Pb/238U plot on the Concordia curve 
(Fig. 12.2), then these two ages are consistent. In this case, we may 
calculate the Concordia age that is the best estimate of a single assumed 
Concordia point. The Concordia age is essentially a mathematically 
adjusted age. 
A general goal is to minimize the sums of the squares of the N error 
weighted residuals (Titterington and Halliday, 1979; Ludwig, 1998) 

207pb/235U: 

(12.39) N T  

1 
s=cv;  L 2 ; v i .  

For a single assumed Concordia point ( ( N  = 1) , Eq. (12.39) reduces to 

s = V T R V ,  ( 12.40) 

where T denotes transpose, v is the vector of the residue of the point 
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(12.41) 

and Q is the variance-covariance matrix for the residuals 

and X and Yare the measured Pb isotope values and x and y are the 
true values. 
Substitution of Eqs. (12.37) and (12.38) into (12.41) results in 

where t is the true Concordia age. 
Substitution of (12.41) and (12.43) into Eq. (12.40) yields 

(12.43) 

(12.44) 

= R2Q2,, + Rr(Q12 + Q 2 1 )  + r2Q2, 

= R2Qll +2RrQ12 +r2Q2, .  

Since R = X -e4”‘ +1 and r = Y -eh3g‘ + 1 ,  there is only one unknown 
t in Eq. (12.44). By setting dS/dt = 0 and solving it numerically, we 
can obtain the Concordia age. 

12.6.2. Error propagation related to Pb isotopes 

In this session, we show three examples concerning the error propagation 
of U-Pb isotope data. More detailed accounts of the error analysis of U- 
Pb isotope data have been documented in literature (Ludwig, 1980; 
Ludwig, 1998; Ludwig, 2003). 
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Example. Estimate the error of 206pb/20"Pb from measured 206pb/20"Pb 
and mass fractionation factor, given the measured 206pb/204Pb= 
18.792M.005 and the mass fractionation factor per atomic mass unit of 
0.10%+0.03%. 
The true 206Pb/20"Pb ( a )  is related to the measured 206Pb/20"Pb (a,,,) and 
the linear mass fractionation factor ( E )  (see Chapter 10 for mass 
fractionation laws) by 

a = am (1 + 2E) . 

Since am =18.792, aam =0.005, ~=0.001,  dE=0.0003, then 

a = am(l + 2 ~ )  = 18.792 * (1 + 2" 0.001) = 18.830. 

The partial derivative of a with respect to a,,, is 

aa -=1+2&. 
' a m  

The partial derivative of a with respect to E is 
a a  - = 2am. 
aE 

If the uncertainties in a,,, and E are independent and random, then the 
uncertainty in a is 

= J[ (1 + 2 4  a,, l2 + ( 2a,,,q y 
= J[( 1 + 2" 0.001) * 0.00512 + (2 * 18.792 * 0.0003)2 

= 0.012. 
Thus the true 206Pb/204Pb is a= 18.830f0.012. Note that the 206pb/20"Pb 
error of 0.012 is significantly higher than the measured 206Pb/204Pb error 
of 0.005. 
The maximum error can be calculated by 

0, = laa/aa;, 1 aam + laa/aE( 0, = 11 + 24 aam + 12a,,, I 0, 
= 11 + 2 * 0.0011 * 0.005 + 12 * 18.7921 * 0.0003 = 0.016. 
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Example. Estimate the error of 207Pb/206pb from measured 207Pb/206pb 
and mass fractionation factor, provided that measured common Pb 
'07Pb/'06pb is w, = 0.8566 & 0.0002 and the mass fractionation factor is 
E =0.10%&0.03%. 
The true 207Pb/206pb ( w )  is related to the measured 207Pb/206pb ( w,) and 
the mass fractionation factor ( E ) by 

w = (1 + E )  wm 

And the best estimate is 
W =  (1 + E)W, = (1 + 0.001) ~ 0 . 8 5 6 6  = 0.8575. 

The partial derivative of w relative to w, is 

a o  
- = l + E .  
'Urn 

And the partial derivative of w relative to E is 

-urn. am 
a& -- 

If the uncertainties in am and E are independent and random, then the 
uncertainty in w is 

= ,/[ (1 + 0.001) * 0.0002]2 + (0.8566 * 0.0003)2 

= 0.0003. 
Therefore, the true 207Pb/206pb is 

= 0.8575 k 0.0003 . 

Example. Sometimes the uncertainty in the decay constant needs to be 
considered for the age calculations (Mattinson, 1987; Ludwig, 2000). 
Estimate the age error from 206pb/238U in zircons provided 
206pb/238U=0.5125k0.0002 and the decay constant A,, = 1.551~10- '~ y-' 
(year.') error of 0.1 %. 
The age equation is 
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t,, 

where R,, = 206Pb*/238U. 
The estimate of the zircon age is 

In (0.5125 + 1) 
1.55 1 x lo-'' t,, = 

= 2.668~10' y. 

The partial derivative of t,, with respect to R,, is 

And the partial derivative of t,,, with respect to /1238 is 

Since the uncertainties in R,, and & are independent and random, 
then the uncertainty in the age of the zircon can be calculated using error 
propagation for independent random errors as 

=3x106 y. 

Therefore, the zircon age is 

t,,, =2.668+0.003~lO' y . 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Lead Isotope Modeling 265 

References 

Cheng, H.,  Edwards, R.L., Murrell, M.T. and Benjamin, T.M., 1998. Uranium-thorium- 

Holmes, A., 1946. An estimate of the age of the Earth. Nature, 157: 680-684. 
Houtermans, F.G., 1946. Die Isotopen-Haufigkeiten im naturlichen Blei und das Alter 

des Urans. Naturwissenschaften, 33: 185-187. 
Ivanovich, M. and Harmon, R.S. (Editors), 1992. Uranium-series disequilibrium: 

Applications to Earth, marine, and environmental sciences. Oxford Science 
Publications, 910 pp. 

Ku, T.L., 1968. Protactinium-231 methd of dating coral from Barbados Island. J. 
Geophys. Res., 73: 2271-2276. 

Ludwig, K., 1998. On the treatment of concordant uranium-lead ages. Geochim. 
Cosmochim. Acta, 62: 665-676. 

Ludwig, K.R., 1980. Calculation of uncertainties of U-Pb isotope data. Earth Planet. Sci. 
Lett., 46: 212-220. 

Ludwig, K.R., 2000. Decay constant errors in U-Pb concordia-intercept ages. Chem. 
Geol., 166: 315-318. 

Ludwig, K.R., 2003. User's Manual for ISOPLOT 3.00: A geochronological toolkit for 
Microsoft Excel. Berkeley Geochronology Center Special Publication No. 4, 
Berkeley, 70 pp. 

Mattinson, J.M., 1987. U-Pb ages of zircons: A basic examination of error propagation. 
Chem. Geol., 66: 151-162. 

Stacey, J.S. and Kramers, J.D., 1975. Approximation of terrestrial lead isotope evolution 
by a two-stage model. Earth Planet. Sci. Lett., 26: 207-221. 

Tera, F. and Wasserburg, G.J., 1972. U-Th-Pb systematics in three Apollo 14 basalts and 
the problem of initial Pb in lunar rocks. Earth Planet. Sci. Lett., 14: 281-304. 

Titterington, D.M. and Halliday, A.N., 1979. On the fitting of parallel isochrons and the 
method of maximum likelihood. Chem. Geol., 26: 183-195. 

Wetherill, G.W., 1956. An interpretation of the Rhodesia and Witwaterand age patterns. 
Geochim. Cosmochim. Acta, 9: 290-292. 

protactinium dating systematics. Geochim. Cosmochim. Acta, 62: 3437-3452. 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Chapter 13 

Geochemical Kinematics and Dynamics 

This chapter at first is concerned with the formulation of two 
fundamental dynamic and kinematic processes, diffusion and advection, 
for understanding elemental movement in various geochemical systems. 
Subsequently we will try to describe the bubble growth process using 
diffusion and advection equations that can help understand the magma 
eruption processes. We then talk about a kinematic problem: the 
trajectory of a volcanic bomb during volcanic eruption. Although this 
trajectory problem is not strictly geochemical, problems like this are 
indeed useful for understanding the physical aspects of the eruption 
process. A better understanding of physical process can improve our 
understanding of chemical process, which is the spirit and the essence of 
chemical geodynamics (Allege, 1982; Zindler and Hart, 1986). In the 
end, we will discuss error function that is critical for the solutions of one- 
dimensional diffusion equations. 

13.1. Diffusion 

13.1.1. Formulation 

The first Fick’s law states that the flux ( J  ) of diffusion is proportional to 
the concentration gradient (dc/dx ) 

dc 
dx ’ 

J = - D -  (13.1) 

266 
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where D is the diffusion coefficient of the element under consideration 
and is usually expressed in surface unit per time unit (e.g., cm2/s), c the 
concentration of the element, and x is the coordinate. The negative sign 
indicates that the flux moves from high concentration to low 
concentration. 
The second Fick's law of diffusion considers time dependent diffusion 

(13.2) 

Substitution of the first Fick's law of diffusion into Eq. (13.2) results in 

dc a 

More details of the derivation of the diffusiodthermal equation can be 
found in Maaloe (1985) and Schubert et al. (2001). 
If the diffusion coefficient D is independent of the composition and 
spatial position, then the diffusion equation becomes 

dc dt = D [ $ ) .  (13.4) 

Equation (13.4) describes the one-dimensional diffusion process. For a 
three-dimensional diffusion problem, the diffusion equation is 

(13.5) 

The solution to the one-dimensional diffusion Eq. (13.4) depends on 
boundary conditions. 
1) For boundary conditions 

c = c ,  at t = O  for - h < x 5  h ,  and 

c = co at t = 0 for 1x1 > h , 

the solution of (13.4) that satisfies the above boundary conditions is 

(13.6) 
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where erf is the error function. The details of the error function are 
provided at the end of this chapter (Appendix 13A). Note that if co = 0,  
Eq. (13.6) is reduced to Eq. XI-34 in Maaloe (1985). 

Example. Given c1 = 110 ppm, co = 10 ppm , if D = 5x10-'' cm2/s and 

h = 5 cm , calculate the concentration at x = 1 cm at t = lo5 years owing 
to diffusion. 
The boundary condition in the example is similar to the intrusion of a 
small dike into a wall rock. The parameters can be shown in Fig. 13.1. 

120 

100 

80 

a 

.P 60 
E 
a, 
2 40 
0 
0 

k 
v 

C 

.- 

.- 

c,=110 ppm. 
\ 

c,=10 ppm, 
when x<-5 cm 

8-8-8- 

en -5cm< - 8- 
<5cm 

c,=10 ppm, 
when x>5 cm 

1-8-8-8-8 

h 

Fig. 13.1. The boundary conditions for the diffusion example before diffusion process 
starts (at t=O). 

We at first try to calculate the two terms in the error function of Eq. 
(13.6): 

h-x 5-1 
-- =0.16, 
2 f i  - 2J5~1O- l~  x105 ~ 3 6 5 x 2 4 ~ 6 0 ~ 6 0  

5+1 
= 0.24. - h - x  -- 

2 6  2J5xlO-" x105 ~ 3 6 5 x 2 4 ~ 6 0 ~ 6 0  

According to the error function Table 13.1 in Appendix 13A, we have 
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Erf(0.16)=0.179, 

Erf(0.24) = 0.266. 

Substitution of these values into Eq. (13.6), we obtain 

(13.7) c-10 1 
110-10 2 

= -[ erf (0.16) + erf (0.24)] = 0.222. 

From Eq. (13.7), we find 
c = 32.2 ppm, 

at x = l  cm at t=105 years. 

Thus the concentration at x = 1 cm decreases from I10 ppm to 32 ppm 
after 100,000 years due to diffusion. 
2) For boundary conditions 

c=cI at t = O  for x > O ,  and 

c=co at t = O  for x < O ,  

the solution of Eq. (13.4) that satisfies the above boundary conditions is 

(13.8) 

3 )  For boundary conditions 

c = c ,  at t = O  for x<O,  and 

c=co at t = O  for x > O .  

the solution of Eq. (13.4) that satisfies the above boundary conditions is 

(13.9) 1 1  
-- 

4) For boundary conditions 

c=cl atall t for x<O,and 

c=co at t = O  for x > O .  

The solution of Eq. (13.4) that satisfies the above boundary conditions 
for x > O  and t > O  is 
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(13.10) 

5 )  For radial diffusion, the diffusion Eq. (13.4) may be re-expressed as 

with the following boundary conditions: 

c=cI  at t = O  for r < a , a n d  

c = c o  at all t for r > a ,  

where a is the radius of the sphere. 

The solution of Eq. (13.11) that satisfies the above boundary conditions 

is 

L = l + - x - s i n ( y ) e x p [  c - c  2a (-l)fl -Dn2n2t a2 

c1 -co z r  n 

More detailed mathematical treatments of the diffusion process can be 
found in Crank (1975). 

13.1.2. Variation of difficsion coefficient 

The diffusion coefficient vanes with temperature and pressure. The 
temperature dependence is expressed by the following expression first 
determined by Arrhenius 

D=Doexp  -- , ( RETI 
(1 3.13) 

where E is the activation energy, R is the gas constant, T the absolute 
temperature and Do is frequency factor. 
By taking the logarithm of both sides of Eq. (13.13), we get 

E 
2.303RT ’ 

logD=logDo - ( 1 3.14) 
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Both the activation energy ( E  ) and the frequency factor (Do) can be 
extracted from a linear array of diffusion data by plotting experimentally- 
determined log D as a function of 1/T . 
The pressure dependence of the diffusion coefficient is given by 

D = Do exp( , 

where V is the activation volume, R is the gas constant, T the absolute 
temperature and Do is frequency factor. 
When both temperature and pressure are considered, the modified 
Arrhenius equation is (Harrison et al., 1985) 

D =  D,exp -- ( E;,'")* 
(13.16) 

13.2. Advection and Percolation 

In a frame fixed to the matrix, the mass conservation equation for the 
solid and melt in a one-dimensional melting column is (McKenzie, 1984; 
Richter and McKenzie, 1984; Navon and Stolper, 1987) 

where C, is the concentration of an element in the fluid, C, is the 
concentration of the element in the solid, t is time, z is the distance 
traversed along the column, p, is the density of the fluid, p, is the 

density of the solid, V, is fluid velocity, and qj is the fluid volume 
fraction in the column. Note that the diffusion term is ignored in Eq. 
(1 3.17). 
Assuming complete local chemical equilibrium between the solid and 
melt (C, = K,C,) ,  Eq. (13.17) may be written as 

ac 
at aZ 
- acf + vt f = 0, 

where 

(13.18) 
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(1 3.19) 

vj is the rate at which a point of constant concentration for an element 
moves through the column, that is 

vi 
=r 

(1 3.20). 

Since pf (l-4)Kd > O ,  we have vi < v f  . That is, trace element 
concentrations move slower than the fluid itself. Since compatible 
elements have higher Kd values than incompatible elements, on the 
basis of Eq. (13.19), compatible elements are transported at lower 
velocities than incompatible ones. 

13.3. Bubble Growth by Mass Transfer of Volatiles 

13.3.1. Formulation 

Growth of bubble by the mass transfer of volatiles from the magma to 
the bubble in a sphere coordinate is given by (Proussevitch and Sahagian, 
1998) 

(13.21) 

Note that the second term on the left hand side is the advection term (see 
Eq. (13.18)) and the term on the right hand side is the diffusion term (see 
Eq. (13.11)). 
The overpressure of the bubble is given by (Proussevitch et al., 1993) 

2 0  R 

where p g  is the internal pressure of the bubble, pe is the external 
pressure, o is the surface tension, R is the radius of the bubble, S is the 
radius of the melt shell enclosing the bubble. 
The boundary conditions are: 
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at the interface of bubble-melt internal shell, we have 

“ ( “ z p g R 3 )  dt 3 = 4xR2p,,,D[$-) R ; 

and at the outside boundary of the melt shell, we have 

(13.23) 

(13.24) 

The relationship between v in Eq. (13.21) and the bubble growth rate vR 
in Eq. (13.22) can be obtained on the basis of continuity equation for 
spherical coordinates: 

1 3  2 --(r v ) = O ,  
r ar 

(1 3.25) 

thus r2v is independent of r but is a function of t : 

r2v = f ( t ) ,  (13.26) 

or 

v = f ( t ) / r 2 .  (1 3.27) 

The particle velocity at the bubble interface r = R ( t )  is vR , which is he 
bubble growth rate. Using this boundary condition, from Eq. (13.27), we 
have 

vR = f ( t ) l  R2 . (13.28) 

Combination of Eqs. (13.27) and (13.28) yields 

R2 
r2  

v = - v R .  (13.29) 

Since vR is the growth rate of the bubble ( vR = R ’ = d R / d t ) ,  Eq. (13.29) 
can be written as 

R2 R2 dR 
V = - - v R  =2- r2  r dt 

The combination of Eq. (1 3.21) and Eq. (1 3.30) gives 

(13.30) 
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ac r2 ac 1 a 
at R~ at- r2 ar 
-+v --=-- 

9 

where R < r < S . 

(13.3 1) 

The system of Eqs. (13.22) and (13.31) with boundary conditions (13.23) 
and (13.24) can be solved numerically. 

13.3.2. Quasi-static approximation 

When the Pecet number, the measure of the relative importance of 
advection to diffusion, is small, which is the case for high viscosity 
magmas, the temporal derivation of concentration and the advection term 
in Eq. (13.31) may be ignored, and quasi-static approximation may be 
developed. In this case, Eq. (1 3.3 1) reduces to 

--(Dr 1
r2 ar 

( 13.32) 

The solution of (1 3.32) is 

(13.33) 
B C = A - -  
r 

where A and B are constants that can be determined from boundary 
conditions. 
From Eq. (13.33) the concentration at the bubble internal surface (at 
r = R ) i s  

(13.34) B 
R 

C , = A - - - ,  

or 

B 
R 

A = & + -  (1 3.35) 

Conservation of water mass in the spherical shell of melt that surrounds 
the bubble at r = S (the second boundary condition) requires 

4 i 3 
4 -ripe R3 + 4nr2p,,,Cdr = -n;O,S~C, 
3 R 

( 1 3.36) 
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Substitution of Eq. (13.33) into Ekq. (13.36) gives 

( 13.37) 

4 4 
3 3 
-np, R3 + -npm ( S 3  - R3 ) 
4 3 

- 2npm ( S  ' - R' ) B 

3 
From Eq. (13.37) we obtain 

3 ' 8  R3 so (Co-C,)-- 
( 1 3.3 8) Pln B =  

~ - 1 . 5 [ ( S ~ + R 3 ) Z i l - R 2 ]  R ' 

Substitution of Eq. (13.38) into Eq. (13.33) and differentiation of Eq. 
(13.33) with respect to r gives 

s,' c, ) - ' 8  R3 

P m  . (13.39) B 

S: R - 1.5[ (S: + R3 )," - R 2 ]  R2 

dR I dt can be obtained by rewriting Eq. (13.22) as 

(1 3.40) dR 
R ,  

GT 
M 

where the term -pg is the gas pressure in the bubble ( p , ) .  pg is the 

density of gas, M is the molecular weight of water,G is the universal 
gas constant, and T is temperature. 
When S >> R (thick melt shell), and ignoring the surface tension 0, 
then Eq. (13.40) reduces to 

(13.41) 

Similarly, Eq. (1 3.39) reduces to 
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(13.42) 

We also need to find the variation of pg in the bubble. d p g / d t  can be 
obtained by rewriting Eq. (13.23) as: 

(13.43) 

Since vR = dR / dt , substitution of Eq. (13.42) into Eq. (13.43) results in 

(13.44) 

The asymptotic solution to the system of Eqs. (13.41) and (13.44) is 
given by (Lyakhovsky et al., 1996) 

(1 3.45) 

13.4. Bubble Growth by Decompression 

13.4.1. Thin shell of over-pressured viscous melt 

Fig. 13.1. A diagram for a thin shell of melt enclosing a bubble with radius R . The 
thickness of the thin shell is (S - R )  and is significantly less than R . 
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The growth of a bubble in a thin shell of over-pressured viscous melt 
(Fig. 13.1) is given by (Barclay et al., 1995) 

(13.46) 

where p ,  is the internal gas pressure of the bubble, p ,  the external 

pressure, R is the radius of the bubble, 7 is the dynamic viscosity, h 
the thickness of the bubble and h = ( S  - R )  , R' is the growth rate of the 
bubble and is thus dR/dt  . 
Equation (13.46) can be rewritten as 

dR/dt  = R 2 ( p g  - p e )  J(127h). (13.47) 

To solve Eq. (13.47),  we also need to express p g  and has a function of 
R or t . Assuming perfect gas law and isothermal conditions, the internal 
gas pressure ( p ,  ) and the radius of the bubble ( R ) are related to the 
initial gas pressure and initial bubble radius before decompression by 
(Sparks, 1978) 

PoR: = P g R 3 ,  ( 1  3.48) 

or 

3 P R  = P~R,, I R ~ .  

The volume of the shell is given by 

4 3 4  V = - n ( R + h )  - -nR3 
3 3 
4 
3 

= -n( 3R2h + 3Rh2 + h 3 ) .  

For thin shell, h << R , Eq.  (13.50) may be approximated as 

4 
V - -nh3.  

3 

(13.49) 

(13.50) 

(13.5 I )  

Assuming constant density of the melt shell, the constant mass of the 
melt shell gives the following relationship: 

4 x R 2 h  = 4 n b 2 h , ,  (13.52) 
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or 

h = h2& I R 2 .  (13.53) 

Substitution of Eqs. (13.49) and (13.53) into (13.47) yields 

(13.54) 

As far as the external pressure ( p , )  is concerned, thee are two simple 
cases: (1) instantaneous decompression when p ,  is a constant, and (2) 
linear decompression with constant rate of decompression. The first case 
might occur in a sudden volcanic explosion or when a magma column is 
decompressed by sector collapse. The second case is an approximation to 
pressure evolution during magma ascent. 

13.4.1. I .  Instantaneous decompression 

When p ,  is a constant, the solution to Eq. (13.54) is (Barclay et al., 
1995) 

or 

( 1 3.56) 

13.4.1.2. Linear decompression 

In many circumstances during magma ascent the pressure decreases at a 
finite rate. Assuming the rate of decompression is a constant, the 
consequences for linear decompression using the thin shell model may be 
presented to express the bubble radius as a function of time in a 
constantly varying pressure field. The external pressure is expressed by 

P ,  = p g ( d ,  - wt)  . (13.57) 
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where p is the density of the magma body, g the acceleration due to 
gravity, w velocity of ascent, and do initial depth of the ascending 
bubble. Substitution of Eq. (13.57) into (13.54) gives 

R4 [ 7 - p g ( d 0  ‘OR: - w t ) ]  

(13.58) dR -- 
dt 

Let 

s = ( R , / R ) ~ .  

Equation (13.58) may be written as 

-+-s=- ds R,P, R P pgd,-pgwt (13.59) 

The solution to Eq. (13.59) with initial condition R(0) = R,, is (Barclay et 
dt 4qh0 4ph0 P o  

al., 1995) 

(13.60) 

where 

13.4.2. Thick shell melt model during instantaneous decompression 

For a thick shell model (Fig. 13.2) where R < < S ,  we have 
R2 I S 3  << I /  R . I f  we further ignore the surface tension (a), then Eq. 
(13.22) may be simplified as 

4 V V R  Pg -p, =-. 
R 

(13.61) 

Note that the bubble growth rate vR is 
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Fig. 13.2. A thick shell melt model where the thickness of the melt shell (S - R) is 
significantly greater than the radius of the gas bubble R . 

dR 
dt 

vR=-. 

Equation (13.61) may be written as 

47 dR 
R d t  

p - p  =--. (13.62) 

By assuming perfect gas law and by substituting (13.49) into Eq. (13.62), 
we get 

477 dR 
R3 R dt 

p =--* 
PoRo3 -- (13.63) 

During instantaneous decompression, the external pressure ( P, ) is a 
constant. The solution of Eq. (13.63) with initial condition R(0) = Ro is 
given by (Barclay et al., 1995) 

1 

R = R o  {L 0 [ 1-exp ( - -:;t)]+exp(T)]i. (13.64) 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Geochemical Kinematics and Dynamics 281 

13.5. The Trajectories of a Volcanic Bomb 

13.5.1. No drag 

The initial horizontal velocity is u, and the initial vertical velocity is w, . 
Thus the angel of the initial trajectory is 

tan/=-. WO 
UO 

When there is no drag, for horizontal velocity, we have 

du 
- = O ,  
dt 

and for vertical velocity, we have 
dw 

- g ,  dt 

(1 3.65) 

(13.66) 

(13.67) 

where g is the standard acceleration of free fall. 

The solutions of Eqs. (13.66) and (13.67) are 

u=u, ,  (13.68) 

w=-g t  + w,. (1 3.69) 

Let x be the distance from the initial eruption and z be the vertical 
distance from the initial eruption, on the basis of Eqs. (13.68) and (13.69) 
, we have 

dz - gt+w, 
dt 

The solutions to Eqs. (13.70) and (13.71) are 
x = U0t  , 

(13.70) 

(13.71) 

(13.72) 

1 2  z=--g t  +w,t. 
2 

(13.73) 
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The combination of Eqs. (13.72) and (13.73) gives 

(13.74) z=---x 1 g  2 + 2 x .  

2 uo2 UO 

Problem. How far can a volcanic bomb go? 

Assuming that the volcanic bomb falls at z = O  (the final vertical 
elevation is identical to the initial elevation), then Eq. (13.74) is reduced 
to 

(13.75) 

The nontrivial solution to Fiq. (13.75) is 

x=-. 2uowo ( 1 3.76) 

If z < 0 (for example, the volcanic bomb falls on a ground that is lower 
than the initial eruption elevation), then we obtain two solutions from the 
quadratic equation (13.74) 

g 

wo f Jw, - 2gz 
X =  

g lu,  
(13.77) 

For z<O,  we have w, <Jwo-2gz . In order for x > O ,  only one 
solution from Eq. (13.77) is practical: 

wo + Jwo - 2gz 
X =  

g luo 
( 1 3.7 8) 

Example. If initial horizontal velocity is 30 d s ,  and initial vertical 
velocity is 30 d s ,  calculate the distance that the volcanic bomb can go. 
The standard acceleration of free fall is 9.8 m/s2. 
Since U0=30 m / s  and w0=30 d s ,  according to Eq. (13.76), the 
horizontal distance is 

=183.7 m .  
2x 30x 30 

9.8 
X =  

The initial eruption angel is 

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 f
ac

 s
ci

en
ce

s 
de

 la
 te

rr
e 

un
iv

er
si

te
 a

nn
ab

a 
on

 0
7/

17
/2

4.
 R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



Geochemical Kinematics and Dynamics 283 

30 
30 

tanp=-=1,  

and thus /3 = 45" . 

13.5.2. Linear drag 

Assuming that the resistance is linearly proportional to the velocity, then 
for the variation of the horizontal velocity, we have (Middleton and 
Wilcock, 1994) 

du - = -k,u . 
dt 

Equation (13.79) may be written 
du - = -k,dt . 
U 

The solution to Eq. (13.80) is 
In u = -k,t + C, . 

From initial condition, 
u = u o  at t = O ,  

we obtain 
C, =lnu,. 

The combination of Eq. (13.81) with Eq. (13.82) yields 
-k,t u=uoe  . 

For the variation of the vertical velocity, we have 

dw 
-=-g - k 2 w .  
dt 

The solution to Eq. (13.84) is 

(13.79) 

(1  3.80) 

(13.81) 

(13.82) 

(13.83) 

(13.84) 

(13.85) 

From initial condition, 
w = w o  at t = O ,  
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we get 

(13.86) 

Substitution of Eq. (13.86) into (13.85) results in (Middleton and 
Wilcock, 1994) 

The horizontal distance is related to the horizontal velocity by 

dx -kit - = u = uoe 
dt 

(13.87) 

(1 3 38) 

Integration of Eq. (13.88) with initial condition x = 0 at t = 0 gives 

x = e-klr . (13.89) 
k, 

The vertical distance is related to the vertical velocity by 

( 13.90) 

Integration of Eq. (13.90) with initial condition z = 0 at t = 0 yields 

g wo +- 
(13.91) 

Equations (13.89) and (13.91) describe the projectile trajectories of a 
volcanic bomb for linear drag. 

z = ---t g + 

k2 

Appendix 13A. Error Function 

Error function is useful in applied mathematics and engineering. The 
values of the error function, 

for different z are given in Table 13.1 and are plotted in Fig. 13.3. 
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2 2 2  Table 13.1. The error function erf (z )  =-  e-' du 

Z 

0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0. I4 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.34 
0.35 
0.36 
0.37 
0.38 
0.39 
0.40 

erfw 
0.00000 
0.01 128 
0.02256 
0.03384 
0.0451 1 
0.05637 
0.06762 
0.07886 
0.09008 
0.10128 
0.11246 
0.12362 
0.13476 
0.14587 
0.15695 
0.16800 
0.17901 
0.18999 
0.20094 
0.21 184 
0.22270 
0.23352 
0.24430 
0.25502 
0.26570 
0.27633 
0.28690 
0.29742 
0.30788 
0.3 1828 
0.32863 
0.33891 
0.34913 
0.35928 
0.36936 
0.37938 
0.3 8933 
0.39921 
0.40901 
0.41 874 
0.42839 

Z 
0.50 
0.51 
0.52 
0.53 
0.54 
0.55 
0.56 
0.57 
0.58 
0.59 
0.60 
0.61 
0.62 
0.63 
0.64 
0.65 
0.66 
0.67 
0.68 
0.69 
0.70 
0.71 
0.72 
0.73 
0.74 
0.75 
0.76 
0.77 
0.78 
0.79 
0.80 
0.81 
0.82 
0.83 
0.84 
0.85 
0.86 
0.87 
0.88 
0.89 
0.90 

erf(z) 
0.52050 
0.52924 
0.53790 
0.54646 
0.55494 
0.56332 
0.57162 
0.57982 
0.58792 
0.59594 
0.60386 
0.61 168 
0.61941 
0.62705 
0.63459 
0.64203 
0.64938 
0.65663 
0.66378 
0.67084 
0.67780 
0.68467 
0.69143 
0.69810 
0.70468 
0.71 1 I6 
0.71754 
0.72382 
0.73001 
0.73610 
0.74210 
0.74800 
0.75381 
0.75952 
0.76514 
0.77067 
0.77610 
0.78144 
0.78669 
0.79184 
0.7969 1 

Z 

1 .00 
1.01 
1.02 
1.03 
1.04 
1.05 
1.06 
1.07 
1.08 
1.09 
1.10 
1.11 
1.12 
1.13 
1.14 
1.15 
1.16 
1.17 
1.18 
1.19 
1.20 
1.21 
1.22 
1.23 
1.24 
1.25 
1.26 
1.27 
1.28 
1.29 
1.30 
1.31 
1.32 
1.33 
1.34 
1.35 
1.36 
1.37 
1.38 
1.39 
1.40 

elf@) 
0.84270 
0.84681 
0.85084 
0.85478 
0.85865 
0.86244 
0.86614 
0.86977 
0.87333 
0.87680 
0.88021 
0.88353 
0.88679 
0.88997 
0.89308 
0.89612 
0.899 10 
0.90200 
0.90484 
0.90761 
0.91031 
0.91296 
0.91553 
0.91805 
0.9205 1 
0.92290 
0.92524 
0.9275 1 
0.92973 
0.93 190 
0.93401 
0.93606 
0.93807 
0.94002 
0.94 19 1 
0.94376 
0.94556 
0.9473 1 
0.94902 
0.95067 
0.95229 

Z 
1 S O  
1.51 
1.52 
1.53 
1.54 
1.55 
1.56 
1.57 
1.58 
1.59 
1.60 
1.61 
1.62 
1.63 
1.64 
1.65 
1.66 
1.67 
1.68 
1.69 
1.70 
1.71 
1.72 
1.73 
1.74 
1.75 
1.76 
1.77 
1.78 
1.79 
1.80 
1.81 
1.82 
1.83 
1.84 
1.85 
1.86 
1.87 
1.88 
1.89 
1.90 

e m )  
0.9661 1 
0.96728 
0.96841 
0.96952 
0.97059 
0.97162 
0.97263 
0.97360 
0.97455 
0.97546 
0.97635 
0.97721 
0.97804 
0.97884 
0.97962 
0.98038 
0.98110 
0.981 81 
0.98249 
0.98315 
0.98379 
0.98441 
0.98500 
0.98558 
0.98613 
0.98667 
0.987 19 
0.98769 
0.98817 
0.98864 
0.98909 
0.98952 
0.98994 
0.99035 
0.99074 
0.991 11 
0.99147 
0.99182 
0.99216 
0.99248 
0.99279 

Z 

2.00 
2.01 
2.02 
2.03 
2.04 
2.05 
2.06 
2.07 
2.08 
2.09 
2.10 
2.11 
2.12 
2.13 
2.14 
2.15 
2.16 
2.17 
2.18 
2.19 
2.20 
2.21 
2.22 
2.23 
2.24 
2.25 
2.26 
2.27 
2.28 
2.29 
2.30 
2.31 
2.32 
2.33 
2.34 
2.35 
2.36 
2.37 
2.38 
2.39 
2.40 

erf(z) 
0.99532 
0.99552 
0.99572 
0.99591 
0.99609 
0.99626 
0.99642 
0.99658 
0.99673 
0.99688 
0.99702 
0.997 15 
0.99728 
0.99741 
0.99753 
0.99764 
0.99775 
0.99785 
0.99795 
0.99805 
0.998 14 
0.99822 
0.9983 1 
0.99839 
0.99846 
0.99854 
0.99861 
0.99867 
0.99874 
0.99880 
0.99886 
0.99891 
0.99897 
0.99902 
0.99906 
0.9991 1 
0.999 15 
0.99920 
0.99924 
0.99928 
0.9993 1 
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0.41 
0.42 
0.43 
0.44 
0.45 
0.46 
0.47 
0.48 
0.49 

0.43797 
0.44747 
0.45689 
0.46623 
0.47548 
0.48466 
0.49375 
0.50275 
0.51 167 

0.91 
0.92 
0.93 
0.94 
0.95 
0.96 
0.97 
0.98 
0.99 

0.801 88 
0.80677 
0.81 156 
0.81627 
0.82089 
0.82542 
0.82987 
0.83423 
0.83851 

1.41 
1.42 
1.43 
1.44 
1.45 
1.46 
1.47 
1.48 
1.49 

0.95385 
0.95538 
0.95686 
0.95830 
0.95970 
0.96105 
0.96237 
0.96365 
0.96490 

1.91 
1.92 
1.93 
1.94 
1.95 
1.96 
1.97 
1.98 
1.99 

0.99309 
0.99338 
0.99366 
0.99392 
0.99418 
0.99443 
0.99466 
0.99489 
0.995 1 1 

2.41 
2.42 
2.43 
2.44 
2.45 
2.46 
2.47 
2.48 
2.49 
2.50 
2.60 
2.70 
2.80 
2.90 
3.00 

0.99935 
0.99938 
0.99941 
0.99944 
0.99947 
0.99950 
0.99952 
0.99955 
0.99957 
0.99959 
0.99976 
0.99987 
0.99992 
0.99996 
0.99998 

No 2 tha 

I I 
0.0 0.5 1 .o 1.5 2.0 2.5 

L 

Fig. 13.3. Plot of error function. Note that e$c(z) = 1 - e $ ( z ) .  

erf(-z)  = - e r f ( z )  . For computer calculations, the error 

function can be approximated by e r f ( z )  =I- (a , t+a2 t2  +a3t3)exp[-(z2)] 

where t = 1/(1+ 0.470472), a, = 0.3480242, a2 = -0.0958798, 

a3 = 0.7478556 . The error in this approximation is < 2.5 x 10” . 
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